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Partial Randomized Response Model for
Estimating a Rare Sensitive Attribute in
Probability Proportional to Size Measures Using
Poisson Distribution

Preeti Patidar Housila P Singh
Department of Mathematics, SSBSR, School of Studies in Statistics,
Sharda University, India Vikram University, India

In this paper motivated by Lee et al (2013) and Singh et al (2017,2020), we have
suggested the estimation procedures of mean number of persons possessing sensitive
attribute using Narjis and Shabbir (2020) randomized response model for the
population which comprises of some clusters and the population is stratified with
some clusters in each stratum. The estimator for the mean number of persons
possessing sensitive attribute under a Poisson distribution, its variance, and the
estimator of the variance are proposed under two-stage and stratified two-stage
sampling schemeswhen the parameter of the rare sensitive attribute is pretended to be
known and unknown. We employ the sampling scheme with probability proportional
to size to select the first-stage units and simple random sampling with replacement to
select the second-stage units. Theperformance of the suggested estimation procedures
are demonstrated through numerical illustration over Singh and Suman (2019)
estimators.

Keywords: Poisson distribution, Randomized response model, Probability
proportional to size, Rare sensitive attribute, Unrelated non-sensitive attribute, Two-
stage sampling, Stratified two-stage sampling.

1. Introduction

Concerns in the context of privacy and confidentiality often provide substantial non-
responses and false responses, especially in surveys that ask direct questions about
sensitive attributes such as use of illegal cannabis plant, cheating in exams, extra
marital affairs, domestic violence, sexual behavior, mental disorder, criminal history,
tax evasion, drug abuse, gambling, abortion and others. The randomized response
technique is quite effective in reducing the non-response rate and inflated response
bias.Warner (1965) was first to introduce randomized response technique (RRT)
which uses a randomization device bearing two statements, one on sensitive
character and other on its complement and sample units are drawn by simple random
sampling with replacement (SRSWR) procedure.

The RRT models can be divided into three categories such as full, partial and
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optional. In full RRT model, all respondents are urged to use the randomization
device and give the response as per the question (i.e. sensitive and non-sensitive)
occurred on randomization device, whereas, in partial RRT model, an additional
stage or randomization device is added to incorporate the element of truthful
response. In two stage or partial RRT model, the first randomization device has two
options: (i) Do you belong to the sensitive group? and (ii) Go to the second
randomization device, with known probabilities U and (1-U) respectively. The
second randomization device is exactly same as provided in full RRT model. In
optional RRT model, respondents are urged to give the truthful answer if he/she
considers the question to be non-sensitive and use the randomization device if he/she
considers the question sensitive and give the answer after using randomization device
[see, Narjis and Shabbir (2019), p.1].

We consider the problem where the number of persons possessing a rare sensitive
attribute is very small and the large sample size is necessary for providing the
enough précised estimate of this number. For instance, the proportion of AIDS
patients who continue having affairs with strangers, the proportion of persons who
have witnessed a murder, the proportion of persons who are told by their doctors that
they will not survive long due to ghastly disease etc. Now days the communication
system is increasing rapidly, so it is possible and easy to conduct such large
randomized surveys over the internet or telephone etc. Land et al (2012) was first to
consider the problem of estimating the mean total number of persons who possesses
a rare sensitive attribute in the population. Later various authors including Singh and
Tarray (2014, 2017), Tarray and Singh (2015), Singh et al (2019), Tarray et al (2019)
among others have tackled this problem.

Lee et al (2013) have proposed a variant of Land et al's (2012) randomized response
model when a population consists of some clusters and the population is stratified
with some clusters in each stratum. In this paper following Lee et al (2013) we have
made an effort to extend Narjis and Shabbir (2019) partial randomized response
model when a population comprises of some clusters and population is stratified with
some clusters in each stratum. We have derived the estimator for the mean number of
persons who possess a rare sensitive attribute along with its variance and the variance
estimator when the parameter of a rare unrelated attribute is supposed to be known
and not known. The clusters are drawn with and without replacement.

2. Probability proportional to size (PPS) sampling scheme for estimating
the rare sensitive parameter under Poisson distribution

We consider a finite population Q = (Ql,Qz,...,QN) of N clusters, known as first-

stage units. The size of the i cluster is M, (i=12,..,N) termed as second-stage

units. Selection of n first- stage units (i.e. of n cluster) are made employing PPS
sampling scheme with probabilities p; (i=12,...,n). At the second —stage we draw

m. (i=1,2,...,n)second-stage units from the ith selected first-stage unit using
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SRSWR scheme. We designate.

7, - The true proportion of persons having a rare sensitive attribute A,
7, :The true proportion of persons having a unrelated rare non-sensitive attribute Y,
., - The true proportion of persons with the rare sensitive attribute in the i cluster,

7, - The true proportion of persons with the unrelated rare non-sensitive attribute in
the i"" cluster.

We also denote

MO:ZN:Mi and m:Zn:mi.
i=1

i=1

[see, Lee et al (2013) and Singh et al (2020)].

3. Estimation of a rare sensitive attribute in a two-stage unrelated
guestion RRT model

We have discussed the estimation methods for mean number of persons possessing a
rare sensitive attribute using Narjis and Shabbir (2020) randomized device when the
clusters are drawn with and without replacement depending on the cluster sizes and
with equal probability (i.e. Simple random sampling with replacement). We have
investigated the unbiased estimators for the mean number of individuals and their
properties are studied when the unrelated rare innocuous attribute Y is assumed to be
known and unknown. Response from the elementary units in the second stage
samples are obtained on employing randomized response device of Narjis and
Shabbir (2020).

3.1 When the unrelated rare innocuous attribute is known

When the population proportion 7, of persons having the unrelated rare attribute is

known, respondents are requested to use the randomization device and answer
without revealing their having the attribute or not. In the proposed model, each
selected respondent in the sample from the i cluster has been given two
randomization devices (R, R, ).

Assuming the proportion of rare non-sensitive unrelated attribute is known, the
responses from the elementary units in the second stage sample were collected using
the Mangat (1992) randomization device which comprises the following statements
for the ith cluster (i.e. the first-stage randomization device, R, has two kinds of

statements for the i*" cluster):
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(1) Do you possess rare sensitive attribute A?

(i) Go to the randomization device R,
with probabilities U, and (1-U,) respectively.
The second-stage randomization device, R, consists of three statements:

(i) Do you have the rare sensitive attribute A?
(ii) Do you have the rare non-sensitive unrelated attribute Y?
(iii) Draw one more card

with corresponding probabilities P, P,

and P,  respectively such that
3
Z;P“ =1, j=1,2,3. If statement (iii) appeared then respondent repeat the process
J:

without replacing the card. Again, if in second draw the statement (iii) appeared the
respondent is asked to report his/her actual status about sensitive attribute A. The
respondent should answer the question with “yes” (or “no”), if his/her actual status
matches (un-matches) with the statement on the card respectively. The investigator
does not know the respondent’s answers, whether its from the sensitive question or
from the actual status because interviewee performed randomization process
confidentialy. Thus the privacy of interviewee(s) is protected and they responds
without any fear [see, Narjis and Shabbir (2020), p.2].

The probability of obtaining answer “yes” from the respondent in the i cluster is :

i 2 ki
K, _1)J+ Psi ~ ﬂ-ia:| (1)

0, =U,;, +(:I-_Ui{(l:)liﬂ'ia + PZiﬁiy{lJr Py (

where the randomization device R, consists of a deck of k; cards provided to the
respondents selected from the it" cluster.

Consider selecting a large sample of persons from the i cluster in the population
such that m; -, 7, >0,7, >0, then mrz, =4, mz, =4 and 6, -0

then m.6,, = 4, (finite),

ki > ki
Ao =Ui A, + (1_Ui){(P1iﬂia + Pziﬁ’iy {1+ P (k| 1)} + Py (ki _1) ﬂ’ia:|' (2)

Let Vi, Yigses Vi, DE @ random sample drawn from i™" cluster which follows Poisson
distribution with mean A,. Then the estimator for the mean number of individuals
with the rare sensitive characteristics, 4,(4, =mz,,) is defined as

1“71a
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A- {(J/mi)iyij -(1-u, P2,{1+ P, (kk 1)})“ }
’ {ui +(1—Ui){P1, +Py (kk_ )(Pli +P3i)H

where 4, (/1 —m,zr,y) is the mean number of individuals who have the rare non-

sensitive unrelated attribute in the i cluster. In the two-stage procedure, the
estimator for the mean number of persons with the rare sensitive attribute is given by
1 & MA 1 M,

Ju M R il =

appzwr_ ) M Z _I ;
Mo = P o o3 P l‘ U, +(1_Ui){Pli +P3i(k_kl_1)(P1| +P3|)}

(3)

(4)

where M, is the size of the i" cluster and M, => M, ;and p; is the probability of
i-1
drawing i"'(i=1, 2,3,...,N ) cluster from the population in first stage sample.

Theorem 3.1 The estimator /iappzwr for the mean number of persons who have the
rare sensitive attribute is unbiased.

Proof: Since y; follows Poisson distribution with parameter

Ao =U 4, +(1_Ui){(Plu/1|a + Pzﬁny(l"' P (k K 1)]"‘ P?f ( l )ﬁ’iaj|

k -1

Thus E(/’Lappzwr): ElEZ(/iappzwr) , where E, and E, are the expectations over the
first and second stage samples respectively. Further we have

ElEz(iappzwr)zElE{m\lﬂoZM'/I'G‘}— { OZ‘?.IE( )}

= P
NOW, EZ (iappzwr ): EZ {((l/ml )i yij - Bi ]/Di} '
K,
where B, =(1-U, )P, {1+ P, = )}iy and

k

D, =U, +(1—ui){F>1i +Py (ki—i—l)(Pli + PSi)}.
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We have

A 1113 111
EZ(’lappzwr):E{EéEz(yU)_ Bi:| :E[E;ﬂio - Bi:|’

1
:E[/lio_Bi]-
Thus finally, we have

~ 1 &M A,

ElEz(;tappzwr): El{nMoé D }’

1 C I\/llﬂ'la
_Mogpl p
=iil\/li/?’ia =ﬂ“a'

0 i=1

Therefore, /iappzwr IS an unbiased estimator of A, .

Theorem 3.2 The variance of the unbiased estimator iappzwr IS

A N (MA, LA M,
v(zappzwr)zmizlzm( . /‘L] . .@D.} (5)

i1 i i1 Pim;

1-U, )P, {1+ P, @ k_ )}zy

A
where @, =| 22 + . 6
! D D2 ©)

Proof- Let V, be the variance over the first-stage sample and V, be the variance over
the second -stage sample. The variance of iappzwr is given by

V (A’Aappzwr ) = Vl E2 (iappzwr )+ E1V2 (iappzwr ) . (7)
Now,

7 1 Ml/lla
V E ( appzwr) VlEZ[nMO ; p, }’

1 &MA,

=V, nMO; > }

1 & (M4, ’
- [T_MM&J | ®)
Next,

3 1 C MI ia
EV (g )= E {nMO > = }
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1 N M2 (l/mi)ZyU B,
= E, =y =LV, = :
(nMO) i-1 P DI
[ R V E R
~E =3y ,
Lo, & 0707 e ZW
LN V E- QL
=E —.— > Ao |
1_(nMo)zlzllpi2Di2 m? 3 IO}
1 & M2
_E i Zo |
l_(nMO)ZépiZDZ m|:|

+(1-U, ){(Pl,/m,a +P, 4, {1+ P, ﬁj +P2 ﬁzm |
(1—Ui)P2i{1+ P, K }ziy |

n 2 o
=E 1 ZMI .ﬁ-i- (kl 1)

1 i MZ? | A, -
nl\/IO2 i=1 pimll DI Dl2 ’
= . 9
S.le pm ©)

Inserting (8) and (9) in (7) we get the variance of the unbiased estimator/iappzwr. This
completes the proof of the theorem.

Theorem 3.3The unbiased estimate of the variance of the suggested estimator /iappzwr
is given by
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2
VA(j'appzwr) n 1 M 2 Z{ < appzer (10)

Proof is simple so omitted.

Estimation when the first-stage sample is selected with PPS sampling
The size of the cluster is known and when n clusters are selected with replacement
depending on size of each cluster, M., the probability p, should be considered as

&[i.e. p, =&Jfor the i
MO MO

cluster. Then it is known as PPS. From the PPS, the unbiased estimator for A, is
given by

appswr = Zj“la ' (ll)

using p, = % and the variance is given by
0

v(iappswr) [ZM (A~ 4,) EN: | } (12)

it M,

Further the estimator for the variance of ﬁappswr is given by

A 2
of nf . A
V(/Iappswr): _1_ z A - appswr_ | (13)
n(n-1) M,

i=1

Estimation when the first-stage sample is selected with probability proportional to
size without replacement (PPSWOR)
When n clusters are selected without replacement from N clusters with size
Mi(i =1,2,..,N) each and &, is an inclusion probability of a unit i in a sample set
without replacement, then the estimator for A,, which is the parameter of the rare
sensitive attribute, is given by

M, A

- 1
) — i“tia 14
appswor M , ; S ( )

The variance of estimator 4, is given by

Ml/lla M ;La N Ivlizq)i
V)= 12 22(55 5{ . (;’J+Z S | (15)

i=1 j>1 i i=1 it

where & is an inclusion probability of units i and j in a sample set without
replacement.
The estimator for the variance of 4, is given by
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A 2
72 _ 1 ahN (5I51 _é‘ij)(Ml/{la MJ ja C MIZ AI
V (/lappswor ) - M 02 ; ; 5” L 6| 5] ] + ; 5I . (mI _ 1) ’ (16)

Estimation when the first-stage sample is selected using SRSWR scheme
We consider the estimation when the first-stage sample is selected using SRSWR
scheme. In this case, the selection probability for all the selected clusters in the first

1.
stage is p; ZW(I =1,2,...,n) . The estimator of the parameter 4, ; when the first—

stage sample units are chosen with equal probability and with replacement in two-
stage sampling, is

. N & .
A = M. A . 17
awr nMO ; 17 71a ( )

The variance of the estimator 4. is

awr

- N | N & NN VE
— - A — —® |, 18
V<ﬂ'aW") nM02 N_lé(Mlﬂ“la Mﬂ“a) +§ mi ch ( )
and its estimate
R 1 n ~ o\
Vil J=——F>INM. A -2 : 19
( awr) n(n—l)Mg ;( i“Ma awr) ( )
where I\W:%.
N

Comparing Probability proportional to size with replacement (PPSWR) and the equal
probability two-stage sampling
From (12) and (18) we have

. . 1[N N Q ooy L N &M
V(ﬂ'awr)_v(ﬂ“appswr): nMO MO (N _l)g(Milia_Mﬁa) +M—O.i:1?icbi
N 2w M,
- Mi (ﬂia_ﬂ“a) _ZFCDi '
= i=1 M

— M
Under the assumption(N —=1)= N, and M = WO we have

10
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2
V(/iawr )_V(/iappswr): L Vi I:ZN: (M i;tia - I\W/la) - MZN: Mi (/lia _ﬂ“a )2
nM M | i3 i=L
- Mi2 —< M,
+;W®i_M;E®J
S (YA +|\7i(|\/| —m)(22 - 22)
nMOI\W . i ia . i ia a

N _ v ®D. _ N _\D.
T S (R v R v 3 (VY vy
which will be zero when M, = M . It follows that when the size of the clusters are

. — . M. ).
all the same i.e. M; =M | the probability pi[: M—'] in PPS should be the same as

0

1 o — : A . oA
— . Thereby meaning is that forM; = M , the estimator 4, is at par with 1, i.e.
N

both the estimators A and iawrare equally efficient. However, when the

appswr

— N —
difference (M, —M ) is larger the first term > (M, ~M 2, and the third term,
i=1

N
Z(I\/Ii -M )22 are increasing in the above expression. Usually the PPS is more
=) m;

efficient than the equal probability two-stage sampling when clusters have different
sizes.

3.2 Estimation procedure of a rare attribute under two-stage sampling when the
proportion of rare non-sensitive unrelated attribute is not known

It is to be mentioned that here two parameters are unknown so responses are
gathered twice from each individual using two randomization devices in each cluster.
These randomization devices consist of the decks of k, similar cards as described
Section 3.1. Firstly, the respondents selected from i cluster are urged to response
“yes” or “no” using the following two-stage randomization devices.

The first randomization device is given as follows:

First-stage randomization device R, consists of two statements:

(i) Do you have the rare sensitive attribute A?

(if) Go to randomization device R,

with corresponding probabilities U,, and (1-U,, )respectively.

The second-stage randomization device consists of three statements:
(i) Do you have the rare sensitive attribute A ?

(i1) Do you have the rare non-sensitive unrelated attribute Y ?

(iii) Draw one more card

11
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3
with corresponding probabilities P, P, and P, respectively such that ZP“ =1.1If
j=1
statement (iii) appeared on card then respondent repeat the process without replacing
the card. Again, if in second draw the statement (iii) appeared the respondent is
asked to report his/her actual status about sensitive attribute A.
Next, the respondent is urged again to answer one of the same questions using
second randomization device.
The second randomization device R,, consists of two statements:

(i) Do you have the rare sensitive attribute A?
(if) Go to randomization device R,,

with corresponding probabilities U ,, and (1—U2i)respectively.

The second-stage randomization device R,, consists of three statements:

(1) Do you have the rare sensitive attribute A ?
(ii) Do you have the rare non-sensitive unrelated attribute Y ?
(iii) Draw one more card

3
with corresponding probabilities Q,;, Q,; and Q,, respectively such that ZjS =1.
j=1
If statement (iii) appeared on card then respondent repeat the process without
replacing the card. Again, if in second draw the statement (iii) appeared the
respondent is asked to report his/her actual status about sensitive attribute A.
Based on responses gathered using two randomization devices; the probabilities that
respondents in the i cluster answer “yes” are

0’ _Ullﬂ.la_'_(l Uy {(F)ll”la_'_PZIﬂly{l_'_ I:)3| (kk_ )j+P3?ﬁ”iai| (20)

and
8 U2|7T|a+(1 U {(QII”IB_FQZI |y{1+Q3| (k 1)) Q3| (k 1) |a:| : (21)

Equation (20) and (21) can be rewritten as by assuming that as
m, >, 8, > 0,6, >0 ,then m@a, =4, ,and ma., = A, respectively:

K , k
/1 - Ull/lla + (1 U {(F)llﬂ'la + PZI/lIy {1—'_ P3| (k 1)} P3| (k 1) X’ia:| (22)
and
K K
ﬂ" - U2lﬂ’|a + (1 U {(Qh ﬁ“la + Q2| iy {1+Q3| (k l)] Q3| (k l) |a:| * (23)

After deriving the results, the following two equations are obtained as

12
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K k. -
Z y|1] Ull/llau + (1 U {(Pll/llau + I:)Zlﬂ‘lyu {14— P3| (k 1)} + P?f (kl I_l) j’iau:|

(24)
and
LSy, =U A +0-U ){(Ql +Q, 4 I1+Q K j Q2 i }
m, & i2j = Yaitiau 1i i 2i iy 3i (k 1) 3i (k 1) Aiau
(25)

where y,; and Y;,; denote the observed values in the first and the second responses
from the

i"(j=12,..,m,) respondents in the i"(i=1,2,..,n) clusters. Solving equations
(24) and (25) the estimators for 4, and 4, are:

Aoy = o :(1—u2i Rz {1+ Qs ﬁ}i Yi;—(@-U )Py, {1+ Py h}i Vi 11

_ (26)
b= 5om {“2' R {Q“ g }}z &
- {u“ +(L-Uy, ){p1i {1+ P, (kiki—l)} + Py ﬁ}i Yiz; } |
@7)

where

C, U, (- UZI)QZ,{1+Q3I (kk_ )} uzi(l—uli)Pz,{u P, (kk_ )}
+(1-Uy J1-U, XPiQy — P, Qy ){1+ Py H“ Q —_}
+(1—Uli)(1—U2.)(—{P3.Qzu{1+Q3| } Q;Pz,{lersl kk 1)H #0.

(28)
D, =U, (1-U, )PZi{1+ P, (kiki_l)} L(1-Uy, )Q2,{1+Q3, B }
+(1-Uy, J1-U, XP,iQu — PiQy ){1+ P, H }
+(1-U, )(1—U2,)(—{Q3, 2|{1+ P, = )} P3,Q2,{1+Q3, (kk 1)H #0 .
(29)

13
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Thus the estimator for the parameter A, of the rare sensitive attribute is given by

A 1 M. A

/1 — i”Viau . 30
appzwru nMO ; pi ( )

Theorem 3.4The proposed estimator /iappzwm for the mean number of persons who

have the rare sensitive attribute is unbiased.
Proof: Since 4;,; and 4,,; are iid Poisson variates with parameters 1, and 4,

respectively, therefore, we have
el )=EE

appzwru )!

:E[nl\lﬂoiM'E(&.w)}. (31)

i=1 p|

Now,

n 1 mi mi
E2<ﬂ’iau)= Ezl:cl'm_ {dZizlyilj _CZiZinj}j|’
| J=

=1

Ez(yiz,-)},

m;

1 i

= dZIZEZ(yll]) C2i

Cli m; =1 =1

1 m; m;

= C d2|22’|1 CZlZﬁﬁZ '
1

it =1 j=t

c.m [midzi/lil_miCZi/liz]’
'

— [dziﬂ“il B Czi}“iz]
C,

, (32)

where d, =(-U, )Q2|{1+Q3, i )} C, =(1-U, )Pz,{1+ P, (kk_ )}

Inserting the values of A, and 4, from equations (22) and (23) respectively in (32)
we get

E, (j'iau ): . (33)
Putting (3.33) in (3.31) we have

Eli)-E [ Z?}
=%§:Mizia=,1a.

14
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Theorem 3.5The variance of the estimator iappzwm IS given by

. N n )
V(A )= &Z[Zp (% J ZM— @; ] (34)

i i=1 pl Climi

where
2) = [{d 22iC3i + C22id3i - 2C2iC3id2id3i }ﬂ“ia + {d22iC2i + C22id2i - 2C22id22i })“iy:l!

C, =(-U, )P, {1+ P, 0 k_ )}

C, =U, +(1—Uli)[Pl,{1+ P, (kk—_)}+ P} ﬁ}
dy = (- UZI)Q2,{1+Q3, 0 1)}

o v fo o gl ot

Proof:The variance is decomposed by

V{(Zapsanrs )=V Es s [+ EVa B )

Since y,,; ~iid Poisson (4, ) and y,,; ~ iid Poisson (4,,),
V(yilj )= E(yilj )= A,and V(inj )= E(inj ): Aiz-

We have

V,E, (j:appzwru) |:n|\/|0 i " Iau:l

appzwru appzwru (35)

ST (%4\41} (36)

E1V2<iappzer) EV |:n|3-/|0 n Mlilau}’
1

S p
=EN{ Z L {dz,iym cz.Zy.ZJH

15
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22i sz (yilj )+ C22i zivz (yizj )
=1

i =1

~2d,C, icov(yilj Yoo, )}H |

<ly el

=t

{n O)ZiMZJ [dz,Z@, +C2,Z/12, 2d2,C2|ZA,12}H

i=1 p| lcllm =L
i'\gz |: ! {d;iﬂ.ﬂ +C22ii/12i_2dzicziiﬂi12}}’ (37)
where
k. , ki
ﬂ’il =V(yilj )= |:U1|ﬂ’|a + (1 U, {(F)ll/lla + F)2|ﬂ“|y {14_ P3| (k . )] P3| (k 1) ﬁ’ia}} !
(38)
K;
Z’iz :V(inj ): |:U 2|ﬁ“|a + (1 U {(Qhﬂ’la +Q2| iy {1+Q3| (k 1)) Q3| (k 1) iai|j|’
(39)

and 4, = Cov(yilj 1 Yi2j )Z E(yilj 1 Yizj )_ E(yilj )E(inj)

Hull +(1—U1i){Pli {1+ P, (kiki_l)}+ P? (kiki_l) }
{uz, +1-u, ){Qh {1+ Q, (k_k_l)} o, l)mg (40)
J{(1—uli )P, (1+P 0 k_ )ﬂ{(l U, )Q2,(1+ Qs G __1)]}1

Inserting the values from (36) and (37) in (35), we obtained the expression of the
variance of the estimator /’Zappzwru as given in (34).

The estimator of an unbiased estimator of the variance of iappzwm is given by

2
v\(/iappzwru) (n 1 M 2 Z( I Iau AappzwruJ ' (41)
0 I=

Estimation when the first-stage sample is selected using PPSWR.

0

M. (. M.
In the PPS, the selecting probability p, for cluster i is defined as M—'(l.e. p, = M_IJ
0

The estimator for the parameter of the rare sensitive attribute; A, is defined as
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appswru - zilau ' (42)

and its variance is obtained as
. N o2
V (Aappswru ) |:Z M Z I I :| (43)
=1
Further the estimator for the variance of 4 appswru 1S GIVEN by
A 2

o 1 n{ . A
Vi) - - Y appswru . 44

( appswru) n(n _ 1) Izll( iau M . J ( )

3.3 Estimation when the first-stage sample is selected using SRSWR.
In this situation, the probability of selecting the clusters in the first stage is

1.
p; :W(I :1,2,...,n). The estimator of the parameter A,; when the first-stage

sample units are selected with equal probability and with replacement in two-stage
sampling, is

awru = Z M |2’|au ' (45)
0 i=1

The variance of the estimator A

awru

~ y_ N | N ~ N, o)
V(A )= | s 1;(M A, lvm) +§Mi | (46)
and its estimate
[ A 1 n . N
V(Aawru)_ WE(NM iﬂ“iau _ﬂ’awru) ) (47)

— M,
where M = —2,
N
Estimation by PPSWOR
Aftern clusters are drawn without replacement (WOR) from N clusters with size M,

each, m,samples are selected in cluster i randomly with replacement. Let o; is an
inclusion probability of a unit i in a sample set without replacement, and & is an

inclusion probability of units i and j in a sample set without replacement. When the
parameter of the rare unrelated attribute is unknown, the estimator for the rare
sensitive attribute is defined by

M. A,

A 1
2 — i“Viau 48
appsworu M . ; S ( )

The variance of estimator A, IS given by
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The variance of estimator 4, IS given by

N Mz, Mid.) & M2 "
ZZ(‘S@'_&H{ 5.&1_ ;J} +Z : ;' ] (49)

i=1 j>1 i j

) 1
appsworu / M 2
0

v(d

The estimator for the variance of iappsworu IS given by

A 2
(s 1 (66, -8, M A, M N VER Y
\YAV) = i iYiau 7 jjau i i ,
(appswaru) Mz 21; .J L §i §j } +§ 5i Clzi(mi _1)
' (50)
where ) = [{d2C, + C2dy, - 2C,.Cydydy My +{02C, +C2d, —2C2d2 1, |
(51)
Comparing PPSWR and the equal probability two-stage sampling
Assuming (N —1)= N, From (46) and (49) we have
A n N | & _ o2
Vil )-VIA =——| Y (M4, -MA MZ—
( awru) ( appswru) nMoz |:;( i”Via a) +z ml:l
M, (4, —4, ) +3 M o
LS (M, M/”t) Nlvl2 O M, (4 -4, -3, 2
- nMOI\W ; - +. ; 12imi ; i( ia a) o ; i Clzimi:|
) 1 N
e Bl W, ) - 2)
nM,M | =
N . CD(IZ) N . CD.(lZ) (52)
M. -M ' M M. —M )—
S -wp S S, -2
From (52) it is observed that the variance /iawmis same as the variance of /’Zappswm

— M
when M, =M :WO that is, when all clusters have the same size. The PPS with

1 . . .
P, :W has the same variance as the equal probability two-stage sampling even
when the parameter of the rare unrelated attribute is not known. If the difference in

N
the cluster sizes is large, the first term > (M, —M f 2
i=1

la !

and the third term

18
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N v, o) _ . o .
Z(Mi -M )2 c Im in (52) are increasing.Usually the estimation by PPS is better

- 2
i=1 i

than the equal probability two-stage sampling when clusters have different sizes.

4. Estimation with PPS method of a rare sensitive attribute under
stratified two-stage sampling using a randomized response model.

We consider a population which is supposed to be stratified into L strata such that the
h' stratum has N, , h=12,..., L, cluster, which are the first-stage units. Each cluster

has size M, (i =12,.., N) in stratum h. In stratum h,n, clusters (which are at the
first units) are selected from N, clusters with probability p,;. At the second stage,

we selectm,; (i=1,2,..., nh), second-stage units from the i clusterdrawn from the
ht" stratum, using SRSWR scheme.

4.1 PPS and Equal Probability Two-Stage Sampling for Stratification (when the
rare unrelated attribute is known).

In this section, we assume that n, clusters are drawn from h"" stratum using

probability proportional to size with replacement (PPSWR) sampling scheme and
Ty the proportion of the rare non-sensitive unrelated attribute in the h'" stratum is

supposed to be known. When the randomized response model described in Section 3

is applied, the probability that respondents answer ‘yes’ in the i cluster of the

stratum h is defined as
Orio =U i Thia + (1_Uhi {(Plhiﬂhia + chi”hiy {1"‘ Pa ﬁ} + P3ii ﬁ”hia} '
(53)
where U, is the probability of the question being asked ;Question (i): ‘Do you
possess the rare sensitive attribute A? in the first stage randomization device of
Section 3.1 and the symbols P, P,,; and P, are the probabilities of presenting the
statements (i), (ii) and (iii) in the randomization device used in the i cluster of the
ht stratum (P, + P,y + Py, =1). 7,,, and 7y, are the population proportions of the

rare sensitive attribute, A, and the rare unrelated attribute, Y, respectively in the it"
cluster of the h stratum. 7, is assumed to be known.In the i"" cluster of stratum h

since the two attribute A and Y are rare, m,;6,;, = Ao >0, M7, = Aia > 0 and

hia

My Ty = Ay > 0 are finite for my; —»was 6,,, >0, 7, »>0and 7, —> 0.

Let Viirs Yhizses Yo, 0€ My random samples from the Poisson distribution with

mean A, in the cluster of stratum h. Then the estimator ﬂ:hia of the mean total
number of persons bearing the rare sensitive attribute in the i" cluster of the h'"
stratum is defined as
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Mpi k..
X { ]7/mh| Z yhlj 1 U hi )PZhi {1+ I:)?,hi (khm]-)}/lhiy:|

hia = K (54)
Uy +@=U R Py + Py "< (P + Py )
(khi _1)
Now, an estimator for the rare sensitive attribute, A,, in stratum h is given by
iha — 1 Z M hiﬂ“hia ’ (55)

nthO i=1 phi
where M, => M, .
i-1

Under the stratified two-stage sampling design, the final estimator iasppzwr for the rare
sensitive attribute, A,., is given by

M A

Aasppewr = 2 W _— (56)

» th: n M ho |Z_1: phi

where W, :Wh’ N :ZNh and p,; is the initial probability of selecting the i*"
h=1

cluster, which
is a first-stage unit in the h™" stratum.

Properties of the estimator A

asppzwr

Theorem-4.1-The estimator A is unbiased.

asppzwr

Proof: Since y,; ~ iid Poisson( h,o) (yh.,) hio

K, Kpi
ﬂ’th =U ;{’hla + (1 U {(Plhlﬂ'hla + PZhI/lhly {14— P3hl m] I:)32h| ( . )ﬂ’hia:| )
hi

k, 1
(57)
and the estimator A, is an unbiased estimator of 4 (i=12,.,n.: j=12,.,m,).
Therefore,
E(iasppzwr)= EIE{ZL:W,] : Z M“i’%]
WMy T Py

L Ny,
— E1 |:;Wh Zl . hla :|
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Lol & My A
:Z\Nh M zpm — )
h=1 ho i=1 phi

L 1 Nh
= th _ M hi/lhia )

This completes the proof of the theorem.
Theorem 4.2 The variance of the estimator iasppzwr is given by

Np M. A Np M 2
( asppzwr) ZWZ n M [z phi ( — Mhoﬂ“haJ +z n ]’
ho

h=1 ph| i=1 phl

k..
. (1_U hi )chi {1"‘ Pan (khihl—l)}lhiy
+
D, thi

where @

k
and Dhi = {U i (1_U hi ){Plhi + P3h| H(le + P3h| )}}
hi

Proof: The variance of iasppzwr is decomposed by

V (j:asppzwr ) = Vl E2 (j:asppzwr )+ E1V2 (j’asppzwr ) '
We have
7 _ \ 1 N Mhij“hia
VlEZ (ﬁ’asppzwr ) - V1E2 I:;Wh nh M o ; phi jl !
3 < M hiﬂ“hia :|
_ i i M hl//ihla M ﬂ ’
_h=1 hnMr?OIl h| phi h0“*ha )

As y; ~iid Poisson (4, ),V (yh.,) wio» the second term is

] 1 M Ay
E1V2 (ﬂaspprr ) = Elvz {th . v Z hi ““hia :I ’

hot ho it P
L Mh M2
— E hIV ,
1_h2=;, h (n Mho 2 Zl: pm ( hla)}
i L 1 Np M2 my;
— E WZ h| m| : . ,
l_é " (ntho)zg phl { h {]/ h th] }H
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SENSITIVE ATTRIBUTE IN PROBABILITY PROPORTIONAL TO SIZE
MEASURES USING POISSON DISTRIBUTION

L Ny M 2 my;
-E N \Y
2 Mho F 2 piD: {ms. Zl L )H
- l_h:l h (n Mho 2 i=1 phl DI’?I .mﬁl =1 "l
= M )
—E hi : ,
l_; " (n M h0 2 Zl ph| mhl Dri " 0:|
L 1 &M oy Ani
_ W2 hi ) hi e hio _ D i; (61)
|:§ " nhMt?O IZ=1: Phi mhi:| Dﬁi "

where By, = (1-U,; )Py, {1+ Payi ﬁ}ﬂ“hiy'
hi

Adding (60) and (61), we get the variance of the unbiased estimator /iasppzwr as given
in (58). Thusthe theorem is proved.
The unbiased estimate of the variance of /iasppzwr is given by

L

v(/iasppzwr): sz (nh _1 M 2 Z( phlhla - J ' (62)

h=1 ho i=1

Estimation when the first-stage sample is selected using PPSWR
When n, clusters are selected with replacement (WR) from N, clusters depending

on the cluster size, M,, in stratum h, with selection probabilities p,, (i =1,2,...,n, ),
where p,. =—"". It is known as PPSWR. Hence the unbiased estimator of A is
given by "’

Anspponr = th;w . ;zma, (63)

and its variance is obtalned as
A N M, D
( asppswr) ZW : |:Z M hi (ﬁ“hia - Z — } . (64)
hO i=1

i=1 h|
An estimator for the variance of the estimator ﬂ’asppswr N

2 % 7 iha 2
V (e )= ZW ( Z(ﬁma—MhJ. (65)

ny ~1)13
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Estimation when the first-stage sample is selected using SRSWR scheme.

When the first-stage sample units are drawn with equal probability and with
replacement in two-stage sampling, the selection probabilities for all the selected

. . 1 . :
clusters at first-stage from the h'" stratum is p,;, = 'R and the estimator of 4, is

Nh

L ~
assrswr z M Z hi lhia )
h-1 n ho

i=1

L
= ZWh ﬂ“ha ' (66)
h=1

Mh

. N .
where A4 =—" Y/
ha nhM o ; hi“*hia

The variance of the estimator A

assrswr

V()= Sz | s i('\ﬂ e~ )&M—ﬁ'fb (67)
assrswr — n Mho (N 1) = hi “*hia h ha i hi
and its estimate is given by
nh n n 2
( assrswr) ZWZ W;(Nh'vlhilhia _ﬂ“ha) ) (68)
ho 1=
where M, = —"2

h
Estimation by PPSWOR for stratification
Let &, be the probability that the i unit belongs to the first-stage sample and O
the probability that both the i"and j™ units belong to this sample, using PPSWOR

from the h" stratum. The estimator for the rare sensitive attribute in stratum h is
given by

- 1 &M A,
/1 appswor = no i * (69)
e M ho ; 5hi
The unbiased estimator for the rare sensitive attribute (i.e. of 4,) is given by
L < M ij’ ia
asppswor Z Z g " ' (70)
h=1 hO i=1 hi

The variance of the estimator /iasppswor is given by

2
Midia  Midha | | & M2
V g = 205 11| 3300 - { o 5] S,
i j

=t i MO

(71)
The estimator for the variance of /iasppswm IS given by
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(e (000 0 M M) &Mz b
\Yiy) N ij hi““hia " "hja *hl ) hi
(asppswor) hz:; ;; S k Oy Oy, +i2:1: Py (M, —1)
(72)

k..
A (1_U hi )PZhi {1"' Pan (khi hl_ l)}/lhiy

R A
where @, =|-2 4 -
Dhi Dhi

Comparing PPSWR and the equal probability two-stage sampling for stratification.
From (64) and (67) we have

~ h Nh S — ' Mﬁ,
V(}“assrswr) ( asppswr) ZW l:n Mho {(Nh _1);(Mhiﬂ“hia h ha) +Zl mhl q)m}

h=1

tho{ZMh, hia = Aha +Z “'d)mH.

i1 M

(73)
For (N, —1)= N, , (73) boils down to

R Ny
V(ﬂ“assrswr) ( asppswr) Z\Nh N Mh Mh[Z(Mhl_M ) h|a+MhZ( '_M Xﬂ“hla )
0 i=
N, o N o
+Z(Mh| Mh)z_h_l+ MhZ(Mhl Mh)mh_l:l
i= hi i= hi
(74)
It is observed from (74) that
\ (ﬂ’assrswr) \% (ﬂ“asppswr

when each cluster has the same size, M, =M, =

M., . 1 .
h0 jn stratum h, let p,, =——in
h Nh

Nh
the PPS. Also in (74) the first term Z(Mhi M, )ﬂﬁ,a, and the third term,
i=1
S — \2 CDhi . . . . .
Z(M v — M h) o are increasing in case the clusters have different sizes. Usually
i=1 hi
the PPS is better than the equal probability two-stage sampling in stratified two-stage
sampling.
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4.2 Estimation method of rare-attribute when the rare non-sensitive unrelated
attribute is unknown in stratified population.

Estimation by PPSWR for Stratification.

In this section, it is supposed that n, clusters are selected from h' stratum (h=1,
2,...,L) using PPSWR sampling design and 7, is supposed to be unknown. The

randomization device in the it cluster of the ht" stratum is the same as in Section 3.2.

The probabilities that respondents in the i cluster of the h™" stratum answer “yes” are
K, , ki

Onig =V i Thia + (1_U hii (Plhi”hia + sz”hiy 1+ Py, + Py Thia (75)

(khl - ) (khl - )

and

K Ky,
Oniz =U 0 hia + (1_ Ui ){(thi”hia + sz”hiy {14‘ Qapi (kh| 1)} + Q3h| (km 1) ﬂ'ma} '

(76)
where U, is the probability of the question being asked as described in (i) of
Section 3.1 in first-stage randomization device and (P, ,P,,;.P,;) are the

probabilities of presenting the statements (i), (ii), and (iii) in the second stage
randomization device, when this device is used in the i"" cluster of the h™ stratum,
such that P, + P, + P, =1, 7, Is the true proportion of rare sensitive attribute

A, and 7, is the true proportion of rare non-sensitive unrelated attribute Y, in the

i"" cluster of the h™" stratum. Further U,, is the probability of the question being

asked as described in (i) of Section 3.1 in first-stage randomization device (of second
randomization device) and (Q,, ,Q,, Qs ) are the probabilities of presenting the

statements (i), (ii), and (iii) in the second-stage randomization device (of second
randomization device), when this device is used in the i" cluster of the h" stratum,

such that Qu; +Q,,; +Qs,; =1,and 7z, and 7z, are the population proportions of

the rare sensitive and unrelated attributes, respectively. Now 7, is assumed to be

unknown. Since the two attribute are in the population, therefore,
m, 6., = 4., ,and m.6., = 4., are finiteas m, — o, 6,, > 0,6,., > 0 ,where

K. K.
/,thl - Uhllﬂ'hla + (1 u hii {(Plhlihla + PZhl/lhly {14— P3hi (khl—hl—l)j + P32hi (khi—hl_l)ﬂ’hia:|

(77)
and
K, ) Kpi
Aniz =U i Ania + (1 Ui {(thi/q’hia + QZhiﬂ’hiy {1"‘ Qani (k—hl_l)] + Qs (k_—h_l)/Ihia:| .
(78)

Similar to the previous section, the following equations are obtained:
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K, Ky »
— =U, A +(1-U P +P A | 1+P +PL "
h, ;yml] hli“*hia ( hii {( 1hi“*hia 2hi hly( 3hi (km _1)j 3hi (km _1) h|ai|
(79)

and

Myi k
= 80
Z yh|2] U h2|ﬂ'hla + (1 U h2i {(thlﬂ'hla + thl hiy {14— Q3h| (khl _1)] QShl (khl _1) hla:|’ ( )

mhl j=1
where y,;,; and Yy,,;are the first and the second answers of the it (J =1,2,...,mhi)
respondents in the i™ cluster of the h'" stratum.

From (79) and (80), the estimators for the mean number of persons who possess the
rare sensitive and unrelated attribute in the i"™ cluster of stratum h are given by

Mpi

A 1
Aiaw = {(1_ Ui )QZhi {1"' Qs (k }Z Yhitj

Chli hi
i ) (81)
- (1_ Uy )PZhi {1+ Payi }Z Yhizj }
(khl j=1
k Mhi
hlyu = D,,m [ h2i + 1 Ui ){le {1+Q3h| (km _1)} Q3h| (km _1 :|}Z Yhitj
+(1-U,y;) P41+ Py, K L, mz y
h1| hli 1hi 3hi (khi _1) 3h| (khI _ hi2j
(82)
where
k khi

Chli :Uhll (1 th. )sz {1+Q3h| (khl _ )} thi (l_Uhli )chi {1"' P3hi m}

+ (1_U hli )(1_ U h2i )(PlhiQZhl PZthlhl ){1+ I:)3h| (k k l)}{l Q3h| (k _1)} (83)

Ky

U g 20 1 5 Qg

K, K,
Dhll - Uh2| (1 Uhll )P2h| {l-l_ I:>3h| (k _ )} Uhll (l Uh2| )QZhI {1+Q3hl (k _1)}

+(L-U i J1=U 1 NPy Qupi = leQZh,){H Py (k: l)Hl Qui ™ -1)} (84)
+(1—Uh1i)(1—th.)(k - )[Qgh, Zh.{ Payi h} Pgh,sz{anh, (khl.( 1)}];&0.
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The estimator of the mean total number A,, of persons having rare sensitive attribute
in h stratum is

7 1 & Mhij’hiau

h wru Z ' (85)
A 1V P S
where p,, is the selection probability of the i™ cluster in h™ stratum under PPSWR

N R
scheme and M, :ZMhi. Thus the final estimator A, Of the mean total
i=1

number A, of persons having a rare sensitive attribute in the population under
stratified two-stage sampling scheme is

. L 1 &M
ﬂ‘as e = W hi “*hiau , (86)
P ; " nthO ; phi

N L
where W, ZWh and N=>"N, .

h=1

Properties of the estimator A,

sppzwru

Theorem 4.3 The estimator/fasppzwru of the mean total number of persons is having the
rare sensitive attribute.

Proof: Since 4,;; and A;,; are iid Poisson variates with parameters A.;, and A,
respectively, therefore, we have

E( Ly )= EiE, (A

asppzwru ) )

L 1 &My,
— ElEz{éwh nhM z hi hlaujl’

asppzwru )

ho i=1l phi
Now,

~ 1 Mhj Mp;
E2(ﬂ”hiau): E, dh2i thilj —Cpyi thiZj 1
Crai My = =

= L dh2iZhi:EZ(yhilj)_ChZiZhi:EZ(yhizj):|’
L =t =1

1 i My My
= Aog D At =Cosi O Ania |
Chlimhi I h2|§ hil h2|§ h|2j|
1
= Chlimhi [mhidhzi;thil - mhichzi/lhiz]v
[dhzi/lhil B Chziﬁ“hiz]

Chli (87)
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k..
where dyy = (1_Uh2i )thi {1"' Qapi (k hl_l)} and
hi

k..
Ch2i = (1_Uhli )chi {1“‘ Pani (k—hl_l)} .
hi

Inserting the values of A, and A, from equations (77) and (78) respectively in
(87) we get
Ez (ﬂ“hiau ): ﬂ“

hia *

A

Thus’ ElEZ ( Aasppzwru): E1E2 iWh 1 nzh M hiﬂ’hiau j| !

v WMy T Phi

= E{iwh n I\J;I nzh%EZ(Ahiau)]

= h ho i=1 phi
L 1 &M A
=E W hi “*hia ’
' Z " n Mho IZ—1: phi }
1 & Myt

Z phi hia ,

ho =L Pri

L
= th ha — ﬂ’a ' (88)

Thus the theorem is proved.
Theorem 4.4 The variance of the estimator A, is given by

( ) 2 2 M hl/’i’hla i J M hzi CDEIZ)
asppzwru ZW n Mhz z phl p M hoﬂ“ha + z ' (89)
0 .

2
h=1 hi i=1 phi Chlimhl

where
= [{dr?ZiChai + ChzZithi - 2Ch2ich3idh2idh3l }/Ihla + {dh2|Ch2| + Ch2|dh2| - Zcﬁzidﬁm }ﬂ’hiy]

K 2 K
Chai =Upy + (1_U hii {Plhi {1+ Pari (k _1)} + P (k —1)} ’
hi hi
Kk, Ki,
Oigi =Upg + (1_ Ui {thl {1"' Qani (k _1)} Q3h' (k —1):| .

Proof: The variance of the estimator /iasppzwm is decomposed as
V (j:asppzwru ) = Vl EZ (iasppzwru )+ ElVZ (iasppzwru ) (90)
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The first term of (90) is simplified to

A L 1 N M /’i .
Vl E2 (ﬂvaSPPZWrU ) = Vl Ez |:2Wh Y Z hi ““hiau i| ’
=1 h

ho i=1 phi

S S (1)
h=:

1{ 1 n MhO i=1 phl

3 nh M hl/lhla :|

n I\/IhO i=1 phi

L N M hi ﬂ’h ?
Em—— ER M, A . 91
hz n M hZO Z ph' [ p ho haJ ( )

i=1 hi
The second term of (90) is simplified to

o L 1 nM.A
EV, (ﬁvasppzwru ) =EV, |:Z_:Wh z hi ““hiau i| ’

hVho = P

[EWZ e, )} 92)

MhO i=1 phl

Now,

V (imau) ZI:Chl mh {thIZthIlJ Ch2|zyh|2]}:|

= % dh2| ZV (yhllj )+ ChzZ| ZV (yh|ZJ )_ 2dh2|Ch2| icov(yhllj ) yh|ZJ ):|

T A2
Chlimhl L =1 =1

1 My My
2 dh2| Z/lhll + C§2| Z/lhm 2dh2|Ch2| Zﬂ“hllz:| ’

02 ; ; ;
hii h|_ = = j=1

~2 [d hZIﬂ’hll +Ch2|j’h2| 2dh2|Ch2lj’h|12 (93)
Chllmhl

where 4, = Cov(yhilj » Yhizj )= E (yhilj Yhizj )_ E(yhilj )E(yhiZj )

= Hu i F@0-U,y ){P1hi {1+ Py ﬁ} +P2, (khk—“_l)}
*{um +(@1-U,, ){th, {1+ Qani (k: 1)} Qd k. _l)m/l hia

+ {(1— Ui Posi {1+ Py hﬂ{@ U i Qoni (1+ Qani hﬂ}tmy

and (ﬂhli ,/1h2i) are same as define earlier.

Putting the values from (83) in (91) and then substituting from (90) and (92) in
(100), we obtained the expression of the variance of the estimator iasppzwm as given
in (89).
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The estimator of an unbiased estimator of the variance of iasppzw,u is given by

( aSppzer) ZWZ ( M 2 Z(Mhllhmu - A auJ : (94)

hO i=1 phl

Estimation when the flrst-stage sample is selected using SRSWR scheme
Let the first-stage sample units are drawn with equal probability and with
replacement in two-stage stratified sampling, the probabilities of selecting the i

. 1 . .
cluster from the h™ stratum is p,, N Then the unbiased estimator for the

parameter A, is defined by

aswru ZW z M hl//thlau . (95)
h=1

My, =
The variance of the estimator A

asw I'U

2 Ny S & Mg o)
(aser) ZW ( Aria =M, 2 ha) "'Z Dy (96)

2
h=1 n MhO i=1 h|Ch1|

and its estimate is given by

ny . 2
( aswru) ZW ’ WZ(NhM hiﬂ’hiau _ﬂ’hau) : (97)

ho i=l
Estimation when the first-stage sample is selected using PPS sampling.

When n, clusters are drawn with replacement depending on cluster size, we

" The unbiased estimator for the mean number of
ho

persons who possess the rare sensitive attribute A, is

R L
ﬂ“asppswru = ZW Z/lhlau ’ (98)
h=1

h i=1
and its variance is obtalned as

(asppswru) ZWZ

Also, the estimator for the variance of ﬂasppswm is given by

a 2
2 S _ ﬂ'hau
( astswru) ZW n B 1) ; [lhiau M o ] ' (100)

Estimation by PPSWR for Stratification
Let &,; be the probability that the i unit belongs to the first-stage sample and Onij

the probability that both the i"and j" units belong to first-stage sample, using

consider the PPS. Let p,, = M

(99)

i=1

N, Mh.CD(”)}

M . 2 i hi
{Z hi hla a) +Z Cslimhi
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probability proportional to size sampling without replacement from the h' stratum.
The unbiased estimator of A, is given by

asppsworu ZW lhau ' (101)
where the estimator A,,, in stratum h is defined by
. WM, A
;Lhau — 1 z h|)“h|au . (102)
M ho i=1 é‘hi
The variance of estimator iasppsworu is given by
n Np M. A Mh/ih Ny Mz_q)(l_z)
( .. Swor) ZWZ zz( | . hi%thia ' hj"hja +z hi hi |
PP ! i=1 j>1 h hj hj 5hi §hj i=1 5hicﬁlimhi

(103)
Further the estimator for the variance of /iasppswom is given by

( ) Z\Nz zz(ahléhj 5hu )(Mhi/{hiau __h AhJaUJ nzh Mmq)( i
asppsworu

h=1 MhZO i=1 j>1 hlj L 5hi 5hj i=1 mhl 1)5hIC|fll
(104)

where
= Hd EZiChSi + CﬁZidh3i —2C;,,Cr5d,5d g }lma + {dhmchz. + Chz|dh2| - 2C§2id§2i }ﬂ”hiyJ'

Comparing PPSWR and the equal probability two-stage sampling for stratification
From (96) and (99) we have

v (/iaswru) ( aSpPSW"U) ZW [ . { il i (M hihia — Mhiha )2 + i v ﬁlq)(hlf)}

h=1 n MhO (Nh _1) i=1 i=1 Cﬁlimhi
N M)
M _ 2 hi = hi ’
n Mho {Z hi hla ha +§—Chzlimhi }j|
(105)
Under the assumption(N, —1)= N, and M, = '\:lh" , expression (105) reduces to
h
. . L 1 Ny, . . Ny,
V(j’aswru)_v(/lasppswru):Z\th——|:Z(Mhi _Mh)z/lﬁia-l-Mh ( M Xj’hla /Iﬁa)
o MM, [T =1
Ny oy O%) Ny _ o }
Y M =M =M S (M - M = (106)
IZ_;( h h) Cﬁlimhi hlz—l“( h h)Chzlimhi

It is observed from (4.54) that if M, =M, , then v(/iaswm)=v(i Further

asppswru ) .
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hi

putting M, = M, = —", the probability p, = in PPS is equal to Ni , Which

h ho h
is the probability in the stratified PPS with the equal Probability two-stage sampling.

5. Numerical Study

We have evaluated and compared the suggested estimation methods with those of
Singh and Suman (2019) estimators.

5.1 Comparison of the suggested procedure with Singh and Suman (2019)
estimators

In this section we present Singh and Suman (2019) estimators under two-stage
sampling and stratified two-stage sampling schemes, where first-stage samples are
selected from the clustered population using probability proportional to size with
replacement (PPSWR) sampling scheme.

(@) When the proportion of persons having the unrelated rare attribute is known
under two-stage sampling scheme:

1 &M,
A0 ALl 107
appswr n M . ; p, ia ( )

where %) = Ji{(l/ml )i Vi —(1-U; )P, {1"' Py }l }

J, =[ U, +(1—Ui)Pli{1+ P, ﬁH and P, —:\\A/'—

Thus
1 n
/1(algpswr _Z g (108)
The Variance of A%, is given by
NM
V( Sgpswr)_ |:ZM ﬂ’ _ﬂ“ +Zl nl]nl} (109)
1 (1_ U i )P2| { 3i }/1
where 7, =| =2 + (110)

J

From (12) aﬁd (109) we have
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v (/iglgpswr )_V (j“appswr) nl\l/l {i & (’7i -, )} ’

e i

> 0.
It follows that the proposed estimator /iappswr is better than the ifgpswr

5.2 When the proportion of persons having the unrelated rare attribute is
unknown under two-stage sampling design'

(algpswru = Z_ |:d2| Z yllj C2| z y|21 :|' (lll)

OIl p|m‘Jl| =1
k;

Jli:{ull(l UZI)Q2|{1+Q3, K 1)} U2i(1—U1i)P2,{1+P3I (kk 1)}
+(1-U, Y1-U, XP,Q, - P,Q, ){1+p (kk_ )Hl+Q3I (kk 1)H

d, =(1-U, )in{l_'_QSi ﬁ}

C,, :(1_Uli)P2|{1+ Pa,( l }

kl)

wru 1S given by

The variance of A%,

(@)
{ZM (=2, + > Mith } (112)

i Jpm;
77i = [{dZiC3i +Czidsi _ZCZiC3i d2id3i }/1ia + {dZZiCZi +C;d, —2C3d;, }iiy]’ (113)

4o —u, +(1- Uz.)Ql.{“Qa' (kk 1)}

appswru )

Vv ()C

k;
Cs()il) = Uli + (1_Uli )P1| {1+ P3| (k 1)}

5.3 When the proportion of persons having the unrelated rare attribute is
known under two- stage sampling design:

M
0 u W, hi ﬂ(li) 1
aspps ; n Mho ; pm hia

Mp; k i
where ﬂ“ﬁll)a = |: ]7/mhl Z yhl] 1 u hi )P2hi {1_'_ I:)3hi (k—h_l)}ﬂ“hiy:|
h hi
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K. M
Jo.=| U, +@-U, )P, 41+P, —" Ll andP, = —"2
hi |: h|+( hl) 1h|{ + 3hi (khi _1)}j| hi M

ho

The Variance of zglgppswr is given by

(l(als)ppswr) ZW g {Z M hi hla - ha + Z hlnhl :|

i=1 i=1 mhl

h0

k i
/1hia (1_U hi )sz {1"' P3hi (khi h_ 1)}ihiy
where 7, = ] + K
hi hi

5.4 When the proportion of persons having the unrelated rare attribute is
unknown under stratified two-stage sampling design:

A8 o ZW ZM Z (114)

e oMo T P

M

j:hiau = L {(1_U h2i )sz {1+ Qapi (k }Z Yhitj

J hlimhi

_(1_Uhli )PZhi{l—i— Pani }Z ymz;}

where (115)

J hi = {U hii (1_ U h2i )thi {1"' Qshi ﬁ} -uU h2i (1_ U hii )chi {1"' P3hi ﬁ}

Ky K
+ (1_U hii )(1_Uh2i )(PlhiQZhi — Py Quyi ){1+ Pani M}{:H_ Qani (khi —1)}} ’

p _ Mhi
hi Mho

The Variance of ﬂgs’ppsm is given by
@ i"Thi
( alsppsru) ZWZ |:2Mh| hla_ ha +thJh }
i=1 i=1 "hi Y hii
where

Mhi = [{dhzzicr%)i +Cr122idr(113)i _ZChziCrgls)idhzidr(msu }lma +{dh2|Ch2| +Crydiy —2Coydey }ﬂ’hiy]
(116)

h0
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Ky

(ki |—1)}’
O'hzi=(1—U.12i)Q2hi{1+Q3hi Ky }

(khi _1)

k..
cl=u,, +@1-u i)Pi{1+Pi hi }
3h hl hl 1h 3h (khi —l)

Chai = (1_U hii )P2hi {1+ Pani

K,
Ay =U, +@1-U R i{1+Q —h}
3h h2 h2 1h 3h (khi _1)

A

The percent relative efficiencies (PRE’s) of the proposed estimators ﬂ:appswr, Aappswru
Asppsur @A A with respect to Singh and Suman (2019) estimators A%,

/{(1) /{(1) and i(l)

asppswru

are respectively defined by

Copsura + Asepsar 810 A,
e, = PRE(/iappswr,/iglgpswr)z z(fli::) *100, (117)
&, = PRE(Appours A% 0rs ) = %*mo, (118)
&, = PRE (A sy A%, e ) = %*mo , (119)
e, = PRE(iasppswm,/ig?ppswm): V(’?‘l’s)"psw'“)*loo, (120)

iasppswru

To carry out the numerical comparison under two stage sampling design, we
consider a  population of  five  clusters (N=5)  with  sizes

M, = (1000, 2000, 2000,3000,4000) for i =1,2,3,4,5. Two clusters (n=2) are selected

. . . . M.
using the PPSWR sampling scheme depending on the cluster sizes as p, :M—',
0

5
where M, = z M, =12000 [see, Lee et al (2013)]. It is assumed that
i=1

@ A4, =4, =4, =4,, =45, =1 for the rare unrelated attribute,

. 1-P
(b) the values of P;,P, and U, are same in all clusters; P, =P,, P, =P, :u

, Pai:(l—Pli—PZi):PS:(l—Pl—PZ):@, [see Nargis and Shabbir

(2019)], U, =U for i =1,2,3/4,5.
(c) the total number of cards, k, =k =100,i =1,2,3,4,5. in a deck for each cluster.
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In the stratified PPS, a population is stratified into two strata (h=2), and there are two
clusters N, =2 with sizes M;; =(1000,2000) for i =12 in stratum 1, and three

clusters N, =3with sizes M, =(20003000,4000) for i=1,2,3 in stratum 2. We

select a cluster from each stratum (n1 =n, =1). In both procedures, we suppose that

the samples in each cluster are drawn with 10% and the parameters for the rare
unrelated attribute which was assumed to be known are equal to 1.

We have taken M, =12000 and P,;,P,,;,P,; .U ;and U, are equal for all
Pui =P =P Py =Py =P, Py =Py =P,
Qi =Qup = Ql, Qo1 = Qo1 = Qs Qauy = Qg = Qs

clusters and strata U,,, =U,,, =U,,, =U,,, =U,;; =U,,
Uy =Up =Upp =Upp, =Upps =U,,

w,=Ne w = Ne o __100, 4 210 = 1105
N N !

Findings are shown in Tables 1 to 4.

Table 1. PRE’s of the estimator A with respect to the estimator iglgpswr for

appswr

A, =11=12,34,5 and k=100 .

Mean total number of persons 0.1 0.2 0.4 0.6 0.8

possessing the rare sensitive attribute 0.3 0.267 | 0.2 0.133 | 0.067

A 0.6 0533 |04 0.267 | 0.133
| P

R
N
NS
w
NS
N
NS
(2]
Qo
N

a PRE (=€)

0.01 1 629.18 | 259.94 | 138.31 | 111.01 | 102.11

123.61 | 105.75 | 100.98 | 100.22 | 100.04

131 107.57 | 101.3 | 100.29 | 100.05

145.09 | 111.08 | 101.91 | 100.43 | 100.07

145.09 | 111.08 | 101.91 | 100.43 | 100.07

182.71 | 120.67 | 103.64 | 100.83 | 100.13

0.05 1 480.49 | 2353 | 135.14 | 110.36 | 102.01

115.96 | 104.64 | 100.88 | 100.21 | 100.03

120.98 | 106.11 | 101.16 | 100.27 | 100.04

130.57 | 108.96 | 101.71 | 100.4 | 100.07

130.57 | 108.96 | 101.71 | 100.4 | 100.07

156.36 | 116.76 | 103.26 | 100.77 | 100.13

0.1 1 368.79 | 211.1 | 131.53 | 109.58 | 101.88

110.47 | 103.6 | 100.76 | 100.19 | 100.03

113.77 | 104.74 | 101.01 | 100.25 | 100.04

120.11 | 106.96 | 101.49 | 100.37 | 100.06

N L L L L DN L e el L el DS e e Ll Ll BN

RN NN G R L
NI N NN R
SN R NI G NN  E
SN R R RN R DN

120.11 | 106.96 | 101.49 | 100.37 | 100.06
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137.28

113.07

102.84

100.7

100.12

0.3

195.24

154.55

120.04

106.79

101.42

102.83

101.43

100.43

100.12

100.02

103.73

101.89

100.57

100.16

100.03

105.49

102.79

100.84

100.24

100.05

105.49

102.79

100.84

100.24

100.05

110.35

105.29

101.6

100.47

100.09

0.5

T T T T T D TR P TR TR T N
N G G NN G G
N G G e e e D G G Gl
G N G e e e G DN G G
e G G AN G G e e e D Gl

141.21

127.45

111.95

104.44

100.98

100.97

100.6

100.23

100.08

100.02

101.28

100.79

100.3

100.1

100.02

101.89

101.17

100.45

100.15

100.03

101.89

101.17

100.45

100.15

100.03

103.61

102.24

100.86

100.29

100.06

Table 2. PRE’s of the estimator A

appswru

/1iy =11=12,345 and k =100

with respect to the estimator A

)

for

appswru

Mean total number of persons
possessing the rare sensitive
attribute A

|

0.1
0.3
0.6
0.1
0.3
0.6

0.1
0.3
0.6
0.3
0.233
0.466

0.2
0.267
0.533
0.1
0.3
0.6

0.2
0.267
0.533
0.3
0.233
0.466

0.4
0.2
0.4
0.1
0.3
0.6

0.4
0.2
0.4
0.3
0.233
0.466

;é)
o
o
R
o

PRE (= €,)

0.6

0.2

109.61

132.4

107.11

118.6

103.98

107.61

100.38

102.86

100.22

100.93

100.09

100.2

100.5

103.71

100.29

101.22

100.12

100.26

100.73

105.28

100.43

101.78

100.17

100.39

100.73

105.28

100.43

101.78

100.17

100.39

101.35

109.12

100.81

103.26

100.34

100.74

0.8

106.88

110.8

105.28

107.77

102.85

103.76

100.14

100.24

100.1

100.16

100.05

100.07

100.18

100.32

100.13

100.21

100.07

100.09

100.27

100.47

100.2

100.31

100.1

100.13

100.27

100.47

100.2

100.31

100.1

100.13

100.52

110.8

100.38

100.59

100.19

100.25

0.6

0.4

114.83

277.49

110.12

131.39

105.28

110.56

101.12

221.1

100.47

104.93

100.14

100.38

101.46

232.12

100.62

106.26

100.18

100.5

102.1

245.34

100.9

108.59

100.27

100.73

102.1

245.34

100.9

108.59

100.27

100.73

103.7

261.49

101.67

113.64

100.51

101.37

0.8

108.85

115.2

106.57

110.43

103.34

104.65

100.19

100.41

100.13

100.24

100.06

100.09

100.26

100.54

100.17

100.31

100.08

100.11

100.38

100.8

100.26

100.46

100.12

100.17

100.38

100.8

100.26

100.46

100.12

100.17

I N e T e T | N T T N e N [ Y T N T T T R TN TN T P T
NI I R RN NN R NN R
NI NN R E RN R R NN R
S NN RN RN R R N
RN G ERERNE EERENNIEREEIRILN

100.73

101.52

100.5

100.89

100.22

100.32
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121.72 | 110.51 | 142.4 | 114.4 | 104.39 | 146.88

102.27 | 100.35 | 114.08 | 100.65 | 100.6 | 120.6

102.93 | 100.46 | 116.99 | 100.85 | 100.77 | 124.12

104.14 | 100.68 | 121.43 | 101.25 | 101.09 | 129.08

104.14 | 100.68 | 121.43 | 101.25 | 101.09 | 129.08

107.04 | 101.29 | 129 102.31 | 101.84 | 136.62

0.7 121.07 | 186.13 | 114.46 | 130.07 | 106.17 | 110.59

101.07 | 147.55 | 100.47 | 103.01 | 100.13 | 100.28

101.4 | 153.89 | 100.62 | 103.89 | 100.17 | 100.37

102.04 | 162.17 | 100.91 | 105.5 | 100.25 | 100.54

102.04 | 162.17 | 100.91 | 105.5 | 100.25 | 100.54

I N TN T N R L e I e

RINRPRRPIRRIN R PR

RPN RRPIRRR (N PP

I NI R N

NN R I DN
[ SN

103.73 | 173.48 | 101.72 | 109.39 | 100.48 | 101.03

with respect to the estimator /igls)ppswr for

Table 3. PRE’s of the estimator /i

asppswr

A4, =11=1234,5 and k =100.

0.1 0.2 0.4 0.6 0.8
0.3 0.267 | 0.2 0.133 | 0.067
0.6 0533 |04 0.267 | 0.133

Mean total number of persons
possessing the rare sensitive attribute

A
J ’

a | Aa PRE (= €;)

~
o~
Q0
o
N
N
o~

a

0.01 1 629.18 | 259.94 | 138.31 | 111.01 | 102.11
126.48 | 106.44 | 101.1 | 100.25 | 100.04
134.7 | 108.47 | 101.45 | 100.33 | 100.05
150.31 | 112.36 | 102.13 | 100.48 | 100.08
139.08 | 109.62 | 101.67 | 100.38 | 100.06

172.44 | 118.09 | 103.19 | 100.73 | 100.12

0.05 1 480.49 | 235.3 | 135.14 | 110.36 | 102.01
1179 |105.2 | 100.98 | 100.23 | 100.04
123.48 | 106.84 | 101.29 | 100.3 | 100.05
134.11 | 109.99 | 101.91 | 100.45 | 100.07
126.5 | 107.78 | 101.49 | 100.35 | 100.06

149.34 | 114.67 | 102.85 | 100.68 | 100.11

0.1 1 368.79 | 211.1 | 131.53 | 109.58 | 101.88
111.73 | 104.03 | 100.85 | 100.21 | 100.03
11541 | 105.3 | 101.12 | 100.28 | 100.05
122.44 | 107.76 | 101.66 | 100.41 | 100.07
117.44 | 106.05 | 101.29 | 100.32 | 100.05

132.63 | 111.44 | 102.48 | 100.62 | 100.1

0.3 1 195.24 | 154.54 | 120.04 | 106.79 | 101.42
103.16 | 101.6 | 100.48 | 100.14 | 100.03
104.17 | 102.11 | 100.63 | 100.18 | 100.03
106.12 | 103.1 | 100.93 | 100.27 | 100.05
104.77 | 102.42 | 100.73 | 100.21 | 100.04

109.06 | 104.63 | 101.41 | 100.41 | 100.08

0.5 1 141.21 | 127.45 | 111.95 | 104.44 | 100.98

101.08 | 100.67 | 100.25 | 100.08 | 100.02

N RGN N R RN R
NG RN RN R RN R
N G NG RN RN R R EIEILS
N AN RN R R NI
I N N N N N R R L NG R G RN R IR I LN
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NP
R NP
NI
LS
N

101.43

100.88

100.33

100.11

100.02

102.11

101.3

100.5

100.17

100.03

101.65

101.02

100.39

100.13

100.03

103.16

101.96

100.75

100.25

100.05

Table 4. PRE’s of the estimator A

asppswru

with respect to the estimator A

/1iy =11=12,3,4,5 and k =100 .

1)

for

asppswru

Mean total number of persons
possessing the rare sensitive
attribute A

|

R
P,
Py
Q
Q
Q

0.1
0.3
0.6
0.1
0.3
0.6

0.1
0.3
0.6
0.3
0.233
0.466

0.2
0.267
0.533
0.1
0.3
0.6

0.2
0.267
0.533
0.3
0.233
0.466

0.4
0.2
0.4
0.1
0.3
0.6

0.4
0.2
0.4
0.3
0.233
0.466

R
l\}a
N
w
N
N
o

PRE (=€,)

0.6

0.2

109.61

132.4

107.11

118.6

103.98

107.61

100.61

104.57

100.36

101.51

100.14

100.32

100.8

105.82

100.47

101.96

100.19

100.42

101.15

108.02

100.68

102.8

100.28

100.62

100.5

103.66

100.29

101.21

100.12

100.26

100.95

106.61

100.57

102.29

100.23

100.51

0.8

106.88

110.8

105.28

107.77

102.85

103.76

100.33

100.57

100.24

100.37

100.12

100.16

100.43

100.75

100.31

100.49

100.15

100.21

100.62

101.09

100.45

100.71

100.22

100.3

100.16

100.28

100.12

100.18

100.06

100.08

100.32

100.55

100.23

100.36

100.11

100.15

0.6

0.4

114.83

277.49

110.12

131.39

105.28

110.56

101.78

239.51

100.75

107.5

100.22

100.61

102.29

247.81

100.98

109.28

100.29

100.8

103.19

257.16

101.41

112.18

100.42

101.16

101.47

232.15

100.63

106.23

100.18

100.5

102.69

253.85

101.19

110.54

100.36

100.96

0.8

108.85

115.2

106.57

110.43

103.34

104.65

100.46

100.97

100.31

100.56

100.14

100.2

100.6

101.27

100.41

100.74

100.18

100.27

100.87

101.82

100.6

101.07

100.27

100.39

100.23

100.48

100.16

100.28

100.07

100.1

100.45

100.93

100.31

100.54

100.14

100.2

0.6

121.72

110.51

142.4

114.4

104.39

146.88

103.54

100.57

119.33

101.05

100.85

126.71

104.49

100.75

122.47

101.36

101.08

130.07

106.12

101.08

126.83

101.96

101.47

134.41

102.95

100.47

117.03

100.86

100.86

124.24

105.26

100.9

124.9

101.63

101.52

132.84

0.8

0.7

121.07

186.13

114.46

130.07

106.17

110.59

N Y N I e R Y D I Y T Y T Y LS Y TN TN TN PR | O PN TR PN TN TR | O TSN PSRN PN PN N
N N N e R e DS T T T T TN [ CY TR PR PR P PR | O TR PN PN TSN PR | NCY RN RN PR N
A N I N I R G e N R R R R N I R R I I R R
A N I I e N R R e I N R R N I R I R I DN R
R RN N N e D R Y Y Y R D R e Y T T L I T TN TN TSN PR | ) TSN PR RN TSN PN T Y I

102.43

165.09

101.1

106.46

100.3

100.65
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1 1 1 2 1 103.12 | 169.55 | 101.43 | 108.05 | 100.39 | 100.85
1 1 2 1 1 104.37 | 174.67 | 102.04 | 110.69 | 100.57 | 101.22
1 2 1 1 1 101.26 | 151.58 | 100.56 | 103.5 | 100.15 | 100.33
2 1 1 1 1 102.39 | 166.29 | 101.08 | 106.34 | 100.3 | 100.64
Tables 1 and 3 demonstrate the PREs of the estimators A and A under

appswr

two-stage sampling scheme for the known and unknown unrelated rare attribute.
Tables 2 and 4 demonstrate the PREs of the estimators A, and y) under

two-stage stratified sampling scheme for the known and unknown unrelated rare
attribute.

It is observed from Tables 1-4 that the PRE’s exceed 100% for all chosen parametric
values which indicates that proposed model and estimation procedures perform
better than the Singh and Suman (2019) RRT model.

It is further observed from Tables 1 and 3 that the value of PREs increase for
decreasing value of U with considerable gain in efficiency for smaller values of U.

appswru

asppswru

From Tables 1 and 3, it is clearly seen that there is higher PRE’s for smaller values
of P, 'sfor different sets of mean total number of persons possessing the rare

sensitive attribute A i.e. 4,,.

Tables 2 and 4 exhibit that there is gain in PREs for smaller values of both P, 's and
Q,; 's. Itis also observed that we get higher PREs when the value of P, 's is smaller

than Q,'s. Thus if P,;'s<Q,'s, the proposed estimators /i(jgpswm and igls)ppswm

perform better than the /’Atappswm and iasppswru respectively.

6. Conclusion

In this paper we have proposed alternative estimation procedures to estimate the
mean number of persons having a rare sensitive attribute under a Poisson distribution
using two-stage and stratified two-stage sampling schemes. Probability proportional
to size sampling scheme has been used to drawn the first-stage units and simple
random sampling with replacement is used to select the second-stage units. We have
obtained the variances of the suggested estimators and their estimates, if the
parameter of the unrelated non-sensitive attribute is either known or unknown. It is
proved that the estimators using Narjis and Shabbir (2020) randomized response
model under two stage and stratified two stage sampling schemes are advantageous
in terms of PRE’s when compared with Singh and Suman (2019). With theoretical
and empirical results associated with proposed estimators we also observed that in
proposed estimation procedures design parameters play important roles in increasing
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or decreasing the efficiency. Thus, the envisaged two-stage unrelated question RRT
is therefore recommended to the survey practitioners for its use in practice.
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