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assumed (“base”) distribution of the sample data to a “weighted distribution”. In
practice, it is often not known if size-biased sampling has been used, so there is a
need for formal testing to select between the “base” distribution and the “weighted”
distribution. We consider two variants of a particular such test in the context of
distributions from the generalized gamma family. A Monte Carlo simulation
experiment is used to generate critical values for the tests, and to evaluate their
power properties. The tests are illustrated in two empirical applications using real-
life data.
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1. Introduction

Knowledge of the method by which data have been sampled from a population is of crucial importance in
any statistical analysis. Many standard inferential procedures are based on the assumption of simple random
sampling, and if a different sampling scheme has been adopted this may have significant implications for the
validity and properties of inferences that are drawn from the data. One important “non-standard” sampling scheme
that has been studied for the past century is the so-called size-biased sampling. For example, see the seminal
contributions of [1-4]. This form of sampling arises when the probability of a population element being selected
for the sample is proportional to some predetermined weight function, where the latter depends on the observed
value of the data for that element.

For example, if the probability of a certain sample value being recorded is directly proportional to the
magnitude of that value, we have so-called “length-biased” sampling. If the probability is proportional to the square
of that magnitude we have “area-biased” sampling, and so on. Size-biased sampling occurs in many fields,
including epidemiology, ecology, environmental and resource economics, forestry, genome mapping, marketing,
meteorology, and in a range of reliability and survival studies. For example, see [5—14], among others.

In any empirical analysis it is important to know if size-biased sampling has occurred, because it affects the
formulation of the correct data density function, and hence the likelihood function. If size-biased sampling has
been used, but this is either unknown or ignored, the likelihood function is mis-specified and any inferences that
are based upon it will be incorrect, even asymptotically. This applies to both frequentist and Bayesian inference.
Examples of applications that illustrate the negative impact of failing to account for size-biased sampling include
those of [15,16], among others. To ensure valid inferences the appropriate “weighted density” (or “moment
density”) is required as the foundation for the likelihood function. A detailed discussion of this issue is provided
by [17], for example.

One practical problem that arises in this context is that the analyst may not know whether or not size-biased
sampling has been used, as it is not part of any pre-specified experimental design. Rather, it is a characteristic of
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the context of the sampling process. So, in order to ensure valid subsequent inferences, one might consider the
application of some test of the hypothesis, Hy: “Unweighted (simple) random sampling has been used”, against the
simple alternative hypothesis, H: “A specific weighted (size-biased) sampling has been used”. Several parametric
and nonparametric tests of Hy against H; have been suggested in the literature. For example, see [18-20]. In this
paper, we focus on the distribution-free test of the above hypotheses proposed by [18] and extended by [19]. The
latter authors also consider both likelihood ratio and Wald tests of H, against the composite alternative hypothesis,
Hy: “Some general size-biased sampling has been used”. However, they find the latter tests to be substantially
inferior in terms of power to the test against the simple alternative, H, and this motivates the present study.

The principal contribution of this paper, and hence its novelty, is the computation of appropriate critical
values, and an evaluation of the powers, of the above-mentioned distribution-free test when applied to a selection
of distributions previously not studied in this context. These distributions are all ones that are employed widely in
the analysis of lifetime (duration) data, and are members of the “generalized gamma” family of distributions.
Accordingly, this study substantially broadens the associated results in the literature.

In the next section we outline the statistical framework that is adopted in this paper, including the formal
details of two hypothesis tests that are evaluated, and the base distributions that are considered. Section 3 provides
the details of an extensive simulation experiment that we have conducted, first to compute critical values for the
tests under a wide range of situations, and second to evaluate the powers of the tests. The latter are presented
graphically in Section 3, and the critical values are tabulated for various base distributions and sample sizes in the
Appendix A. Section 4 presents two empirical applications with real-life data that illustrate the use of the tests;
and some concluding comments and suggestions for further study are provided in Section 5.

2. Statistical Framework

Suppose that a positive random variable, X, has a density function f(x; ¢), for some parameter (vector), ¢.
Given the existence of the cth (raw) population moment of X, namely u; = E[X¢] < oo, the corresponding
“weighted” (or “moment”) density of X, to allow for size-biased sampling of order c, is defined as follows.

feCo @) = f (6 P)xC/ue )]

The existence of u, ensures that (1) is a proper density. In what follows, we will refer to f(x;¢) as the
“unweighted”, or “base” density function of X.

The case ¢ = 1 corresponds to “length biased” sampling; ¢ = 2 corresponds to “area biased”, etc. We will be
concerned only with length-biased and area-biased sampling in this paper, as these are the most common forms of size-
biased sampling that arise in practice. We can re-phrase our testing problem as one involving the simple null hypothesis,
Hy: “the relevant density is f(x; ¢)”; versus the simple alternative hypothesis, H: “the relative density is f,(x; ¢), for
aknown ¢”. Or, for example, Hy:c = 0 vs. Hy:c = 1, in the case of potential length-biased sampling.

The two primary test statistics that we consider are based on the quantity

[T lfe Ceis )/ f Cxis P)] 2

a sufficiently large value of which will suggest that size-biased sampling has been used. Using the definition of
fo(xi; @) in (1), an equivalent test procedure is to reject Hy in favour of size-biased sampling if the statistic:

A= [Ty Y™/ ) ve (€)

is sufficiently large. However, the statistic in (3) will usually be unobservable, because typically m; will be a
function of one or more of the elements of the parameter vector, ¢. In this paper we compare the merits of two
ways of dealing with this issue. First, following Economou and Tzavelas (2013) [19], we consider the statistic:

Ae = [Ty XY™/ (@' )Y (4)

where {'. = (1/n) Yij—; x{ is the cth(raw) sample moment. Alternatively, following the approach of Giles (2026) [21]
we can define the statistic:

Ae = [Ty x Y™/ (@D)Y* (5)
where fi; is the MLE of u, obtained by replacing the relevant elements of the parameter vector, ¢, with
maximum likelihood estimates based on the (unweighted) density, f(x;@). As is discussed below, in some
situations the two test statistics will coincide. However, in general they may differ and the relative performances
of the tests are of interest.

In [22] there is a proposal for an alternative testing procedure based on Kullback-Leibler (K-L) divergence
that can be applied to our Hy and H; hypotheses. However, some simple re-arrangement of the associated test
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statistic in that paper’s Equation (21) shows that it is simply A, in (4), when ¢ = 1, and A3 when ¢ = 2.
Accordingly, some of the results provided in the following sections are relevant for this test, as we discuss later.

Asymptotically (as n — o0) the test statistics in (4) and (5) will be identical, due to the weak consistency of
both method of moments and maximum likelihood estimation. The results in [19,22] establish the asymptotic
normality (and analytic expressions for the the asymptotic means and variances) of A, and their K-L statistic. Clearly,
from (4) and (5), asymptotically A, will also follow a (different) normal distribution. However, our primary concern
is with finite sample sizes. The two test statistics A, and A, may differ in value (and in distribution) in finite samples,
in which case different critical values will apply. These critical values are obtained by simulation, as is described in
the next section. For a sample of size , and a significance level o they will be labelled k. (a,n, ¢;) and k.(a,n, ¢;)
respectively, where ¢, is a (possibly null) sub-vector of the parameter vector for the distribution of X. Accordingly,
the powers of the tests based on (4) and (5) need to be evaluated separately for any given situation. The asymptotic
efficiency of a maximum likelihood estimator is never less than that of its method of moments counterpart, but we
cannot generalize about the relative performances in finite samples. Accordingly, while one might anticipate that the
1. test may out-perform the A, for some range of sample sizes, this cannot be guaranteed. We explore this
possibility in the present study, and discuss it in Section 3.2.

All of the above discussion relates to a specific base (unweighted) distribution, f(x;¢). As this base
distribution changes, so do the specific forms and distributions of 1. and A; the values of the associated critical
values; and the powers of the tests. In this paper we consider a range of base distributions that are special cases of
the so-called “generalized gamma distribution” (introduced in [23]), and are commonly used with lifetime
(duration) data. The density function for the generalized gamma distribution is:

f(x; a, d,p) = (%) xd‘le_(g)p/[‘(g); x>0;aq, d,p >0 (6)

and its cth raw moment is:

E[X¢] = a‘T((d + ¢)/p)/T(d/p) (7
So, the size-biased (weighted) counterpart to (6) takes the form

f.(x;a,d, p)—( dﬂ)xd” 1 _(_) /F(ﬂ) x>0;adpc>0 8)

The density in (8) is a generalized gamma density with parameters a, (d + ¢), and p, implying that the latter
density is “form invariant” under biased sampling. This result follows directly from the fact that the density in (6)
belongs to the log-exponential family, as established by [17] (pp. 52-53). The authors in [24] (p. 124) provide a
further discussion of such “form-invariance”. The particular members of the generalized gamma family that we
consider are the exponential, gamma, half-normal, Rayleigh, and Weibull distributions. These correspond to the
generalized gamma distribution for the special cases of (d =p=1,a=1/60),(d=b,p=1,a=1/60),(d =
L,p=2,a= \/ﬁ), d=p=2a= \/ﬁ), and (d = p = k,a = 0). Size-biased variants of each of these
distributions have been discussed by numerous authors, including [6—11,25-35].

The base density functions and the associated size-biased densities are provided in Table 1, Together with
the associated formulae for A, (¢ =1, 2). It should be noted that the length-biased and area-biased counterparts
to the exponential distribution with a rate parameter 6 are gamma distributions with the same rate parameter, and
shape parameters b = 2 and b = 3 respectively. Further, the length-weighted half-normal distribution is a
Rayleigh distribution. We also see in that table we see that A, = A, when ¢ =1 for the exponential and gamma
distributions, and when ¢ = 2 for each of the half-normal and Rayleigh distributions. In all cases, A; =
[T x:1"/"/%, and 2, = [Ty %]V /21, %7 /n
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Table 1. Distributions and test statistics.

Distribution Aq A,
Exponential
f(x;0) = ge=%* R _
fc(x' 9) — gc+1xce—6x/l—v(c + 1) /11 [H?:l xi]l/n/[x\/i]

Half-normal

flx;0) = (1)) (2/m)e >/

£(x;0) = (1)C+1 xCe_Zx—zz/F(C + 1) [T, xi]l/n/ 2/(nm) Z'f:lxiz /Tz
c ) - E a T
Rayleigh

f(x;0) = (x/a%)e "1

R x? n ,.]1/n n 2 N
fo(x;0) = (;) Z_Exc"'le’ﬁ/r(l + %) [H1=1 x;] /A T/ (2n) lel x] 1
Gamma
:b,0) = xP~1e9%9P /T (b X - — -
fc(x;fb(,x 6) =)xb+f-1e-e“’xeb+f//r((b)+ ) A4 [T, x,1Y /[x 1+1/b /b]
Weibull
flxk,0) = (E) (x/a)k1e=Cx/" ] :
k Z ktc-1 [Ty 27 /[6T(1 + 1/k)] (T, 17/ [& /F(l + 2/k)l

e G ra+ o)

rk) = (5) Q)

Note: In all cases, x > 0; and all of the parameters are positive. b, &, and k, are maximum likelihood estimators obtained

numerically from the likelihood function constructed from the associated base (unweighted) density.

3. A Simulation Experiment
3.1. Computational Details

All of the computations in this study were undertaken with the R statistical software, version 4.5.2 [36]. The R
code can be downloaded from https://github.com/DaveGiles1949/r-code (accessed on 6 July 2026). A Monte Carlo
study was used to generate finite-sample critical values for the various tests, and to explore their power properties.
The random variates for the exponential, half-normal, Rayleigh, gamma, and Weibull distributions (and their
weighted counterparts) were generated using the ‘ggamma’ package [37]. The first three of these distributions have
a single (scale or rate) parameter, and the MLE’s of this parameter can be expressed in closed form in each case.
Specifically, these estimators are = 1/%, & =/(1/n) ¥, x?, and & =,/1/(2n) X, x2, respectively for the
exponential, half-normal, and Rayleigh distributions. In these cases the calculation of A, and A. can be performed
analytically, and 100,000 Monte Carlo simulations were performed to compute the critical values.

For the gamma distribution, it is easily shown that the MLEs of the parameters satisfy b = 8%, and so we
see in Table 1 that A, = A, for this distribution when ¢ = 1. However, the calculations of A, for the gamma
distribution when ¢ = 2, and for the Weibull distribution for ¢ = 1 and 2 require parameter MLEs that are obtained
by solving the likelihood equations numerically. This was achieved using the “uniroot’ command in the base R
‘stats’ package. Given the additional computation that is required, the associated critical values in Tables A4 and
A5 are based on 50,000 Monte Carlo replications. The power evaluations discussed in Section 3.3 are based on
20,000 Monte Carlo replications.

3.2. Critical Values

The Monte Carlo experiment explores the finite-sample distributions of each of the test statistics for each
null distribution, in a variety of situations. The upper percentiles of these distributions provide the critical values
needed to apply the tests for size-biased sampling. For these null distributions, the upper percentiles of the
simulated distributions of A, and 1. provide the critical values, k.(a,n,¢,) and k. (a,n, ¢;). In all cases, it
is easily shown that these values are independent of the magnitude of the scale or rate parameter, as is also noted
by [22] (p. 95). However, as noted in Section 2, they depend upon the chosen significance level, underlying
distribution, the sample size, the choice of test statistic, and (in the case of the gamma and Weibull distributions)
on the shape parameter. The results appear in Appendix Tables A1-A3 for ¢ = 1 and 2, various sample sizes, and
significance levels of o = 1%, 5% and 10%.

As noted in Section 2, for our particular null and alternative hypotheses the K-L-based test statistic proposed
in Equation (21) of [22] collapses to A;, when ¢ = 1, and A3 when ¢ = 2. Accordingly, the results for their test
when ¢ = 1 are already covered in the Appendix Tables. When ¢ = 2, squaring the critical values associated with
1, reported in the Appendix Tables provides the appropriate critical values for A3. This is easily verified by
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simulating some specific results for the Weibull distribution and comparing them with their counterparts in Tables
1 and 2 of Economou and Tzavelas (2014) [22], for uncensored sampling.

Table 2. Applications results.

Exponential Half-Normal Rayleigh
(a) Algonquin Park fishing survey (n = 40)
f fi f fi f fi
AIC 254.149 230.6805 427.1477 248.6187 220.8928 226.8107
[ 6.6695 5.4456 [0.0834] [0.0454] (0.5107) (0.4169)
ev (A1) ev (A1) ev (A1) ev (A1) ev (A1) ev (A1)
10% 0.6632 0.6632 0.7565 0.7935 0.8921 0.9191
5% 0.6877 0.6877 0.7774 0.8251 0.9018 0.9357
1% 0.7317 0.7317 0.8148 0.8825 0.9187 0.9653
09112 09112 0.9112 1.0414 0.9112 0.9376
(b) Tesla share price data (n =23)
f fi f fi f fi
AIC 26.7781 23.7553 125.3392 57.6991 41.7567 67.3432
] 1.5862 3.1724 [0.0689] [0.0957] (0.3536) (0.7072)
v (7»1) v (21) v (zl) v (21) v (;11) v (21)
10% 0.7004 0.7004 0.7868 0.8391 0.9068 0.9438
5% 0.7311 0.7311 0.8121 0.8799 0.9184 0.9645
1% 0.7838 0.7838 0.8553 0.9518 0.9370 0.9993
0.7257 0.7257 0.7257 0.6415 0.7257 0.5776

Note: & is the MLE of the scale parameter for the Rayleigh distributions. 8 is the MLE of the rate parameter for the
exponential distributions. Analytic asymptotic standard errors and bootstrap standard errors appear in brackets and parentheses,
respectively. “cv” denotes the critical values for the two tests.

The gamma and Weibull distributions have both scale and shape parameters. The critical values are again
invariant to the value of the former parameter, but they depend on the (unknown) value of the shape parameter.
Accordingly, the critical values presented in Appendix Tables A4 and A5 allow for a range of values for this
parameter. Shape parameter values of unity are omitted as both the gamma and Weibull distributions collapse to
an exponential distribution in this case. In Section 5.1 of [22] it is shown that choosing the critical value for the
Weibull distribution by using the MLE for the shape parameter when its value is unknown distorts the sizes of
associated tests in small samples. Undoubtedly this will also be the case for the gamma distribution. They propose
alternative methods for dealing with the unknown parameter value issue that could be explored in the context of
the set of distributions under consideration here, but we leave this for future research.

The accuracy of these simulated critical values can be assessed by comparing our results for the Weibull
distribution in Table A5 with those in Table 1 of [19]. The latter results for the A, test, which are for o = 5%, match
ours very closely for ¢ = 1 and 2 and various values of the shape parameter (k) and sample sizes, even though in that
study they are based on just 5000 Monte Carlo replications. For all of the distributions, the critical values increase
with the sample size, ceteris paribus. Also, for each distribution the critical values associated with ¢ = 2 are always
less than their counterparts for ¢ = 1, for any sample size, significance level, or shape parameter value (if relevant).
In the case of the gamma and Weibull distributions, the critical values increase as the shape parameter increases in
value, for any sample size significance level, or value of c.

3.3. Power Evaluations

For each base distribution of interest, and various sample sizes, we have used the simulated critical values to
determine the powers of the tests by simulating the rejection rates when the data are generated from the
corresponding weighted distribution. The latter distributions are also shown in Table 1. These rejection rates are
computed as the fraction of 20,000 simulated values of the test statistics for which A, > k.(a,n, ¢,), or 1, >
k.(a,n, ¢,). Again, ¢ = 1 or 2, and significance levels of a = 1%, 5%, and 10% are considered. The tests under
consideration in this study involve a simple null hypothesis and a simple alternative hypothesis. For this reason,
conventional “power curves”, in which the power is plotted against the degree of departure from the null hypothesis,
do not apply. However, for any of the distributions under consideration, and for a given significance level and
value of ¢, the powers of the A, and 1, tests as a function of the sample size are still of interest. A selection of
such functions is plotted in Figures 1-3.
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Several basic results emerge from all of these power plots. First, the tests are all “unbiased”, at least for the
particular parameter values that are considered. That is, in the case of these parameters, Pr.[1, >
ke(a,n, )| H; True] = a (and similarly for 1.). Moreover, the powers are generally substantial in value, even
for quite moderate sample sizes. Second, for each distribution and sample size (and for all shape parameter values,
if applicable), the powers of all of the tests are greater when ¢ = 2 than when ¢ = 1. Third, all of the tests are
consistent. That is, their power approaches unity as n — oo. (This has been verified separately for those cases
where the figures are limited to modest values of # to ensure meaningful plots.)
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Further, both Figures 2 and 3 show that the tests’ powers decrease (for any n) as the value of the shape
parameter increases. For any fixed sample size, this reflects the changes in the first four moments of the
distributions of the test statistics under both the null and alternative hypotheses as the shape parameter increases.
This is illustrated in Figure 4 for the case where the data follow a gamma distribution when n =10 and a = 5%,
and the shape parameter increases from 0.5 to 3.0 in value. For this case, it will be recalled that A, = 1, and the
magnitude of the critical value increases with the shape parameter (as in Table A4). These critical values are
marked with vertical lines in Figure 4. The plots in the upper (lower) part of that figure depict the simulated
densities of the test statistic under the null (alternative) hypothesis. The reduction in power across the two lower
plots as the shape parameter increases reflects both the increase in the 5% critical value as well as the changes in
the mean, skewness, and kurtosis of the test statistic’s distribution from 0.7, —0.43 and 2.93 to 0.89, —0.74 and
3.71 respectively.

All of the above results relating to the powers of the tests are consistent with the findings of [19] for the A,
test in the context of the Weibull distribution. Moreover, the results apply precisely to their K-L test for the other
distributions when ¢ = 1, and to their test for ¢ =2 when the associated critical values are squared.

One of our primary interests lies in the comparison of the relative powers of the A, and 1, tests. In the cases
where these test statistics differ for the exponential, half-normal, and Rayleigh distributions, we see in Figure 1a,b
that there is a slight gain in power by using the A, test with moderate sample sizes. The two test statistics also
differ for the case of area-biased sampling for the gamma distribution. Figure 2b shows that for this case there is
also a small gain in power by using the A, test in small samples. In the case of the Weibull distribution we see in
Figure 3a,b that the two versions of the tests have essentially the same power, for any n, when testing for either
length-biased or area-biased sampling. As noted in Section 2, the values of the A, and 1, test statistics converge
as n — oo, and so the associated powers also converge (ultimately to unity).

Gamma distribution Gamma Distribution
{Shape parameter = 0.5) (Shape parameter = 3.0)

25

20
1

15
|
4

Density
Density

1.0

05

Test statistic Test statistic

Length-biased Gamma distribution Length-biased Gamma distribution
(Shape parameter = 0.5) (Shape parameter = 3.0)

Density
Density

Test statistic Test statistic
Figure 4. Test statistic densities (z = 100).

4. Empirical Applications

To illustrate the use of the tests that are under consideration we provide two empirical applications. The data-
sets that are used are those studied by [30] in the context of the Weibull distribution and (possibly) length-biased
data. To avoid the complications associated with distributions involving unobserved nuisance parameters, we focus
simply on the exponential, half-normal, and Rayleigh distributions. Given the particular sample sizes involved,
the critical values for the tests have been simulated as in Section 3, and are reported in Table 2 with the other
associated results. Only a very brief discussion of the two data-sets is provided here. Full details can be obtained
by downloading the free-access discussion paper version of [30] given in the References section.
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The first application involves conservation survey data obtained by the Ontario Ministry of Natural Resources
from volunteering fishing parties in Canada’s Algonquin Park in 2010. Specifically, we analyze the duration data
for rod-hours per angler, for the “Top 40” waterbodies (among the 1500 lakes and 1200 km of streams) in the
survey. A greater number of rod-hours may reflect more devotion to the sport, and more concern for information
to assist in conservation, thus leading to length-biased sampling. In Table 2, “/” denotes a base distribution, and
“f denotes the corresponding length-biased distribution. For each distribution, the values of A; and A, reject
the “no bias” hypothesis in favour of length-biased sampling, at the 5% level. The Akaike’s Information Criterion
(AIC) values in Table 2a support the Rayleigh distribution over the other two, so the associated MLE results are
reported for this case. Given the small sample size, non-parametric bootstrap standard errors based on 10,000
bootstrap samples, are included. The fitted base and length-biased Raleigh densities are compared with the actual
data in Figure 5a.

The second application involves data for the rapidly rising price of Tesla shares (TSLA) during the period 31
December 2018 to 30 October 2020, when there were 23 “spells” in which prices rose week-over-week for one or
more successive weeks. (The duration values for the 23 spells are divided by 4 to make them non-integer.) The
frequency of observing survival data can in itself generate length-biased sampling, as is noted [38], p. 1192. In
particular, length-biased sampling arises here if only weekly price observations are available, even though the data
are actually generated at a much high frequency. In this application the AIC values in Table 2b favor the
exponential distribution, and the associated MLE results are presented. For this selected distribution both of the
A, and A, tests reject the “no bias” hypothesis in favour of length-biased sampling, at the 10% level, and this is
consistent with the appearance of Figure 5b.
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Figure 5. (a): Algonquin Park fishing survey; (b): Tesla share price data.

5. Concluding Remarks

In this paper we have explored the properties of three variants of a test for the presence of size-biased
sampling, where the degree of the potential weighting function is known, and the base distributions are well-known
members of the generalized gamma family. These distributions are widely used in the context of lifetime data,

https://doi.org/10.53941/jmasm.2026.100009 8 of 17



Giles J. Mod. Appl. Stat. Methods 2026, 25(2), 9

where either length-biased or area-biased sampling is common. Two empirical applications demonstrate the
implementation of the tests for length-biased sampling.

Critical values for the test(s) are reported for each of the distributions, and these are then used to evaluate the
powers of the tests. The variants of the test differ with respect to the estimation of the population moment in the
denominator of the test statistic. In one case the corresponding sample moment is used; while in another case the
maximum likelihood estimator of the population moment is employed. The third variant of the test is shown to be
just a special case of the other two variants, for the situations under study in this paper. In some situation these
two approaches also coincide, and in all cases they are asymptotically equivalent for very large samples. In all of
the situations considered, the tests are shown to have very good power, even for moderately sized samples, and
the variant based on maximum likelihood estimation has a slight advantage over the method of moments version
of the test. These results generalize and confirm those reported for just the latter version of the test for the Weibull
distribution by [19].

These encouraging results suggest that the tests in question should be evaluated for additional base
distributions. In addition, the present study is limited to uncensored sample data. Censored data for the Weibull
distribution are considered by [19], and further research could assess the implications of right-censoring for the
other distributions under study here for each version of the test for size-biased sampling. Moreover, extending of
the upper and lower bounds for the critical values to allow for data outliers, that are introduced in Section 3.3 of
[19], to distributions other than the Weibull, would also provide useful future research. Importantly, it should be
recalled that some of the results reported in this study are dependent on the unknown values of certain distributional
parameters. This also suggests the need for further research. For example, there may be potential for exploring the
development of interpolation techniques to express the critical values for the tests as a function of the nuisance
parameter(s). An example of this is provided by [39] in the case of goodness-of-fit tests for the log-normal
distribution. Finally, while this paper deals specifically with size-biased sampling, the basic results could easily
be extended to apply to other weighted sampling situation. This remains a task for future research.
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Appendix A

Critical Values

Table Al. Critical values—Exponential distribution.

Sig. Level (a): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2

10 0.7813 0.6556 0.8202 0.7076 0.8825 0.7972
(0.5524) (0.5799) (0.6241)

25 0.6935 0.5460 0.7225 0.5814 0.7738 0.6445
(0.4904) (0.5109) (0.5472)

50 0.6518 0.4970 0.6740 0.5216 0.7134 0.5668
(0.4609) (0.4766) (0.5044)

100 0.6237 0.4651 0.6393 0.4821 0.6692 0.5149
(0.4410) (0.4521) (0.4732)

150 0.6113 0.4511 0.6246 0.4654 0.6488 0.4918
(0.4322) (0.4426) (0.4588)

200 0.6046 0.4435 0.6159 0.4558 0.6367 0.4791
(0.4276) (0.4355) (0.4502)

250 0.5997 0.4382 0.6100 0.4491 0.6288 0.4697
(0.4241) (0.4313) (0.44406)

300 0.5964 0.4345 0.6058 0.4445 0.6230 0.4635
(0.4217) (0.4284) (0.4405)

500 0.5881 0.4253 0.5954 0.4331 0.6091 0.4483
(0.4158) (0.4210) (0.4307)

1000 0.5801 0.4168 0.5852 0.4222 0.5952 0.4327
(0.4102) (0.4138) (0.4208)

10,000 0.5673 0.4031 0.5689 0.4048 0.5720 0.4080
(0.4011) (0.4023) (0.4045)

Note: For each sample size, the critical values in the first row are k.(a,n, ¢,). If A, differs from A, then the corresponding
critical values for the latter, namely, k.(a,n, ¢;) appear in parentheses in the second row. In this table, ¢; is a null vector
as there are no “nuisance parameters”.

Table A2. Critical values—Half-normal distribution.

Sig. Level (a): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2

10 0.8515 0.7542 0.8815 0.7975 0.9258 0.8655
(0.9453) (0.9996) (1.0847)

25 0.7818 0.6637 0.8064 0.6945 0.8482 0.7494
(0.8319) (0.8704) (0.9392)

50 0.7468 0.6216 0.7660 0.6444 0.8004 0.6863
(0.7790) (0.8076) (0.8601)

100 0.7215 0.5923 0.7356 0.6089 0.7619 0.6392
(0.7424) (0.7631) (0.8011)

150 0.7104 0.5803 0.7222 0.5933 0.7436 0.6180
(0.7273) (0.7437) (0.7746)

200 0.7042 0.5730 0.7143 0.5846 0.7332 0.6061
(0.7182) (0.7326) (0.7596)

250 0.6999 0.5685 0.7094 0.5788 0.7266 0.5987
(0.7125) (0.7254) (0.7504)

300 0.6967 0.5650 0.7053 0.5744 0.7213 0.5926
(0.7081) (0.7199) (0.7428)

500 0.6893 0.5568 0.6959 0.5641 0.7083 0.5776
(0.6978) (0.7070) (0.7239)

1000 0.6817 0.5487 0.6865 0.5539 0.6955 0.5638
(0.6877) (0.6942) (0.7066)

10,000 0.6696 0.5357 0.6711 0.5374 0.6740 0.5404
(0.6714) (0.6735) (0.6773)

Note: For each sample size, the critical values in the first row are kq(a,n, ¢;). If A, differs from A, then the corresponding
critical values for the latter, namely, k.(a,n, ¢;) appear in parentheses in the second row. In this table, ¢; is a null vector
as there are no “nuisance parameters”.
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Table A3. Critical values—Rayleigh distribution.

Sig. Level (o) 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2

10 0.9365 0.8839 0.9497 0.9065 0.9692 0.9406
(0.9973) (1.0229) (1.0613)

25 0.9043 0.8329 0.9158 0.8506 0.9343 0.8802
(0.9398) (0.9598) (0.9932)

50 0.8869 0.8071 0.8961 0.8205 0.9118 0.8444
(0.9107) (0.9258) (0.9528)

100 0.8750 0.7897 0.8819 0.7998 0.8942 0.8180
(0.8911) (0.9024) (0.9230)

150 0.8694 0.7820 0.8753 0.7903 0.8860 0.8056
(0.8824) (0.8918) (0.9090)

200 0.8662 0.7775 0.8713 0.7847 0.8806 0.7981

(0.8773) (0.8854) (9006)

250 0.8640 0.7744 0.8686 0.7810 0.8773 0.7933
(0.8738) (0.8812) (0.8951)

300 0.8623 0.7721 0.8668 0.7783 0.8747 0.7895
(0.8713) (0.8782) (0.8908)

500 0.8584 0.7668 0.8618 0.7714 0.8680 0.7802
(0.8652) (0.8705) (0.8803)

1000 0.8546 0.7616 0.8571 0.7650 0.8618 0.7715
(0.8594) (0.8632) (0.8705)

10,000 0.8484 0.7532 0.8492 0.7543 0.8507 0.7563
(0.8499) (0.8511) (0.8534)

Note: For each sample size, the critical values in the first row are k,(a,n, ¢,). If A, differs from A, then the corresponding

critical values for the latter, namely, k.(a,n, ¢;) appear in parentheses in the second row. In this table, ¢; is a null vector

as there are no “nuisance parameters”.

Table A4. Critical values—Gamma distribution.

Sig. Level (a): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2
b=0.5

10 0.5695 0.4228 0.6359 0.4921 0.7488 0.6166
(0.4061) (0.4738) (0.6028)

25 0.4402 0.2967 0.4835 0.3348 0.5630 04103
(0.2855) (0.3230) (0.3971)

50 0.3857 0.2487 0.4143 0.2722 0.4676 0.3178
(0.2418) (0.2649) (0.3093)

100 0.3509 0.2185 0.3700 0.2340 0.4074 0.2646
(0.2143) (0.2290) (0.2587)

150 0.3366 0.2062 0.3522 0.2182 0.3832 0.2434
(0.2027) (0.2146) (0.2386)

200 0.3285 0.1992 0.3419 0.2101 0.3681 0.2312
(0.1967) (0.2067) (0.2273)

250 0.3230 0.1950 0.3350 0.2039 0.2222 0.3587
(0.1926) (0.2015) (0.2193)

300 0.3190 0.1917 0.3300 0.2006 0.3513 0.2172
(0.1897) (0.1978) (0.2143)

500 0.3100 0.1847 0.3183 0.1912 0.3339 0.2035
(0.1831) (0.1893) (0.2011)

1000 0.3010 0.1776 0.3068 0.1820 0.3174 0.1904
(0.1767) (0.1808) (0.1886)

10,000 0.2870 0.1668 0.28888 0.1682 0.2922 0.1707
(0.1665) (0.1678) (0.1702)

b=1.5

10 0.8552 0.7552 0.8822 0.7957 0.9232 0.8588
(0.7500) (0.7910) (0.8573)

25 0.7924 0.6674 0.8136 0.6966 0.8511 0.7487
(0.6616) (0.6911) (0.7450)

50 0.7608 0.6244 0.7772 0.6459 0.8067 0.6858
(0.6200) (0.6412) (0.6800)

100 0.7401 0.5970 0.7520 0.6119 0.7735 0.6397
(0.5940) (0.6084) (0.6359)

150 0.7304 0.5847 0.7404 0.5975 0.7591 0.6219
(0.5822) (0.5944) (0.6180)

200 0.7250 0.5777 0.7337 0.5891 0.7499 0.6096
(0.5756) (0.5864) (0.6065)

250 0.7213 0.5731 0.7292 0.5827 0.7435 0.6012
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b=1.5
(0.5710) (0.5806) (0.5979)
300 0.7188 0.5695 0.7258 0.5785 0.7395 0.5960
(0.5677) (0.5762) (0.5933)
500 0.7123 0.5614 0.7180 0.5684 0.7287 0.5815
(0.5600) (0.5667) (0.5794)
1000 0.7062 0.5538 0.7103 0.5589 0.7180 0.5685
(0.5528) (0.5576) (0.5670)
10,000 0.6961 0.5413 0.6973 0.5428 0.6998 0.5458
(0.5410) (0.5424) (0.5453)
Sig. Level (0): 10% 5% 1%
n c=1 c=2 c= c=2 c=1 c=2
bh=2.0
10 0.8917 0.8100 0.9124 0.8427 0.9443 0.8962
(0.8064) (0.8393) (0.8937)
25 0.8435 0.7368 0.8600 0.7610 0.8883 0.8056
(0.7328) (0.7577) (0.8021)
50 0.8192 0.7018 0.8319 0.7194 0.8543 0.0.7516
(0.6983) (0.7162) (0.7485)
100 0.8022 0.6773 0.8118 0.6904 0.8287 0.7140
(0.6750) (0.6877) (0.7113)
150 0.7947 0.6668 0.8026 0.6779 0.8173 0.6989
(0.6647) (0.6758) (0.6958)
200 0.7902 0.6606 0.7971 0.6702 0.8099 0.6876
(0.6589) (0.6683) (0.6856)
250 0.7872 0.6565 0.7935 0.6652 0.8051 0.6808
(0.6549) (0.6633) (0.6787)
300 0.7852 0.6535 0.7911 0.6615 0.8015 0.6763
(0.6520) (0.6600) (0.6740)
500 0.7800 0.6461 0.7845 0.6523 0.7928 0.6635
(0.6451) (0.6509) (0.6617)
1000 0.7750 0.6394 0.7782 0.6439 0.7842 0.6520
(0.6386) (0.6428) (0.6506)
10,000 0.7669 0.6281 0.7679 0.6295 0.7698 0.6322
(0.6279) (0.6293) (0.6318)
b=25
10 0.9138 0.8454 0.9309 0.8739 0.9560 0.9167
(0.8429) (0.8717) (0.9159)
25 0.8744 0.7824 0.8882 0.8036 0.9110 0.8406
(0.7795) (0.8011) (0.8382)
50 0.8543 0.7516 0.8650 0.7671 0.8832 0.7959
(0.7489) (0/7649) (0/7941)
100 0.8404 0.7303 0.8484 0.7421 0.8624 0.7632
(0.7286) (0/7404) (0.7612)
150 0.8341 0.7212 0.8409 0.7311 0.8531 0.7492
(0.7196) (0/7295) (0.7475)
200 0.8307 0.7160 0.8365 0.7244 0.8468 0.7401
(0.7147) (0.7232) (0.7384)
250 0.8282 0.7125 0.8334 0.7200 0.8430 0.7343
(0.7113) (0.7186) (0.7327)
300 0.8264 0.7096 0.8311 0.7167 0.8398 0.7296
(0.7085) (0.7153) (0.7279)
500 0.8222 0.7034 0.8260 0.7090 0.8332 0.7193
(0.7026) (0.7080) (0.7181)
1000 0.8180 0.6975 0.8208 0.7014 0.8258 0.7089
(0.6969) (0.7007) (0.7079)
10,000 0.8112 0.6874 0.8121 0.6887 0.8137 0.6910
(0.6873) (0.6885) (0.6907)
Sig. Level (0): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2
b=3.0
10 0.9285 0.8699 0.9427 0.8942 0.9638 0.9313
(0.8679) (0.8926) (0.9306)
25 0.8954 0.8148 0.9069 0.8334 0.9266 0.8665
(0.8125) (0.8317) (0.8646)
50 0.8782 0.7874 0.8871 0.8018 0.9028 0.8272
(0.7857) (0.7999) (0.8258)
100 0.8664 0.7690 0.8731 0.7791 0.8853 0.7981
(0.7674) (0.7775) (0.7962)
150 0.8611 0.7608 0.8667 0.7693 0.8772 0.7853
(0.7596) (0.7678) (0.7839)
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Sig. Level (0): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2
b=3.0
200 0.8580 0.7557 0.8630 0.7634 0.8721 0.7777
(0.7548) (0.7622) (0.7760)
250 0.8560 0.7527 0.8605 0.7595 0.8684 0.7719
(0.7518) (0.7585) (0.7705)
300 0.8545 0.7504 0.8586 0.7568 0.8660 0.7680
(0.7495) (0.7556) (0.7669)
500 0.8509 0.7449 0.8542 0.7498 0.8600 0.7589
(0.7443) (0.7491) (0.7577)
1000 0.8473 0.7393 0.8496 0.7429 0.8540 0.7495
(0.7388) (0.7423) (0.7489)
10,000 0.8414 0.7304 0.8422 0.7316 0.8436 0.7336
(0.7303) (0.7314) (0.7333)
b=3.5
10 0.9391 0.8870 0.9513 0.9085 0.9695 0.9413
(0.8857) (0.9073) (0.9407)
25 0.9103 0.8387 0.9202 0.8555 0.9368 0.8837
(0.8369) (0.8538) (0.8822)
50 0.8955 0.8147 0.9032 0.8270 0.9170 0.9490
(0.8131) (0.8253) (0.8481)
100 0.8852 0.7978 0.8909 0.8087 0.9016 0.8238
(0.7965) (0.8054) (0.8227)
150 0.8806 0.7902 0.8855 0.7982 0.8944 0.8123
(0.7894) (0.7970) (0.8113)
200 0.8779 0.7859 0.8822 0.7930 0.8900 0.8051
(0.7851) (0.7920) (0.8042)
250 0.8762 0.7832 0.8800 0.7893 0.8872 0.8009
(0.7824) (0.7884) (0.8000)
300 0.8748 0.7810 0.8784 0.7866 0.8851 0.7974
(0.7803) (0.7858) (0.7962)
500 0.8717 0.7761 0.8745 0.7805 0.8797 0.7886
(0.7756) (0.7800) (0.7881)
1000 0.8685 0.7712 0.8705 0.7744 0.8744 0.7801
(0.7708) (0.7739) (0.7798)
10,000 0.8634 0.7630 0.8640 0.7640 0.8653 0.7660
(0.7629) (0.7639) (0.7657)
Sig. Level (a): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2
b=4.0
10 0.9465 0.9002 0.9574 0.9191 0.9731 0.9482
(0.8990) (0.9183) (0.9478)
25 0.9215 0.8568 0.9303 0.8719 0.9449 0.8977
(0.8556) (0.8706) (0.8969)
50 0.9084 0.8348 0.9152 0.8464 0.9276 0.8670
(0.8338) (0.8449) (0.8659)
100 0.8992 0.8200 0.9043 0.8287 0.9136 0.8433
(0.8191) (0.8273) (0.8425)
150 0.8952 0.8132 0.8996 0.8203 0.9076 0.8335
(0.8125) (0.8196) (0.8325)
200 0.8928 0.8095 0.8967 0.8157 0.9036 0.8268
(0.8088) (0.8150) (0.8263)
250 0.8913 0.8069 0.8947 0.8126 0.9011 0.8226
(0.8063) (0.8119) (0.8220)
300 0.8901 0.8049 0.8933 0.8101 0.8991 0.8196
(0.8044) (0.8094) (0.8188)
500 0.8874 0.8005 0.8898 0.8046 0.8943 0.8119
(0.8000) (0.8040) (0.8112)
1000 0.8846 0.7960 0.8863 0.7988 0.8897 0.8040
(0.7957) (0.7984) (0.8036)
10,000 0.8800 0.7886 0.8806 0.7895 0.8817 0.7912
(0.7885) (0.7894) (0.7910)

Note: For each sample size, the critical values in the first row are kq(a,n, ¢4). If A, differs from A, then the corresponding

critical values for the latter, namely, k.(a,n, ¢;) appear in parentheses in the second row. In this table, ¢; = b.
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Table AS. Critical values—Weibull distribution.

Sig. Level (0): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2
k=0.5
10 0.4315 0.2901 0.5038 0.3546 0.6348 0.4895
(0.4318) (0.2695) (0.5047) (0.3386) (0.6354) (0.4801)
25 0.2976 0.1738 0.3378 0.2049 0.4180 0.2718
(0.2971) (0.1565) (0.3374) (0.1878) (0.4191) (0.2574)
50 0.2459 0.1315 0.2708 0.1502 0.3223 0.1895
(0.2454) (0.1193) (0.2705) (0.1372) (0.3233) (0.1765)
100 0.2153 0.1080 0.2317 0.1196 0.2642 0.1431
(0.2150) (0.0990) (0.2315) (0.1099) (0.2643) (0.1329)
150 0.2029 0.0985 0.2158 0.1076 0.2412 0.1259
(0.2027) (0.0913) (0.2159) (0.0997) (0.2416) (0.1167)
200 0.1962 0.0934 0.2074 0.1011 0.2282 0.1157
(0.1961) (0.0871) (0.2069) (0.0940) (0.2286) (0.1079)
250 0.1917 0.0903 0.2016 0.0968 0.2203 0.1100
(0.1915) (0.0843) (0.2015) (0.0905) (0.2206) (0.1028)
300 0.1883 0.0878 0.1975 0.0938 0.2146 0.1055
(0.1882) (0.0823) (0.1973) (0.0879) (0.2144) (0.0989)
500 0.1809 0.0820 0.1876 0.0866 0.2001 0.0954
(0.1809) (0.0778) (0.1874) (0.0818) (0.2002) (0.0896)
1000 0.1735 0.0764 0.1781 0.0796 0.1865 0.0854
(0.1736) (0.0735) (0.1781) (0.0762) (0.1868) (0.0813)
10,000 0.1625 0.0681 0.1639 0.0691 0.1664 0.0709
(0.1625) (0.0671) (0.1639) (0.0679) (0.1664) (0.0694)
k=15
10 0.8918 0.8121 0.9136 0.8462 0.9442 0.8971
(0.8891) (0.8122) (0.9110) (0.8458) (0.9423) (0.8956)
25 0.8405 0.7368 0.8586 0.7621 0.8878 0.8055
(0.8387) (0.7374) (0.8564) (0.7624) (0.8858) (0.8057)
50 0.8144 0.7009 0.8283 0.7194 0.8533 0.7538
(0.8130) (0.7015) (0.8268) (0.7200) (0.8512) (0.7540)
100 0.7961 0.6770 0.8064 0.6904 0.8250 0.7149
(0.7952) (0.6773) (0.8053) (0.6907) (0.8233) (0.7152)
150 0.7882 0.6666 0.7968 0.6777 0.8123 0.6984
(0.7875) (0.6670) (0.7959) (0.6781) (0.8111) (0.6989)
200 0.7836 0.6607 0.7911 0.6702 0.8048 0.6881
(0.7829) (0.6611) (0.7902) (0.6706) (0.8037) (0.6885)
250 0.7803 0.6566 0.7872 0.6655 0.7995 0.6813
(0.7797) (0.6570) (0.7864) (0.6659) (0.7986) (0.6819)
300 0.7780 0.6536 0.7843 0.6618 0.7957 0.6766
(0.7774) (0.6539) (0.7837) (0.6621) (0.7949) (0.6770)
500 0.7725 0.6468 0.7774 0.6529 0.7865 0.6644
(0.7721) (0.6471) (0.7769) (0.6531) (0.7857) (0.6647)
1000 0.7670 0.6398 0.7705 0.6441 0.7771 0.6522
(0.7667) (0.6400) (0.7701) (0.6443) (0.7766) (0.6527)
10,000 0.7580 0.6287 0.7591 0.6302 0.7613 0.6327
(0.7579) (0.6288) (0.7590) (0.6302) (0.7611) (0.6328)
Sig. Level (0): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2
k=20
10 0.9365 0.8842 0.9497 0.9067 0.9680 0.9389
(0.9343) (0.8831) (0.9481) (0.9053) (0.9678) (0.9373)
25 0.9041 0.8325 0.9156 0.8505 0.9340 0.8801
(0.9024) (0.8321) (0.9142) (0.8497) (0.9329) (0.8791)
50 0.8869 0.8069 0.8962 0.8206 0.9121 0.8449
(0.8857) (0.8068) (0.8949) (0.8201) (0.9110) (0.8438)
100 0.8747 0.7894 0.8815 0.7992 0.8938 0.8172
(0.8738) (0.7893) (0.8806) (0.7990) (0.8928) (0.8167)
150 0.8692 0.7817 0.8751 0.7900 0.8853 0.8053
(0.8686) (0.7817) (0.8742) (0.7899) (0.8845) (0.8048)
200 0.8661 0.7774 0.8713 0.7846 0.8805 0.7977
(0.8654) (0.7774) (0.8706) (0.7844) (0.8796) (0.7975)
250 0.8638 0.7744 0.8685 0.7809 0.8768 0.7929
(0.8633) (0.7743) (0.8679) (0.7808) (0.8761) (0.7926)
300 0.8623 0.7720 0.8666 0.7781 0.8744 0.7893
(0.817) (0.7720) (0.8660) (0.7781) (0.8736) (0.7891)
500 0.8585 0.7669 0.8618 0.7715 0.8682 0.7801
(0.8581) (0.7669) (0.8614) (0.7714) (0.8675) (0.7800)
1000 0.8546 0.7616 0.8571 0.7649 0.8616 0.7712
(0.8543) (0.7616) (0.8567) (0.7649) (0.8611) (0.7711)
10,000 0.8484 0.7532 0.8492 0.7542 0.8507 0.7563
(0.8483) (0.7532) (0.8491) (0.7542) (0.8505) (0.7563)
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k=25
10 0.9585 0.9222 0.9673 0.9379 0.9794 0.9598
(0.9573) (0.9206) (0.9667) (0.9363) (0.9802) (0.9585)
25 0.9364 0.8852 0.9444 0.8982 0.9570 0.9193
(0.9354) (0.8844) (0.9437) (0.8971) (0.0571) (0.9180)
50 0.9244 0.8663 0.9309 0.8764 0.9419 0.8944
(0.9236) (0.8657) (0.9302) (0.8764) (0.9416) (0.8931)
100 0.9158 0.8532 0.9206 0.8606 0.9292 0.8740
(0.9152) (0.8528) (0.9200) (0.8600) (0.9286) (0.8732)
150 0.9119 0.8475 0.9160 0.8537 0.9233 0.8648
(0.9114) (0.8471) (0.9156) (0.8533) (0.9228) (0.8644)
200 0.9096 0.8441 0.9133 0.8495 0.9199 0.8595
(0.9092) (0.8438) (09129) (0.8492) (0.9195) (0.8589)
250 0.9080 0.8418 0.9113 0.8467 0.9173 0.8557
(0.9076) (0.8415) (0.9110) (0.8464) (0.9168) (0.8553)
300 0.9068 0.8400 0.9099 0.8447 0.9155 0.8530
(0.9065) (0.8398) (0.9096) (0.8444) (0.9151) (0.8525)
500 0.9041 0.8361 0.9065 0.8396 09111 0.8462
(0.9039) (0.8359) (0.9063) (0.8394) (0.9107) (0.8458)
1000 0.9014 0.8320 0.9031 0.8346 0.9064 0.8394
(0.9012) (0.8319) (0.9029) (0.8344) (0.9061) (0.8391)
10,000 0.8968 0.8255 0.8974 0.8264 0.8985 0.8279
(0.8967) (0.8255) (0.8973) (0.8263) (0.8984) (0.8279)
Sig. Level (a): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2
k=3.0
10 0.9708 0.9444 0.9771 0.9558 0.9856 0.9717
(0.9703) (0.9429) (0.9772) (0.9545) (0.9873) (0.9707)
25 0.9549 0.9168 0.9607 0.9266 0.9698 0.9422
(0.9545) (0.9158) (0.9606) (0.9254) (0.9708) (0.9412)
50 0.9461 0.9024 0.9508 0.9101 0.9588 0.9237
(0.9458) (0.9016) (0.9507) (0.9093) (0.9593) (0.9226)
100 0.9397 0.8922 0.9432 0.8980 0.9496 0.9083
(0.9394) (0.8917) (0.9431) (0.8974) (0.9496) (0.9074)
150 0.9368 0.8878 0.9399 0.8926 0.9453 0.9013
(0.9366) (0.8874) (0.9397) (0.8921) (0.9452) (0.9006)
200 0.9350 0.8852 0.9379 0.8895 0.9427 0.8971
(0.9349) (0.8848) (0.9377) (0.8890) (0.9427) (0.8965)
250 0.9339 0.8834 0.9363 0.8873 0.9408 0.8942
(0.9337) (0.8830) (0.9362) (0.8868) (0.9407) (0.8937)
300 0.9330 0.8820 0.9353 0.8856 0.9395 0.8920
(0.9328) (0.8817) (0.9352) (0.8853) (0.9394) (0.8916)
500 0.9310 0.8789 0.9328 0.8817 0.9362 0.8869
(0.9309) (0.8787) (0.9327) (0.8814) (0.9360) (0.8864)
1000 0.9289 0.8758 0.9302 0.8778 0.9326 0.8815
(0.9288) (0.8756) (0.9301) (0.8776) (0.9326) (0.8812)
10,000 0.9254 0.8706 0.9259 0.8713 0.9267 0.8725
(0.9254) (0.8706) (0.9258) (0.8712) (0.9267) (0.8724)
k=35
10 0.9784 0.9583 0.9831 0.9671 0.9894 0.9790
(0.9784) (09571) (0.9837) (0.9660) (0.9916) (0.9768)
25 0.9664 0.9371 0.9708 0.9447 0.9776 0.9567
(0.9664) (0.9361) (0.9712) (0.9438) (0.9792) (0.9559)
50 0.9597 0.9258 0.9633 0.9319 0.9694 0.9425
(0.9597) (0.9250) (0.9636) (0.9311) (0.9704) (0.9416)
100 0.9548 0.9178 0.9575 0.9223 0.9623 0.9304
(0.9548) (0.9172) (0.9577) (0.9217) (0.9628) (0.9296)
150 0.9525 0.9142 0.9549 0.9180 0.9590 0.9248
(0.9525) (0.9138) (0.9550) (09175) (0.9594) (0.9242)
200 0.9512 0.9121 0.9533 0.9156 0.9570 0.9216
(0.9512) (0.9117) (0.9534) (0.9150) (0.9574) (0.9210)
250 0.9502 0.9106 0.9522 0.9138 0.9556 0.9192
(0.9503) (0.9103) (0.9523) (0.9133) (0.9559) (0.9187)
300 0.9496 0.9096 0.9514 0.9124 0.9546 0.9175
(0.9496) (0.9093) (0.9514) (0.9121) (0.9547) (0.9171)
500 0.9480 0.9071 0.9494 0.9093 0.9520 0.9135
(0.9480) (0.9069) (0.9495) (0.9090) (0.9521) (0.9131)
1000 0.9464 0.9046 0.9474 0.9062 0.9493 0.9092
(0.9464) (0.9044) (0.9474) (0.9059) (0.9494) (0.9089)
10,000 0.9437 0.9004 0.9440 0.9010 0.9447 0.9020
(0.9437) (0.9004) (0.9440) (0.9009) (0.9447) (0.9019)
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Sig. Level (0): 10% 5% 1%
n c=1 c=2 c=1 c=2 c=1 c=2
k=4.0

10 0.9834 0.9680 0.9870 0.9751 0.9919 0.9845
(0.9838) (0.9669) (0.9881) (0.9743) (0.9945) (0.9845)

25 0.9740 0.9508 0.9774 0.9569 0.9827 0.9664
(0.9744) (0.9500) (0.9783) (0.9561) (0.9848) (0.9659)

50 0.9687 0.9418 0.9716 0.9467 0.9764 0.9550
(0.9691) (0.9411) (0.9723) (0.9460) (0.9777) (0.9544)

100 0.9648 0.9352 0.9670 0.9389 0.9708 0.9454
(0.9651) (0.9348) (0.9675) (0.9384) (0.9717) (0.9449)

150 0.9631 0.9323 0.9653 0.9355 0.9689 0.9409
(0.9632) (0.9320) (0.9653) (0.9350) (0.9689) (0.9405)

200 0.9620 0.9306 0.9637 0.9335 0.9666 0.9383
(0.9622) (0.9303) (0.9640) (0.9330) (0.9672) (0.9379)

250 0.9612 0.9294 0.9628 0.9320 0.9655 0.9364
(0.9614) (0.9291) (0.9630) (0.9316) (0.9659) (0.9360)

300 0.9607 0.9286 0.9621 0.9309 0.9647 0.9351
(0.9608) (0.9283) (0.9624) (0.9306) (0.9650) (0.9347)

500 0.9595 0.9266 0.9606 0.9284 0.9627 0.9318
(0.9596) (0.9263) (0.9608) (0.9281) (0.9629) (0.9314)

1000 0.9582 0.9245 0.9590 0.9258 0.9605 0.9282
(0.9582) (0.9243) (0.9591) (0.9256) (0.9607) (0.9280)

10,000 0.9560 0.9211 0.9563 0.9215 0.9568 0.9223
(0.9560) (0.9210) (0.9563) (0.9214) (0.9569) (0.9222)

Note: For each sample size, the critical values in the first row are k.(a,n, ¢,). If A, differs from A, then the corresponding

critical values for the latter, namely, k.(a,n,¢,) appear in parentheses in the second row. In this table, ¢, = k.
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