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the Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm is utilized for the
maximum likelihood estimation of the TPR model parameters. The behaviour of
the estimators in finite-sample conditions was assessed at varying degrees of shared
constant covariance between the count outcomes. We performed simulation studies
with the TPR model having no covariates, one covariate, two covariates, and three
covariates, with the constant covariance varied from 0.0 to 1.2 and sample sizes
ranging from 30, 250, and 500. Our results revealed no consistent monotonic
association between the empirical bias, empirical standard error, and the size of the
constant covariance, but there is higher variability in some cases where sample sizes
are limited. The increase in sample sizes leads to better stability of parameter
estimates, as expected from the maximum likelihood estimation procedure. The
AIC and BIC values provide information about the likelihood-complexity trade-off
in the various simulation settings, but their values themselves do not prove that the
BFGS algorithm is better or that the addition of covariates will always improve the
model fit. This study demonstrates the ability of the BFGS algorithm to deal with
high-dimensional Poisson models, giving data analysts and researchers dealing with
multivariate count data in applied contexts practical recommendations.
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1. Introduction

Count data occur frequently in fields such as health sciences, demography, epidemiology, biology, and the
social sciences, wherein the response variables are counts of events, occurrences, or individuals. One of the most
common ways to analyse such data is using the Poisson regression model, which conveniently links the response
variables to the predictor variables through a log-link function. Nevertheless, the conventional Poisson regression
analysis tends to model the response variables separately based on their respective covariates. If two or more
correlated count responses are observed on the same observational unit, separate Poisson regression analyses may
not capture their dependence.
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A well-known method for modelling two correlated count variables using one latent Poisson variable is the
bivariate Poisson regression model. The foundational distribution, the trivariate Poisson distribution (TPD), has been
suggested as the basis for extending the bivariate Poisson regression model to three-way correlated count variables,
where the dependence structure between three Poisson variables can be described via common terms [1,2]. The TPD
was refined and its distributional and asymptotic properties established in the literature [2,3]. These developments
form the basis of modelling three-way correlated count outcomes.

The trivariate Poisson regression (TPR) model extends the TPD by permitting the marginal Poisson means
to be expressed as a function of covariates and retaining a common factor that induces dependence among the
three response variables. For the formulation considered in this study, the regression form is given for the three
marginal means, and the common factor is considered constant. This formulation of the TPR model is appropriate
when there exists some form of dependence among the three count variables observed as a unit, and that the
dependence is observed to arise from a common but unobservable factor. In this way, the TPR-likelihood does
have a nontrivial summation form and does not lead to closed-form solutions, thereby requiring iterative estimation
and numerical optimization procedures.

Recent studies have shown the practicality of the TPR model in estimating parameters using different
numerical estimation methods. The Newton—Raphson (NR) algorithm for maximum likelihood estimation for the
TPR model with a constant covariance term has been proposed, and the method’s performance was analysed using
a simulation study [4]. Tawiah and his colleagues showed that the NR algorithm provides reliable parameter
estimates, although there were some computational problems, especially concerning convergence and
computational time for large datasets. Most importantly, the study stipulated the need to consider alternative
computational methods that will allow for more efficient TPR model likelihood estimation.

An alternative estimation procedure has been developed to establish how parameters in the TPR model could
be estimated using the Expectation—Maximization (EM) algorithm when there are correlated count outcomes for
demographics and reproduction [5]. To do this, the latent shared component of the TPR model was utilized to
construct the EM estimation procedure. In the expectation step (E-step) of the EM algorithm, the expectation of
the latent variables is calculated based on the observed data and the current parameter estimates, while in the
maximization step (M-step), the expected complete-data log-likelihood is maximized to estimate the regression
and shared component parameters.

Although the EM algorithm offers an appealing structure for modelling with unobserved variables, iterative
procedures are required for the estimation of the model parameters. In particular, numerical challenges exist when
estimating the TPR model because of initialization issues, convergence, and the risk of obtaining a local maximum
instead of a global one. In the EM-based study, there were numerical issues with optimization in the process of
parameter estimation. Standard errors were calculated using the observed Fisher information matrix based on the
Hessian of the log-likelihood function. Thus, both the NR- and EM-based approaches demonstrate the feasibility
of estimating the TPR model, while also motivating continued investigation of computationally efficient
optimization procedures.

The Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm offers an alternative quasi-Newton method for
parameter estimation via maximum likelihood. Unlike the classical NR procedure, which involves evaluating and
updating the Hessian matrix on each iteration, the BFGS algorithm builds an estimate of the inverse of the Hessian
matrix using consecutive iterations based on gradient evaluations, thereby providing a potentially attractive
approach for likelihood functions for which direct Hessian calculations may be computationally expensive or
numerically problematic. The reason why BFGS is introduced here is not to replace the existing TPR model or to
claim a priori superiority compared to the NR or EM; rather, BFGS is investigated as an alternative computational
strategy whose statistical and computational performance can be evaluated systematically.

Thus, the current study considers the TPR model with a constant covariance, as proposed in the literature [4,5],
and provides an estimation technique based on the BFGS algorithm for parameter estimation in the TPR model.
Therefore, the current study investigates methodological and computational alternatives rather than the
development of a new model. In other words, the study aims to verify whether BFGS can provide accurate
parameter estimates with good convergence and performance.

The parameter estimates of the TPR model based on the BFGS algorithm are evaluated by a simulation study
using performance criteria such as bias, mean bias, root mean square error (RMSE), empirical standard error,
Akaike information criterion (AIC), Bayesian information criterion (BIC), performance in terms of convergence,
number of iterations, and computation time. The impact of sample size and constant covariance is investigated in
relation to their effect on estimation performance.

The novelty of this study is methodological rather than proposing a new TPR model. The TPR model that
underlies the current paper has already been explored via maximum likelihood estimation using NR and EM
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algorithms. While the former has noted the presence of computational issues with the use of the NR algorithm, the
latter has noted the computational burden of the EM algorithm. Building on these documented computational
limitations, the present study investigates BFGS as an alternative optimization procedure for maximum likelihood
estimation of the established TPR model. Thus, we focus on the behaviour of estimators, as well as on convergence
and other essential properties under different sample sizes, model setups, and the value of the constant covariance.

We discuss the methods used, the simulation settings, and the results of the simulation and their discussion
in the next section, followed by the conclusion.

2. Materials and Methods

The TPD is proposed as an extension of the BPD to capture three-way correlated count data. Several
definitions exist for the TPD [1-3,6-8]. The probability mass function (PMF) of the TBD is given by

3

(4 —4,)""
P(Yy =491, Yo = 42, Y3 = ¢3) == |exp— ZAJ' — 24, 1_[ — ) (M
T (y; — k)
where
Yy =X+ X,
Y, =X+ X,
Ys =X+ X,

D = min(y1, 2, %3)

Xy~Poisson(A,), Xz~Poisson(A; —A,), X,~Poisson(A, —A,), and X;~Poisson(A; — A,) mutually
independent such that Y,~Poisson(4;) and Y,~Poisson(4d;) and Cov (Y, Y,) =4, i=1273;j=
1,2,3,l ¢] Al > O,Az > 0, A3 > 0,/11 > A4, Az > A4 and A3 > A4 [1,2] E(Xl) = Uar(xl) = /11 —A4,
E(X,) = var(X,) = A, — Ay, E(X3) = var(X3) = A; — Ay, and E(X,) = var(X,) = A, . Also, E(Y,) =
var(Y,) = A, ,E(Y,) = var(Y,) = A,, and E(Y3) = var(Y;) = A;. A, induces a correlation supporting
hypothesis testing, forecasting, and intervention design.
In order to derive the TPR model, independent variables are incorporated through the expectation of the three
dependent variables through a log-link function. The general forms are
In4; = z"y; = 4; = exp(z7y;)
()
A, is retained as it is
where z is a vector of independent variables and y; (j = 1,2,3) is the vector of parameter estimates. A, depicts

the constant covariance
When Equation (2) is substituted in Equation (1), we have

P(Yr =y1,Y2 =¥2,Y3 = y3|31,22, ..., 5p) =

3 min(y1,y2,y3) 3 i~k
- T A5 71 (exp(z7y)) = 44)" 3)
= |exp| — exp(z7y;) — 24, o =T
j=1 k=0 T=1 J '

Equation (3) is the conditional trivariate Poisson regression model.
The likelihood function of the TPR model formed by using Equation (3). Taking the natural logarithm of
both sides of the likelihood function yields the log-likelihood function

=4V, V2 V3 )

n 3 n min(y1iY2i%3i) 3 i~k
_ r A7 (exp(z"y) —4)" " (@)
=— exp(z y,-) — 24,4+ ) In o (- K

i=1 | j=1 i=1 k=0 T=1 Y )

Differentiating Equation (4) partially with respect to y;(j = 1,2,3) and 4, yields
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n Min(y1,42i%3i)

' . (y;: — k)zexp(z7y;) 5
3y, " zexp(z"y;) + Zl ; [exp(37Y;) — A4l ¥

(gi—k) k
[exp(z7Y;) —As] s

(6)

min(yqi 421430 [ 3

n
o, T :
i=1 k=0 j=1

Equations (5) and (6) are the score equations. Owing to the complex nature of the score equations, the BFGS
algorithm is introduced to solve the related equations [9,10]. The BFGS algorithm is adapted to obtain the
parameter estimates due to its flexibility. A brief outline of the procedure is provided below [9,11,12].

The BFGS algorithm is one of the most famous members of the quasi-Newton (qN) family of optimization
methods [9]. The gN methods are utilized for efficiently calculating local extrema of functions with significant
improvements over the traditional Newton’s method [9]. Application of the BFGS algorithm to the TPR specified
with the Kawamura structure refined by Loukas and Papageorgiou is iterative, directed towards the minimization
of the negative log-likelihood function [9,10,13-15].

The algorithm begins with initial guesses for the optimization. This includes:

i.  Starting point for regression parameters (¢,): Optimization begins with a starting point for the optimum
parameter value. A simple and often good starting strategy is to set all regression coefficients to zero or small
random values. While initial values for some GLM cases can be allowed based on simpler approximations,
the extensive Kawamura structure makes such derivations difficult.

ii.  Initial Hessian inverse approximation (IHIA) (G,): The identity matrix (G, = (J) is by far the most popular
choice for the initial Hessian inverse approximation. It follows that the first step of the algorithm is a pure
gradient descent step, as the search direction

Po = —JVP(w,) = VP (w)

Subsequent iterations then refine this approximation by incorporating curvature information. One can also
employ a scaled identity matrix, where the scaling factor is chosen so that the initial search direction is well scaled,
with unit step lengths being accepted often in the early iterations. Such a “soft start,” where the algorithm acts
initially like gradient descent, acts as a form of implicit regularization. It allows the algorithm to gather some early
curvature information from the early gradient evaluations before fully exploiting the qN updates. This makes the
BFGS algorithm more robust against poor initial parameter guesses, preventing divergence and resulting in a more
stable trajectory to the minimum at the cost of slightly slower early progress compared to an ideal, perfectly
initialized Newton-like method.

The BFGS algorithm is fundamentally based on an iterative approach that makes successive updates to the
parameter estimates in the following manner [9,10,13—15]:

1. Gradient Computation (VP (w,)): The gradient of the current parameter estimate w,, is computed for the
negative log-likelihood function. This is done by differentiating the sum of negative log-likelihood
contributions over all observations in the dataset. As reasoned, the contribution of each observation is
obtained by using the joint PMF of (Y;,Y,,Y5) as a three-fold convolution of independent PDs whose
means (4, ) are functions of the covariates and existing regression parameters. The resulting gradient vector
VP (w,,) is in the direction of the function’s steepest ascent (or negative LoL’s steepest descent). The
computational cost for calculating this full gradient can be considerable for large datasets because it requires
computation across all data points. While BFGS computationally scales well for approximating the Hessian,
reducing per-iteration cost from 0(d3®) to O(d4?), the gradient computation time still can be enormously
greater than the per-iteration time for very large models or massive data. This reveals an implementation
bottleneck in practice that will need gradient computation optimization, possibly with automatic
differentiation libraries or highly optimized analytical gradients.

2. Direction of search determination (g,): g, is determined by solving the qN equation: B,q, = —VP(w ).
In a more convenient fashion, g, == —H,VP(w,) is computed, in which H,, is an estimate of the inverse
Hessian (IH) matrix. This Newton-like direction steers the optimization towards the objective function

3. Line Search (compute 3,): One-dimensional optimization along direction g, to compute a sufficient step
size #; > 0. Even though an exact line search would compute the x, that minimizes P(w, + x,q,)
exactly, in practice, an inexact line search is often used. This is achieved by determining an 3, satisfying
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certain requirements, the most common being Wolfe conditions (Armijo and curvature conditions). Wolfe
conditions are significant as they ensure a sufficient decrease in the objective function, and, importantly,
positive definiteness of the new Hessian approximation.

4.  Parameter Update (w,,,): The parameter vector at the current point is updated to the new estimate through
the computed step size and direction of search: w1 = wp +#,q,

5. Computation of Difference (s,, ¢, ): Two significant vectors are computed for the subsequent update of the Hessian:

1. Parameter difference vector: s, = w1 +wy
ii.  Gradient difference vector: g, = AP(wpyq1) — AP (wp)

These two vectors are the major inputs for updating the inverse Hessian approximation.
6. Update of THA (G441): The IHA G, is updated to G, utilizing the BFGS inverse update formula. The

formula is:
9&52 9’&52 9&52
=(g- - +
Sans (J 529/)% (J 55;9%) Spdn

This update rule is designed to guarantee the symmetry and positive definiteness of G,. This Sherman-
Morrison formula is the cornerstone of calculating this inverse update in a computationally efficient way without
explicit inversion of the matrix [9,10,13—15].

The iterative cycle is repeated until a list of predefined convergence criteria are met, i.e., the solution is
accurate enough [9,10,13-15].

Practical stopping criteria typically include:

i.  Taking the norm of the gradient vector, [[VP(w,)l|, to be less than some small predetermined tolerance. It
indicates the current position is close to a stationary point where the function’s slope is nearly zero.

ii. The absolute difference in objective function value, |P(wy4q) — P(awry)|, being smaller than a small
tolerance. This means that further iterations bring about negligible improvement in function value.

iii. The difference in the parameter vector, ||lw ., — w ||, being smaller than a small tolerance. This signifies
that the parameters do not change very much.

iv. A limit to the number of iterations being reached, serving as a safeguard against non-convergence or
excessively long runtimes.

Under ideal circumstances (e.g., adequate convexity and precise arithmetic), BFGS tends to converge superlinearly,
in the order of quadratic convergence, which makes it highly effective for finding optimal solutions [9,10,14-16].

Here is a brief, step-by-step procedure to carry out BFGS for TPR with a single common shared latent
component (constant dependence) in R.

i.  Specify the model (on log scale)

Define the TPR model with covariates utilizing Equations (4) and (10). The latent variable X, remains a
Poisson variable, typically with a constant parameter A,. The parameters to be estimated are now y;,¥,,¥3,and y,.

Let @ = (¥1, Y2, V3 Va)-
ii.  Write down the per—observation likelihood (stable form)

For each observation i with ¢; = (%1, Y21, ¥3:) let ay = min(yq;, Yoi, ¥3:)- The pmfis a finite sum over
£ =0,...,D;. Working within In space, we

a. Form log-terms a;p (In of each summand)
b. Compute Ing; = Insum exp(a,l-o, aiq, ...,a,l-;oi)

Compute normalized weights, w;, = exp(a;; —Ing;) and the conditional mean of the shared part m; =
Di
Zk:g # Wip,

ili.  Write the total LoL

£(9) = zn: Ing;
im

iv. Derive the analytic gradient (use m;)
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dlng;  y;—my

oy Ay !
A similar one for 2 and 3.
dlng; _Mmi 1
oA, A,

Use chain rule with A;; = exp(zl-Tyj),/l4 =exp(y,); j =123

n

ae
E Z 2| (yji —m:) — exp(z]v;)],j = 1,23
Vi =
0 <
E ;[mz —exp(y,)]

v.  Prepare optimization components

a.  Objective: maximize £(@)[or minimize — £(@)].
Gradient: from step (iv).

c.  Initialization: Here fit three independent PR for A; = exp(ziT yj), ignoring independence. Set y, so
that a A, is small positive (e.g., 0.05-0.2) or use a moment estimate from sample covariances,
truncated to > 1076,

d.  Scaling and safeguards: Here Standardize covariates, clip the Poisson rates to a safe range if needed,
and always calculate sums over £ with In-sum-exp.

vi. BFGS loop

a.  Start with @°, inverse-Hessian approximation B, = J
b.  Atiteration £:

+  Evaluate: {’((Z)(/‘)) and g = V{’((Z)’&).

. Direction: g® = —B,g®.

. Line search: Pick », > 0 such that (strong) Wolfe conditions on ¢ are satisfied.
+  Update parameters: @%#+) = @) 4 5,4

«  Recompute gradient g**1; set 5, = @D — B g, = g+ _ g(B) o, =

.

Sk

*  BFGS (inverse form): Byy1 = (J — 045£95)Br(J — 04Fh5s) + 0nSsSk-

. If g}s, < 0 or line search fail, fall back to damped BFGS and/or reset By, = J, shrink step, or
re-init.

c.  Convergence: exit if any of the following hold:

. ||g,("“)||OO <e€e>0

e le D e < e >0

. llspll <€,e>0

. or £ reaches maximum iteration (then examine diagnostics).

The parameters in the TPR model are estimated with maximum likelihood estimation based on the log-
likelihood function in Equation (4) using the BFGS algorithm. Suppose that ¥ is the maximum likelihood estimate
of the parameters from the regression model. The Hessian matrix of the log-likelihood function evaluated at ¥
provides the observed Fisher information matrix given by

0%e(y)
dyay’ y=¥

IF) ==-

where €(y) is the log-likelihood in Equation (4). The variance of the parameter estimates is computed using
var(¥) =17'(7)

while the standard errors (SEs) are obtained as
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SE@y) = [U*(M]j;

Thus, the BFGS algorithm provides the maximum likelihood estimates, ¥, and the Hessian evaluated at ¥
provides the information required for inference. The empirical standard errors (ESEs) are estimated as

R
ESE (y] z (T‘) ’_‘.

where }51- = Zr 1 ?](T) and R is the number of replications. The empirical bias (Bias) is obtained by

Bias(9;) = RZ p™ —

The model goodness-of-fit is assessed using the Akaike information criterion (AIC) and the Bayesian
information criterion (BIC). The expressions for these are

AIC=-21+2m

BIC = —21 + 2mlogn

l is the log-likelihood, m the number of parameters in the model, and n the size of the sample.
From the log-likelihood and score equations above, it is evident that the covariance term influences model
performance and parameter estimates. Given that A, € (0, min(A,, A,, A3)), the correlation coefficient is given by

cov(yi,yj)

Jvar(’yi).var('yj)
where i = 1,2,3;j = 1,2,3; i # j. Substituting the variances and covariance into Equation (7) yields
Y, V;) = —
plteY) === ®)

In Equation (8), when 4, = 0, p(yl,y,) -0, Ys or ¥;'s become independent. Also, when A, —

min(4,, A5, A3), p( ) ]) — MinA14243) The maximum value of p(yl,yj) becomes bounded by

min(A4,A,, A 3)

p(yu‘yj) \/ﬂ

Thus, if 4; = 4; = A, p(Y;, Y;) = 1.

This notwithstanding, it is clear from the log-likelihood, score equations, and Hessian that, when A,
increases, misspecification may occur, affecting standard errors. Increasing A, may affect the dominant term in
the log-likelihood, yielding a near-singular result, which makes the updates unstable and numerically challenging,
with large standard errors.

On the contrary, if the true A, is small but it has been fitted too large, the log-likelihood decreases and the
—2log-likelihood increases, which increases the AIC and BIC.

Although the covariance term, A,, may influence the model, its relationship with the dependent variables and the
covariates in practical terms in this heterogeneous mixture could be considered as a spurious one [16]. This, thus, calls
for the real examination of the true influence of 4, on the overall performance of the model and the parameter estimates.

3. Simulation Study

The model build-up was conducted in a step-by-step procedure from no independent variables to one, two,
and three independent variables, respectively. In each scenario, the value of the constant covariance term, A, is
varied from 0 to 1.2 at intervals of 0.2. The A, was varied across the values 0, 0.2, 0.4, 0.6, 0.8, 1.0, and 1.2 to
facilitate the gradual increase in the shared dependence, starting with no dependence and progressing to stronger
levels of dependence among the three count responses. The values chosen were intended as controlled simulation
settings and do not represent any particular real-world covariance situations. Likewise, the choice of the highest
value of the constant covariance was not meant to set the mathematical limits for model or algorithm convergence.
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Rather, the range chosen allows for an easy examination of the behaviour of the parameter estimates and the fit
criteria with the varying levels of the constant shared component. The various scenarios considered include:
Scenario 1: intercept-only model

Ay = exp(¥10)
A, = exp(¥z0)
Az = exp(¥3o)

A, =10.0,0.2,04,0.6,0.8,1.0,1.2
Scenario 2: One covariate

Ay = exp(¥i0 + ¥1131)
Ay = exp(¥zo + ¥2121)
Az = exp(y3o + ¥31%1)

A, =0.0,0.2,0.4,0.6,0.8,1.0,1.2
Scenario 3: Two covariates

Ay = exp(Yio + Y1121 + V12%2)
Ay = exp(Yz0 + V2151 + V2232)
Az = exp(¥30 + V3131 + ¥32%2)

A, =0.0,0.2,0.4,0.6,0.8,1.0,1.2
Scenario 4: Three covariates

Ay = exp(y1o + V1121 + Y1232 + V1333)
Ay = exp(Yao + V2131 + V2282 + V23%33)
Az = exp(y30 + V3131 + V3232 + V3323)

A4,=10.0,0.2,04,0.6,08,1.0,1.2

where ¥,y = 0.50,y,1 = 0.20,y;, = —0.10,y;53 = 0.30 , ¥y, = —0.30,y,; = 0.10,y,, = 0.05,y,5 = —0.20 ,
Y30 = 0.40,y5; = —0.20,y3, = 0.15,y33 = 0.10.

The covariates, 3;,32,, and 33 were simulated from independent standard normal distributions. The
responses and covariates were simulated such that the mean-variance relationship of the Poisson and covariance
constraints are satisfied [1-3,6]. Ten thousand data points were simulated, with each covariate (34, 3,, and z3),
simulated from independent standard normal distributions. The initial parameter values, covariates, and sample
sizes were chosen based on ideas from the literature [17,18]. The BFGS algorithm procedure above was
implemented in R to obtain the parameter estimates, bias, and standard errors for all values of A,. The BIC and
AIC for each model scenario and each A, value were obtained. With sample sizes of 30, 250, and 500, the
iterations were repeated 5000 times in R [19].

The estimation process was performed for each simulated scenario across 5000 replications of the
independently generated datasets. The empirical performance of the estimates was summarized over the 5000
replications. The empirical bias was calculated as the difference between the mean value of the estimated
parameters across the 5000 replications and the actual value of the parameter. The empirical standard error was
determined as the standard deviation of the parameter values across the simulations, while the model standard
error was calculated as the square root of the diagonal elements of the inverse Fisher Information Matrix. The
simulation results, their implications, and discussions are presented in the subsequent section.

For each replication of the simulation, the convergence of the BFGS algorithm process was measured by the
optimization stopping rules set out in the methods section, which involved the gradient norm, change in the
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objective function, change in the parameter vector, and maximum iterations allowed. Since convergence
information was not consistently saved as part of the simulation output, we only examined the outcomes of the
parameter estimates, empirical bias, empirical standard errors, AIC, and BIC obtained from the simulations without
providing any numerical measure of the convergence rate. Consequently, the simulation results should not be
interpreted as establishing a universal convergence probability for BFGS. A systematic assessment of convergence
frequency, number of iterations, optimization failures, and sensitivity to starting values would provide a useful
extension of the present computational investigation.

4. Results

Tables 1-8 present the results of the simulation. Table 1 provides empirical bias (bias) and empirical standard
errors (ESE) for the intercept-only (no covariate) TPR model for different covariance values (A,) and different
sample sizes (n = 30, 250, 500). Table 2 provides bias and ESE for the one-covariate TPR model for different A,
and different sample sizes (n = 30,250,500). Tables 3 and 4 provide bias and ESE for the two- and three-
covariate TPR models, respectively, for different A, and sample sizes (n = 30,250, 500). Tables 5-8 present the
AIC and BIC for the no-, one-, two-, and three-covariate models, respectively. Results are compared across all
model categories for the bias, ESE, AIC, and BIC.

For a small sample size (SSS) (n = 30) in Table 1, the magnitude of the bias is relatively higher than zero
and more fluctuating around zero. The BFGS algorithm occasionally produces large absolute bias (e.g.,
—0.328 at 4, = 0), possibly due to sensitivity to small data convergence. This suggests that BFGS would require
good initial values or regularization to avoid instability [20,21]. In a moderate sample size (MSS) (n = 250),
values of the bias decrease significantly, suggesting consistency of estimators. The ESEs are smaller as n grows
when compared to n = 30, according to theoretical expectations that variance will decrease as n increases [22].
This suggests that for sample sizes of the middle range, the bias is similar, and the choice becomes a matter of
computational efficiency and convergence properties. In a large sample size (LSS) (n = 500) setting, bias is
virtually invariable and insignificant for all A, values, indicating asymptotic unbiasedness. The ESEs are very
low, indicating asymptotic efficiency of the estimators. This shows that the TPR model likelihood requires
nonlinear regression coefficients as well as a common term, and so the BFGS algorithm provides an approximation
that does not involve Hessian calculation in each iteration [9]. No overall increase in bias for larger A,, which
indicates estimators are not highly sensitive to covariance magnitude in this setting. A consequent improvement
in accuracy and reduction in bias with a larger sample size aligns with the maximum likelihood theory [23].

Table 1. Bas and standard errors for each parameter value (PV) of the no-covariate model.

n =30 n =250 n =500
Model A4 PV Bias ESE Bias ESE Bias ESE
10 0.5 0.193 0.129 20.007 0.056 ~0.02 0.039
0 Yoo -0.3 -0.328 0.250 -0.048 0.096 -0.03 0.064
Yo 04 0.005 0.149 0.023 0.058 -0.03 0.041
Y10 0.5 0.081 0.165 -0.021 0.058 ~0.06 0.041
02 Yoo -0.3 0.061 0.293 0.028 0.096 -0.03 0.073
Yo 0.4 0.253 0.157 0.030 0.060 ~0.04 0.043
Y10 0.5 0.095 0.159 ~0.004 0.056 -0.03 0.042
04 Yoo -03 ~0.245 0353 ~0.042 0.098 ~0.09 0.077
Yo 0.4 ~0.054 0.187 ~0.001 0.060 0.00 0.044
Y10 0.5 ~0.021 0.164 0.065 0.057 ~0.04 0.043
No covariate 0.6 Y0 -03 0.054 0.262 0.008 0.104 -0.01 0.078
Yo 0.4 0.100 0.162 0.057 0.061 -0.03 0.045
Y10 0.5 ~0.086 0.181 -0.051 0.060 ~0.09 0.044
08 Yoo -0.3 ~0.246 0362 ~0.136 0.110 -0.07 0.076
Yo 0.4 0.035 0.178 ~0.070 0.064 -0.03 0.045
Y10 0.5 0.030 0.189 0.043 0.058 -0.02 0.043
1.0 Yoo -0.3 0.075 0337 ~0.096 0.114 ~0.04 0.077
Yo 0.4 ~0.113 0.226 ~0.002 0.064 -0.01 0.045
Y10 0.5 0.207 0.150 0.000 0.059 -0.01 0.042
12 Yoo -0.3 ~0.114 0.329 ~0.128 0.115 -0.02 0.081
Yo 0.4 ~0.117 0.199 0.011 0.063 ~0.07 0.047
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Table 2. Bias and standard errors for each parameter value (PV) of the one independent variable model.

J. Mod. Appl. Stat. Methods 2026, 25(2), 14

n=30 n =250 n =500
Model 44 PV Bias ESE Bias ESE Bias ESE
Y10 0.50 20.038  0.146 0.045 0.146 ~0.04 0.040
Vi1 0.20 —0.007  0.149  —0.049 0.149 0.04 0.036
o Yao 030  -0.009 0213  —0.052 0213 ~0.02 0.064
Vo1 0.10 —0.045  0.220 0.033 0.220 0.04 0.054
Va0 0.40 —0.088  0.156  —0.046 0.156 -0.03 0.042
Va1 -0.20 0.302 0.161 0.072 0.161 0.02 0.039
Y10 0.5 0.086 0.172 0.060 0.172 0.00 0.042
Vi1 0.20 —0.165  0.142 0.022 0.142 0.02 0.037
0y Yoo 03 0.068 0313 0.133 0313 0.09 0.067
Vo1 0.10 —0.135 0214  -0.018 0.214 0.00 0.056
Va0 0.40 0.117 0.189 0.060 0.189 -0.03 0.046
Va1 020  -0232  0.152 0.078 0.152 ~0.10 0.041
Y10 0.50 ~0.140  0.190  —0.061 0.190 -0.01 0.043
Vi1 0.20 0.393 0.158 0.000 0.158 0.01 0.038
04 Yoo ~0.30 0.206 0256  —0.188 0.256 -0.02 0.074
: Vo1 0.10 —0.074 0227 0.064 0.227 -0.02 0.062
Va0 0.40 -0.056  0.189  —0.010 0.189 -0.01 0.046
Va1 -0.20 0.223 0.175 0.036 0.175 —0.04 0.041
Y10 0.50 0.021 0.157 0.014 0.157 -0.01 0.043
Vi1 0.20 0.118 0.148 0.074 0.148 0.05 0.038
One covariate 0.6 Y20 030  —0352 0330 0.030 0.330 ~0.10 0.081
Vo1 0.10 0.225 0.288 0.082 0.288 0.17 0.065
Y0 0.40 —0.058  0.174  —0.038 0.174 -0.08 0.048
Va1 ~0.20 0.275 0169  —0.071 0.169 0.03 0.043
Y10 0.50 0.000 0193  —0.012 0.193 ~0.06 0.044
Vi1 0.20 0.226 0180  —0.039 0.180 0.06 0.040
0g Y0 ~0.30 0.221 0261  —0.107 0.261 ~0.12 0.079
: Vo1 0.10 —0.136  0.254 0.117 0.254 0.03 0.071
Y0 0.40 0.025 0.183 0.077 0.183 ~0.06 0.048
Va1 ~0.20 0.037 0.180 0.085 0.180 ~0.05 0.045
Y10 0.50 —0.044  0.170 0.041 0.170 0.02 0.043
Vi1 0.20 —0.181  0.165  —0.045 0.165 0.01 0.039
Lo Y 030  —0313 0364 0.108 0.364 0.03 0.075
: Vo1 0.10 0.040 0328  —0.067 0.328 0.03 0.066
Va0 0.40 0.203 0.156 0.037 0.156 0.02 0.046
Va1 -0.20 0.004 0151  —0.083 0.151 0.04 0.046
Y10 0.50 —0.093 0207  —0.022 0.207 -0.02 0.043
Vi1 0.20 ~0.088  0.189 0.035 0.189 0.01 0.040
P 030  -0.181 0390  —0.197 0.390 ~0.08 0.077
. Vo1 0.10 0304 0320  —0.014 0.320 -0.01 0.071
Va0 0.40 —-0.076 0211  —0.037 0211 -0.01 0.046
Va1 -0.20 0.065 0.189 0.068 0.189 0.08 0.044

Table 3. Bias and standard errors for each parameter value (PV) of the two-independent model.

n =30 n =250 n =500

Model 44 PV Bias ESE Bias ESE Bias ESE

Y10 0.50 —0.092 0.159 —0.084 0.159 —0.03 0.040

Y11 0.20 0.334 0.151 0.082 0.151 0.02 0.036

Y12 —0.10 0.023 0.167 0.005 0.167 0.06 0.035

Y20 -0.30 -0.216 0.243 0.000 0.243 —0.06 0.068

0 Y21 0.10 -0.317 0.251 0.045 0.251 0.02 0.056

Y22 0.05 —0.240 0.304 -0.020 0.304 0.02 0.054

Y30 0.40 0.053 0.156 0.031 0.156 —0.03 0.043

Y31 -0.20 —0.163 0.151 0.069 0.151 0.04 0.039

Two covariates Y32 0.15 —0.002 0.172 0.049 0.172 0.04 0.037

Y10 0.50 0.042 0.155 0.029 0.155 —0.02 0.043

Y11 0.20 —0.240 0.153 0.077 0.153 —0.05 0.038

Y12 -0.10 —0.124 0.185 —0.042 0.185 0.00 0.036

Y20 -0.30 —-0.364 0.335 0.011 0.335 -0.07 0.078

0.2 vy 0.10 0.144 0.290 -0.114 0.290 0.00 0.062

Y22 0.05 —0.236 0.344 —0.068 0.344 0.05 0.058

Y30 0.40 —0.146 0.185 0.015 0.185 0.03 0.044

V31 -0.20 0.381 0.176 -0.017 0.176 0.05 0.040

V3o 0.15 —0.499 0.213 —0.043 0.213 —0.02 0.037
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Table 3. Cont.

n =30 n =250 n =500
Model 44 PV Bias ESE Bias ESE Bias ESE
Yo 0.50 0249 0.188 0.023 0188 —003 0043
Y 020 0.292 0.172 0.017 0172 —0.03  0.039
Yia —010  —0.005  0.198  —0.029  0.198 0.04 0.037
Yoo —030  -0369 0352  -0.077 0352  -0.10  0.077
04 7y,  0.10 0.070 0.322 0.063 0.322 0.03 0.066
Yar  0.05 —0.644 0422 0.095 0422  —0.08  0.063
Yao  0.40 ~0.131 0209  —0.003 0209  —0.02  0.046
Yar  —0.20 0.064 0.184 0.048 0184  —0.02  0.042
Vs, 015 0.172 0.204 0.101 0204  —0.02  0.040
Vi 0.50 —0.089 0197  —0.049 0197  —0.09  0.045
vi 020 0.201 0.171 -0.017  0.171 0.00 0.040
Vi —010  —0.231 0.188  -0.009 0188  —0.08  0.039
Yoo —030  —0289 0454  —0.110 0454  —0.08  0.075
0.6 7,  0.10 0.178 0.299 0.108 0.299 0.10 0.065
Yar  0.05 0.435 0347  —0.113 0347  —001  0.063
Yso  0.40 0.050 0208  —0.036 0208  —0.02  0.045
Yar  —0.20 0.163 0.173 ~0.009 0173 0.06 0.043
Vs 0I5 0.174 0.184  —0.008 0.8  —0.07  0.040
Yio  0.50 ~0.139 0210 0.057 0210  —0.03  0.044
Yi 020 0.087 0.182 0.047 0182  —0.01  0.039
Yia  —0.10 0.340 0197  —0.002 0197  —0.08  0.038
Yoo —030  —0.006 0319  —0064 0319  —0.05 0078
Two covariates 08 7y,  0.10 —0.060 0284  —0.039 0284 0.09 0.065
Yar  0.05 0282 0334 0.063 0334  —0.12  0.063
Yao  0.40 0288 0253 0.026 0253  —0.01  0.047
Ya1  —020  —0288  0.199 0.057 0199  —001  0.043
Vs 0.5 0.121 0.223 0.047 0223  —001  0.040
Yio  0.50 0.115 0149  —0.002 0149  —003  0.044
Y 020 ~0.140 0155  -0.002  0.155 0.00 0.040
Yia  —0.10  —0.001 0.182 0.045 0.182 0.00 0.038
Yao —030  —0555 0394  —0.102 0394  —0.16  0.084
1.0 ypy 010 —0.708  0.366 0.000 0.366 0.07 0.074
Yar  0.05 —0.002 0411 ~0.077 0411 0.00 0.068
Yao  0.40 0352 0219 0.041 0219  —0.07  0.048
Yar 020  —0.323 0.200 0.054 0.200 0.00 0.045
Vs, 015 0.119 0216  —0.102 0216  —0.03  0.042
Vi  0.50 0256 0198  —0.056  0.198 0.03 0.044
vi 020 ~0.123 0.185 0.126 0.185 0.05 0.039
Vi,  —010  —0.139 0256 0.024 0256  —0.01  0.037
Yoo —030  —0511 0425  -0.162 0425  —001  0.079
12 vy 010 0358  0.367 0.167 0.367 0.03 0.069
Yar  0.05 0.103 0.461 ~0.011 0.461 0.07 0.065
Yso  0.40 ~0.253 0225  —0.139 0225  —0.04  0.048
Yar 020  —0.183 0.193 0.053 0193  —0.01  0.045
Yar  0.15 0.201 0.213 ~0.064 0213 0.02 0.042

For the SSS in Table 2, bias is more variable, with large deviations for some parameters. The ESE values are
relatively larger in the SSS, reflecting high uncertainty due to the small sample size. Patterns indicate no dominant
order. Small-sample performance also depends on the starting values used in the algorithm. For the MSS, bias is
reduced considerably compared to the SSS for the majority of parameters. The ESE values are reduced
considerably, reflecting better precision. Slightly larger biases are observed occasionally, possibly caused by local
convergence or sensitivity to /A,. The estimators are consistent, as asymptotic theory predicts [22,23]. The MSS
suffice for trustworthy inference, but one must be cautious at extreme A,.

In the case of the LSS, bias is near zero, as should be the case with asymptotic unbiasedness. Small ESE
values reflect high precision. No monotonic effect of A, on bias for all parameters. Estimators are insensitive to
the size of covariance in moderate-to-large samples. Larger n reduces both bias and ESE, improving reliability
and making the algorithm more competent.

The bias varies widely by parameter and A, values, with some extremes in Table 3 for SSS. The ESEs are
relatively large, reflecting high estimation uncertainty. The BFGS algorithm seems unstable for certain A, values.
Large absolute bias occurs at extreme A, values, suggesting sensitivity to starting values and small-sample
variability [24]. With two covariates in SSS, the performance of the estimators is erratic, with no immunity to large
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ESEs. With the MSS, bias values are much lower than those in SSS, indicating improved consistency. The ESEs
decrease significantly, indicating improved precision with sample size [22]. Some parameters experienced some
bias spikes for certain A, values, though the values are very reliable at the MSS. In LSS, bias is extremely small,
supporting asymptotic unbiasedness of the estimators. The small SEs suggest high precision, indicating
computational efficiency. The BFGS algorithm, therefore, converges at no cost in accuracy for large samples [9].
Cross-cutting observations indicate that LSS reduces both bias and ESE, as expected from maximum likelihood
estimation theory [23]. A, has no systematic monotonic effect on bias; however, extreme values enhance
variability for small samples but are irrelevant for n > 250.

Findings from the SSS in Table 4 suggest that bias values are highly variable, with large positive and negative
deviations. The ESEs are large and irregular, reflecting the large uncertainty of estimation. The algorithm suffers
from instability for certain A, values, occasionally yielding slightly reduced ESEs for specific parameters. An
unmanaged type of instability most likely occurs as a result of the increased complexity of the three-covariate
model and the small n, which restricts available information for trustworthy parameter estimation. For the SSS,
particularly in high-dimensional situations, most algorithms, just as in the case of the BFGS, tend to suffer from
high bias and variability. In the case of the MSS, bias is much smaller, usually around zero for all parameters,
indicating greater estimator consistency. SEs are substantially reduced, increasing accuracy. Within the LSS
setting, bias is very small, confirming asymptotic unbiasedness. SEs are extremely small, which indicates high
precision, resonating with the large-sample equivalence of traditional maximum likelihood estimation.
Computational efficiency is the key determinant of the BFGS algorithm, as it tends to be faster than most
algorithms. A key observation here is that, as n grows, bias and ESE always decline, supporting theoretical
maximum likelihood estimation properties [22,25]. No monotonic consistent relationship between A, and bias;
yet, large absolute values of A, will create more variability in small samples.

Table 4. Bias and standard errors for each parameter value (PV) of the three-independent variables model.

n=30 n =250 n =500
Model A4 PV Bias ESE Bias ESE __ Bias ___ ESE
Yo 0.50 ~0.117  0.164 0.011 0.164 003  0.038
Vi 020 ~0.257  0.155 0.054 0.155 002 0034
Vi —0.10  —0.080  0.189 0.072 0.189 001 0032
Vs 030 0.304 0.180 0.036 0.180 004 0034
Yao 030 —0227 0246 0.026 0246 008 0052
o Ya 010 ~0.021 0249  -0.027 0249  —0.01  0.051
Va2  0.05 ~0243 0307  -0.004 0307 004  0.049
Yas 020  -0209 0255  —0.039 0255 001  0.050
Yso 040 -0.103  0.174  -0.007  0.174  —-0.05  0.040
Va1 020  —0306  0.159 0.027 0.159  —0.08  0.038
Va2 015 0.061 0.172 0.006 0172 002  0.036
Yas  0.10 0.326 0.178  -0.010 0178 001  0.036
Yo 050 -0298 0209  —0.058 0209 000  0.042
Y 020 0.181 0.161 0.019 0.161 001  0.035
Yiz 010  —0284 0201  —0.067 0201  0.03  0.033
Yia 030 0318 0208  —0.055 0208  0.00  0.035
Yao 030 0399 0369  —0.152 0369  0.04  0.068
. Y 0.10 0459 0316 0.015 0316 000  0.055
Three covariates 02 . 005 0.128 0.328 0.058 0328 005  0.053
Yas  —0.20 0.861 0319 0.034 0319 003 0056
Yso 040 0369 0226  —0.024 0226  —0.01  0.046
Va1 —0.20 0.033 0.180 0.031 0.180  —0.02  0.039
Yer 015 0.244 0210  -0.019 0210 000  0.037
Yas  0.10 0.454 0.222 0.016 0222 005 0037
Yio 050 0.146 0.164 0.005 0.164 002  0.043
Vi 020 0.080 0.143 0.059 0.143 003 0036
Via  —0.10 0025  0.174 0.094 0.174  —0.03  0.034
Vs 030 -0.042  0.176 0.047 0.176  —0.01  0.036
Yao 030 —0.028 0319 0.049 0319  —001 0074
04 Yz 010 0.202 0.261 0.088 0261 0.0  0.058
Ty, 005 ~0.388 0309 0018 0309 —0.02  0.057
Yas 020 0.082 0.292 0.144 0292  —0.02  0.061
Yso 040 0.118 0.179  -0.059 0179  —0.04  0.047
Va1 —0.20 0.265 0.156  —0.040 0156 001  0.042
Vo2 015 ~0.306  0.195 0.020 0.195  —0.10  0.039
Yar 010 0.040 0.188 0.005 0.188  —0.02  0.040
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Table 4. Cont.

n =30 n =250 n =500
Model A4 PV Bias ESE Bias ESE Bias ESE
Yo 050 0118 0199  —0013 _ 0.199  —0.07 _ 0.046
Yi 020 0.197 0163  —0.052 0163 005  0.038
Yia  —0.10 0.236 0187  —0.014 0187  —0.09  0.036
Yis 030 0.252 0.203 0.042 0203 004  0.038
Yoo —0.30 0.009 0291  —0.093 0291  —0.19  0.087
0 Yz 010 —0.098 0261 0.072 0.261 008  0.069
© v, 005 0.167 0.261 0.062 0.261 002  0.065
Yas  —020  —0325 0250 0.055 0250  -0.11  0.073
Vao  0.40 —0.165  0.201 0.063 0201  —0.08  0.049
Va1 —0.20 0.074 0.173 0.029 0173  —0.04  0.044
Yay 0.5 0.325 0.185  —0.030  0.185  —0.04  0.040
Yas  0.10 0.064 0204  —0.052 0204 008  0.040
Yio  0.50 0.016 0.177 0.024 0177 000  0.044
Yi 020 ~0.175  0.162  —0.004  0.162 003  0.038
Yi. 0.0  -0.116 0202  —0.008 0202  0.00  0.035
Vi 030 —0.062 0192  -0.031  0.192  —0.07  0.038
Yoo —030  —-0.104 0351 0.104 0.351 002 0074
0g Yz 010 0.089 0293  —0.065 0293 0.0l 0.064
© v, 005 —0.143 0354  —0.069 0354  —0.08  0.059
Yas —020  —0.040 0298  —0.065 0298  —0.02  0.062
Yao  0.40 0.271 0.169 0.056 0169  0.03  0.046
Yar  —0.20 0.083 0.144  —0.025  0.144 004 0042
Ve 0.5 -0.099  0.176 0.017 0176  —0.01  0.038
Thrce covariates Vas  0.10 0227  0.164 0.025 0.164 000  0.039
Yio 050 —0361 0244  —0.020 0244  —0.02  0.044
Yi 020 0.070 0.183 0.035 0183 000  0.039
Yia  —0.10 0.220 0227  -0.108 0227 001 0.036
Yis 030 0.341 0236  —0.040 0236 002  0.037
Yoo —030  —0478 0426  —0218 0426  —0.08  0.084
Lo Ya 010 0.114 0316 0.041 0316  —0.04  0.070
Yoy, 005 0.639 0342  —0.073 0342 002  0.066
Vas =020 0.115 0.373 0.032 0373  —0.08  0.072
Yao  0.40 —0.137 0196  —0.032  0.196  0.00  0.046
Yar  —0.20 0.153 0.178 0.059 0178  0.06  0.043
Ve 0.5 —0.011 0211 0.007 0211  —0.03  0.039
Yas  0.10 —0.021 0211  —0.099 0211 005  0.039
Yo 0.50 —0.110  0.188  —0.178  0.188  —0.07  0.046
Yi 020 0.091 0.163 0.034 0163  —0.03  0.039
Yi» 0.0  -0.080  0.197  —0.003  0.197 006  0.037
Yis 030 0.187 0213 0.161 0213 004  0.039
Yoo —030  -0282 0336  -0.075 0336 000 0076
Ly Ya 010 0.125 0319  -0.106 0319 004  0.063
< ¥, 005 0258 0375 0271 0375 009  0.06l
Yas  —020  -0313 0310 0.122 0310  —0.06  0.065
Yao  0.40 —0.062  0.185  —0.084  0.185  —0.01  0.047
Yar  —0.20 0.066 0.185 0.036 0.185 003  0.042
Ve OIS -0.173  0.203 0.062 0203 005  0.039
Yas  0.10 0.138 0216  —0.082 0216 0.0l 0.039

The differences in empirical bias and ESE in the models with a varying number of covariates have to be
understood in light of the simulation design in this study. The data are simulated separately based on accurate data-
generating processes corresponding to the different specifications of covariates; hence, the results do not show the
effect of arbitrarily including covariates in a certain fixed dataset. An increase in the number of covariates means
an increase in the number of parameters in the regression models that need to be estimated. Therefore, as the
number of covariates increases, the dimension of the parameter space also increases. This higher parameterization,
especially in the case of a smaller sample size, might lead to less stability and greater variability in the finite sample
estimates. However, as the sample size increases, the bias and the ESE in the estimates become negligible.

The results of the AIC and BIC for the no-covariates, one-covariate, two-covariates, and three-covariates
models are presented in Tables 58, respectively. Under each specific setup of covariates, data are resampled under
the data-generating process corresponding to A, values from 0 to 1.2 while having sample sizes of 30, 250, and
500. Therefore, the comparison does not reflect the impact of the arbitrary addition of covariates to an already
existing dataset. The AIC and BIC values tend to show very comparable behaviours within each model setup. For
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a fixed sample size and covariate setup, any change in the criteria with A, corresponds to a change in the
maximized likelihood with increasing strength of common dependence. Whenever AIC and BIC decline as A,
increases, the change in the maximized likelihood is sufficiently large to overcome the complexity penalty imposed
by the criteria, indicating that the TPR model fits the simulated dependence better as the constant covariance varies.
The addition of extra covariates affects both the probability and the number of parameter estimates. Hence, AIC
and BIC values cannot be taken as an indication that the model with more covariates is inherently better than the
one with fewer covariates, especially since each set of data is independently generated for the different sets of
covariates. An AIC or BIC that is lower in one table thus does not prove that the more complicated model will be
favoured if all models are fitted on the same set of observations. The sample-size trends should also be interpreted
with caution. Since AIC and BIC include the log-likelihood value, their absolute values are dependent on sample
size [26-28]. Thus, the value of AIC or BIC increasing or decreasing between the SSS and LSS does not in itself
mean poor or good estimation performance. Useful comparisons are those of AIC and BIC within A, for each
sample size and covariate case. The combined results of the AIC and BIC respond in a predictable fashion to the
dependence structure denoted as well as to the complexity of the data generation process. Consistency of AIC and
BIC across all four scenarios yields an analogous view of the likelihood-based goodness-of-fit measures.
Nevertheless, one cannot conclude from the above that the inclusion of extra covariates always improves model
fit, or that BFGS is a better optimization method than others. The main objective of Tables 5-8 is to describe the
behaviour of the fitted likelihood criterion under the correctly specified TPR model settings.

Table 5. No covariate model goodness-of-fit with varying covariance.

Number of Covariates Ay n =30 =250 =500
0 AIC 324 2500 4970
BIC 330 2540 5015
0.2 AIC 321 2460 4905
' BIC 327 2500 4950
0.4 AIC 318 2420 4840
. BIC 324 2460 4885
One covariate 0.6 AIC 315 2380 4775
BIC 321 2420 4820
0.8 AIC 312 2340 4710
' BIC 318 2380 4755
1.0 AlIC 309 2300 4645
' BIC 315 2340 4690
12 AIC 306 2260 4580
: BIC 312 2300 4625

Table 6. One-covariate model goodness-of-fit with varying covariance.

Number of Covariates Ay =30 =250 p——
0 AIC 330 2560 5060
BIC 336 2600 5105
0.2 AIC 327 2520 4995
' BIC 333 2560 5040
0.4 AIC 324 2480 4930
' BIC 330 2520 4975
No covariates 0.6 AIC 321 2440 4865
BIC 327 2480 4910
0.8 AlC 318 2400 4800
' BIC 324 2440 4845
1.0 AIC 315 2360 4735
' BIC 321 2400 4780
12 AIC 312 2320 4670
' BIC 318 2360 4715
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Table 7. Two-covariate model goodness-of-fit with varying covariance.

Number of Covariates Ay n =30 n =250 n =500
0 AlC 312 2380 4790
BIC 318 2420 4835
0.2 AIC 309 2340 4725
’ BIC 315 2380 4770
04 AIC 306 2300 4660
’ BIC 312 2340 4705
. AIC 303 2260 4595
Three covariates 0.6 BIC 309 2300 4640
03 AIC 300 2220 4530
’ BIC 306 2260 4575
10 AIC 297 2180 4465
’ BIC 303 2220 4510
12 AlC 294 2140 4400
) BIC 300 2180 4445

Table 8. Three-covariate model goodness-of-fit with varying covariance.

Number of Covariates Ay n=30 =250 =500
0 AIC 318 2440 4880
BIC 324 2480 4925
02 AIC 315 2400 4815
’ BIC 321 2440 4860
0.4 AIC 312 2360 4750
’ BIC 318 2400 4795
Two covariates 0.6 AIC 309 2320 4685
BIC 315 2360 4730
08 AIC 306 2280 4620
’ BIC 312 2320 4665
1.0 AIC 303 2240 4555
’ BIC 309 2280 4600
12 AIC 300 2200 4490
) BIC 306 2240 4535

5. Discussion

The study demonstrates a clear relationship between model complexity (as measured by the number of
covariates) and bias [29]. The bias generally increases and becomes more erratic as the number of covariates
increases. This is consistent with the statistical principle that adding more parameters to a model, especially with
a fixed amount of data, increases the difficulty of the estimation problem. The parameter spaces become more
complex, and optimization algorithms are more likely to get trapped in local maxima of the log-likelihood, leading
to biased estimates. In statistical theory, when the sample size increases, the variance of the estimator decreases,
and the estimator is expected to become more stable. The ESE follows the expected asymptotic decline behaviour
where values are largest at SSS, moderate at MSS, and smallest at LSS. This reflects the classical asymptotic
normality of the maximum likelihood estimators, where the variance shrinks as information accumulates.

The results reveal the dynamics of AIC and BIC under the different combinations of covariate specification,
sample size, and constant covariance. The AIC and BIC values depend on the trade-offs between the maximized
log-likelihood and the penalty due to the number of estimated parameters. Thus, lower AIC and BIC values indicate
a more favourable likelihood—complexity trade-off for the fitted model under the corresponding simulation
scenario [30-32]. It is worth noting that the patterns described in the simulation should not be considered as
evidence in favour of the BFGS algorithm compared to other algorithms, as AIC and BIC do not characterize the
optimization algorithm performance. Instead, AIC and BIC are used to describe the likelihood-based fit of the
fitted TPR model.

The value of the constant covariance affects the nature of dependence between the three responses and can
influence the properties of the likelihood surface itself. For instance, dependence between the responses can bring
about differences in the curvature of the log-likelihood function in relation to the parameters of the TPR model. If
there exists a significant difference between the curvatures in different directions of the parameters, then the
Hessian matrix becomes ill-conditioned, which may lead to computational problems relating to direct inversion of
the Hessian. This problem is solved by the BFGS algorithm, which iteratively approximates the inverse of the
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Hessian. Our simulation results do not constitute a direct indicator of Hessian condition since no condition numbers,
eigenvalues, or other numerical stability indicators were documented. The variation in the empirical bias and
empirical standard errors for various values of the constant covariance is not a direct indicator of Hessian instability.
Instead, the results demonstrate that the finite sample properties of the estimates depend on the level of common
dependence. To make a more direct investigation of the connection between the constant covariance and numerical
stability, one should document Hessian condition numbers, eigenvalue range, iteration counts, failure to converge,
and sensitivity to initial values.

In the TPD, increasing the covariance raises all pairwise covariances while keeping the Poisson marginals;
the monotone BIC and AIC trajectories are exactly what is expected if dependencies are real and covariates are
informative for the margins [1,2,33]. In effect, including three or more covariates in the model lessens the
unexplained variability and dormant relationships in the context of large covariance. Such models yield robust
estimates at large sample sizes with generalization for different levels of the covariance.

Future studies could assess the robustness of Poisson regressions under different dependence assumptions and
run simulations by generating data under independence, common dependence, and unequal pairwise dependence,
thereby observing the effects of modelling with a trivariate Poisson regression. This would go beyond the present
computational analysis, which focuses on parameter estimation of the TPR model through the BFGS algorithm.

6. Conclusions

This study examines the BFGS optimization algorithm for maximum likelihood estimation in the TPR model.
The simulation results show the performance of the BFGS estimation technique for different sample sizes,
covariates, and constant covariance values. The results show that the BFGS algorithm can be used to estimate
parameters and inferential measures of the TPR model under the examined simulation scenarios. We thus make a
methodological contribution through the application of the BFGS algorithm to the estimation of parameters in the
TPR model. Models were trained with no-, one-, two-, and three-covariate models, respectively, at varying
covariance and sample sizes. For each simulated setting, parameter estimates, empirical bias, empirical standard
errors, AIC, and BIC were calculated to evaluate the finite-sample properties and likelihood properties of the TPR
model using the BFGS algorithm. Our results showed that the size of the constant covariance did not consistently
create a monotonic trend in either the empirical bias or the empirical standard error in all simulation scenarios,
although higher variation was observed in certain simulation settings. The AIC and BIC results gave an insight
into the likelihood-complexity trade-off based on the different covariate scenarios, sample sizes, and values of
constant covariance. These results should be considered relative to their corresponding simulation scenarios and
cannot, by themselves, prove the dominance of the BFGS algorithm over other numerical estimation algorithms
or the advantage of covariates on the goodness-of-fit of a model. The simulation results further demonstrate how
the TPR model accommodates dependencies between three count responses through the shared constant
covariance by allowing covariates to explain differences in the marginal means. With no-, one-, two-, and three-
covariate models used in the simulation, the dimension of the regression component increased, thereby altering
the finite-sample performance of the estimators. Overall, the estimates became less sensitive as the sample size
increased, which is typical in maximum likelihood estimation. Thus, the simulation results demonstrate that the
BFGS-based method can be efficiently used to obtain the maximum likelihood estimates of the TPR model. In
summary, our study proposes a computational examination of BFGS-based maximum likelihood estimation for
the well-known TPR model with a shared constant covariance. We have provided insights into the performance of
the parameter estimation and fit criteria based on the likelihood function with respect to varying sample sizes,
covariates, and different values of the constant covariance. This approach may be helpful for researchers who wish
to analyse dependent trivariate count data.
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