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A nonparametric Bayesian multiple comparisons problem (MCP) for dependence parametersin | bivariate
exponential populations is studied. A simple method for pairwise comparisons of these parametersis also
suggested. The methodology by Gopalan and Berry (1998) is extended using Dirichlet process priors,
applied in the form of baseline prior and likelihood combination to provide the comparisons. Computation
of the posterior probabilities of al possible hypotheses are carried out through a Markov Chain Monte
Carlo, Gibbs sampling, due to the intractability of analytic evaluation. The process of MCP for the
dependent parameters of bivariate exponential populations isillustrated with a numerical example.

Key words. Bivariate exponential population; Dirichlet process prior; Gibbs sampler; mixture of Dirichlet
processes; multiple comparison; nonparametric Bayes.

Introduction

In reliability studies of mechanical components,
dependence between two components occurs
quite often. A system, which functions as long
as at least one of the two identical components
functions, has a functional correlation between
the system components. Initialy, let the two
components be independently on test with life
distributions that are exponential with parameter
4, denoted as exp(1). Failure of one changes the
life distribution of the other to exp(14), 6 >0.
When 6 =1, the two components function
independently. For 6>1, the workload of the
remaining component is increased, thereby
decreasing the mean life Hee 6 s
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called the dependence parameter. Weier (1981)
provided the Bayes estimators of the parameters
and reliability using a conjugate prior for such
problems.

The multiple comparison problem
(MCP) for | bivariate exponential populations
with dependence parameters @ =(6,,......,6)) can
be viewed as making inferences concerning
relationships among the 6&'s based on
observations. This is tantamount to testing the
following hypothesis,

Ho:0:1=........ =0, vs. Hy:not Ho.

For bivariate exponential populations, the
frequentist approach of multiple comparison is
not very straightforward. This is partly due to
the difficulty in handling the distributional
aspects and associated computations. The
multiple comparison problem using
nonparametric priors in a Bayesian inferential
setup was studied by Gopalan and Berry (1998)
providing specific applications to the Binomial
and Normal populations. Following similar
approach, the MCP for a set of geometric and
negative binomial populations (Masoom, Cho,
& Begum, 2005) was studied. In this article, the
MCP for the dependence parameters of a set of
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bivariate exponential populations along the same
line was studied.

In a Bayesian approach, the posterior
probabilities of respective hypotheses in MCP
can be calculated with moderate effort. The prior
information on the unknown parameters has to
be quantified as a distribution. However, the
selection of the prior distribution could be
tricky. One of the criticisms Bayesian inferential
methods often face is the subjectivity in prior
specification. In real data analysis prior
specification could be based on scientific
knowledge about the parameters. Non-
informative prior specification is optimal in
cases when there is little known about the
background information. It is very important that
prior distributions be as objective as possible
while doing Bayesian inference. A typical
objective prior distribution is the Dirichlet
process prior (DPP) that leads to nonparametric
Bayesian inference.

The DPP is a prior distribution on the
family of distributions that is dense in the space
of distribution functions. The family of DPPs
was introduced by Ferguson (1973) and was
extended to mixtures of DPP by Antoniak
(1974) in order to treat problems including the
estimation of a mixing distribution, bio-assay,
empirical Bayes problems and discrimination
problems. Escobar (1988) started the application
of Markov chain Monte Carlo (MCMC)
methods in nonparametric Bayesian modeling.
Novel computational techniques and
developments of MCMC schemes, including
key contributions by Doss (1994), Bush and
MacEachern (1996), Escobar and West (1997),
MacEachern and Mller (1998), West, Mller
and Escobar (1994) made it possible to study
nonparametric Bayesian methods widely.

The focus was on the Bayesian approach
to the multiple comparisons problem for |
bivariate exponential populations based on the
nonparametric Dirichlet process priors in this
article. The MCMC techniques, in particular
Gibbs sampling, is adopted here to evaluate the
posterior probabilities of the hypotheses.

Preliminaries
Let (X, Y) denote the lifetimes of the two
components that have a bivariate exponential

model. The joint probability density function of
(X, Y) can be written as,

f (X, y) | 4,0) = 204% exp(—2Ax - A6y),
x,y>0, 4,6>0

D)

with & as the dependence parameter.

It is assumed that (X, y) = {(X1, Y1) , (X2,
Vo) 4 e (X, W)} be a set of observations
available on | populations, where (X
V)={ (%1, Yid), .- - ,(Xini,Yini)} isan n; x1 vector of
conditionally independent observations on
populationi, i =1,2, ...... =12, ... , hjand

|
> 'ni=n. Then the probability density
i=1

function of (Xi;,yy) is,

F(x.% 14.8) =204 xexp(-24%, - 48, ),
%,Y; >0, 4,6 >0.
@

Now a distribution function Gy (.) and a
positive scalar precision parameter o together
determine the Dirichlet process prior G. Here Gy
() that defines the location of the DPP is
sometimes called prior guess or basdine prior.
The precision parameter o determines the
concentration of the prior for G around the prior
guess Gy, and therefore measures the strength of
belief in Go. The DPP is usually denoted by G ~
D (G| Gy, a). For large values of a, G is very
likely to be close to Go, while for small values of
a, Gislikely to put most of its probability mass
onjust afew atoms.

It is assumed that the 6's come from G,
and that G ~ D (G| G ,a) as sated above. This
structure results in a posterior distribution which
is a mixture of Dirichlet processes (Antoniak
1974). Now following the Polya urn
representation of the Dirichlet  process
(Blackwell & MacQueen, 1973), the joint
posterior distribution can be written as,
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oG (9)+2-0414)

|
g 1xy<]Tfx. 18 S
) Ixy 1_1[ 0.y, 1) x———1=—

3

whered (6; | 6y) is the distribution putting a point
mass on é. For eachi =1,..... |, the conditional
posterior distribution of 8; is given by,

ei |0k!k¢iix!yochGb(0i |Xi’yi)+
qua(ei |‘9k)’

k#i

(4)

where Gy(&; | X, Vi) is the baseline posterior
distribution, Qo o< 0:_[ f(x,,y, |0)dG,(6,),

Qy =< f(Xi!yi |0k)’ and 1ZQO+ZQk- Let

ki
@2{02(91,92, ...... ,9|): 49ie R,i:l,2, ...... s

I } be the I-dimensional parameter space.
Equality and inequality relationships among 6's
induce statistical hypotheses that are subsets of
0. Thus, the MCP becomes testing the
following hypotheses.

Ho: 00= {Qi: le 92= e — 9|},
Hy : 0]_ = {Ql 01 + 92, 02 = 03 = . =
9|}, ...... Hy: 0N = {Qi: 9]_;é 92;é 93;é ...... + QK}

The hypotheses H, : 6., r = 0,1,2, ......., N, are
disioint, and | J6, =©.
r=0

The elements of ® themselves behave as
described by (3) and so with positive
probability, they will reduce to some p < |
distinct values. Let superscript * denote distinct
values of the parameters. Then, any realization
of | parameters 6, generated from G lies in a set
of p < | distinct values, denoted by (6" = 6,", 6, ,
eewn 0p). The computation of posterior
probabilities for different hypotheses through
Gibbs algorithm becomes manageable using the
notion of configuration as termed by Gopalan
and Bery (1998). Their definition of
configuration isrestated here:

Definition (Configuration): The set of indices S
= {S,....,S} determines a classification of the
data @={0;,.......,.0} into |" distinct groups or
clusters; the n= #{S-j} observations in group |
share the common parameter value 6. Now,
define I; as the set of indices of observations in
group j; That is, Ij={i: S =] }. Let (X\Y)g =
{(X,Y): S = j} be the corresponding group of
n, :Zni observations. Thus, a one-to-one
ieli
correspondence  between  hypotheses  and
configurations follows and the required
computations are reduced by the fact that the
distinct 8's are typically reduced to fewer than |
due to the clustering of the s inherent in the
Dirichlet process. Hence, (4) can be rewritten as:

0 |0k’k¢i!x!y°chGb(9i |Xi!yi)+

> 'na.d(6 16;),
5)

with @ e f(x,,y, |6'), and 1=0y + > _NG;-
ki

In addition to the simplification of notations, the

cluster structure of the 6, also improves the

efficiency of the algorithm.

Posterior Sampling In Dirichlet Process
Mixtures

A gamma distribution with parameters
(¢0i, Poi) is considered as basdine prior Go. This
implies that 8y, 6,,...... , 6 are i.i.d. from G.
Then, a hierarchical set up for the Dirichlet
process analysis as outlined above becomes,

Xy, |6, ~ BVE(X,,y; | 4,6,)

(6)
6 1G~G(6,),
)
G|G,,o0~ D(G|G,,),
(8)

Gy |&gis Boi ~ Gam(am B )’
)
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Aoy, By ~ Gam(ali By )’
(10)

BVE and Gam stand for bivariate exponential
and gamma distributions, respectively. Now, the
choice of the precision parameter . in Dirichlet
process is extremely important for the model. A
gamma prior for a with a shape parameter a and
scale parameter b is considered, that is, a ~
Gam(a,b). Thus, the Gam(a,b) becomes the
reference prior if a — 0 and b — 0 and one has
access to a neat data augmentation device for
sampling o by Escobar and West (1995).

The configuration notation is more
convenient to use in describing the Gibbs
sampling algorithm as the full conditionals can
be written in closed form as under:

(eu |X,y,9k,k¢i,0{) -

G|+, 43y, 44, [+ Tao(ea1a).

ki
(11)

(4 1xy.6,,0) ~

n n
Gam(Zr; +0{]j,22Xij +9]Zyij +ﬂlij
=1 = ’
(12)
6; 1%.y.8) ~

" 1" n
can{ S+, AT 3y, 4, |
i-1 i-1 j=1 '
(13)
(e]n.17) -

m,Gam(a+1",b—log(7))+

(1-7,)Gam(a+1" -1b-log(7)),
(14

(nla,l*)~ Beta(a+LI*),
(15)

where

Qo °= alizni oot eXp{_ 24, Z Xij j

j=1

F(ni + Oy )

{z. (Z " ﬂ

q, o< O A" exp[— 24D X =AY j
j=1 j=1

Gibbs sampling proceeds by simply iterating
through (11) - (15) in order, sampling at each
stage based on the current values of all the
conditioning variables.

The configuration induces the equality
and inequality relationships among the &'s that
corresponds to the partitions on the parameter
gpace ® and in turn to the hypotheses of interest.
In order to estimate the posterior probability of a
hypothesis H, from alarge number (L) of sample
draws, one takes

P(H, |X,Y)==>"64(H,),

(16)

where & (H, ) denotes unit point mass for the

case where | th draw of S & corresponds to H,.
The probability of equality for any two &'s can
be calculated from the posterior distributions on
hypotheses, P(H; | X,Y), r =12, ......., N. This
can be achieved by adding probabilities of those
hypotheses in which the two 6; and 6; are equal.
Thatis
1 L
P(ei = ej IX,Y)zIIZ_l:% (eu = ej ):
N
> P(H, XY, (6,-6,)i =,

r=1

where J; (Qi —Qj) and Sy (Qi :Hj) denote
unit point mass for the case where § and H,
indicate 6, = 6, .
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Illustrative Example

A numerical illustration of the multiple
comparisons for the dependence parameters in
bivariate exponential populations is presented in
this section using simulated data. Four bivariate
exponential populations each with size ni=20 are
considered. Then, the numbers of possible
hypotheses for multiple comparisons are 15. The
observed summary statistics for these data are
givenin Table 1.

It follows from Table 1, that the true
hypothesis may be Hiye : 61 = 6, # 63 = 0,4. For
the precision parameter o, one considers three
Gamma priors with parameters (a,b)=(1.0, 1.0),
(0.1, 0.2) and (0.01, 0.01) in order to have equal
mean 1 and different variances 1, 10, and 100,
respectively. This also facilitates that the latter
prior be fairly non-informative, giving
reasonable mass to both high and low values of
o. Aswell, each 6, i=1,...... , 4 were set a priori
following a gamma distribution with parameters
Ooi = 01 = 2.0 and ,BOi = ,Bli = 0.001 to reflect
vagueness of the prior knowledge.

The posterior probabilities for all
possible hypotheses are approximated by the
Gibbs sampling algorithm using 20,000
iterations with 10,000 burn-ins and 5
replications and are presented in Table 2. Itisto

be noted that the hypothesis 8, = 6, +# ;= 6, has
the largest posterior probabilities 0.7883, 0.7274
and 0.7410 for all priors of the precision
parameter a. Thus, the data lend greatest support
to equalities for 8, = 6, and 8; = 6, being
different from the others.

Table 3 presents the pairwise posterior
probabilities for the equalities in pairs of 6's.
The equalities of (/1 = &,) and (43 = 6,) havethe
largest posterior probabilities (0.9943, 0.9903,
0.9729) and (1.0000, 1.0000, 1.0000) for three
cases of (a, b) respectively. This suggests that
thereis strong evidence in the equality (6, = 6,)
and (03 = 94)

The Bayesian  approach  using
nonparametric Dirichlet process priors facilitates
studying the problem of multiple comparisonsin
a number of different distributions. So far, the
MCP was caried out for a univariate
distribution. Here, it has been shown that the
method can be extended to a bivariate
distribution as well, with moderate effort. As an
aternative to a formal Bayesian analysis of a
mixture model that usually leads to intractable
calculations, the DPP is used to provide a
nonparametric Bayesian method for obtaining
posterior probabilities for various hypotheses of
equality among the dependence parameters of
bivariate exponential populations.

Table1l Theobsarved summary statistics for each populations

Populations 1 2 3 4
N
Xi=2 X 1500 1560 0700  0.720
n
Y=> Y 6500 6000 1300  1.130
6,,.c 0462 0520 1077 1274
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Table2 Calculated posterior probabilities for each hypothesis with three cases of (a,b)

Hypothesis

(1.0,1.0) (0.1,0.1) (0.01, 0.01)

01=02=03=04
01=02=03+04
01=02=04+03
01=02#03=04
01=02+#03#64
01=03=04+#02
01=03#02=04
01=03+#02+064
01=04+#02=03
01=04+#02+063
01#£02=03=04
01#062=03+#064
01#062=04+063
01#02+03=04
01#02+03+#064

.2059 2629  .2320
.0000 .0000 .0000
.0000 .0000 .0000
.7883 7274 7410
.0000 .0000 .0000
.0036 .0038  .0030
.0000 .0000 .0000
.0000 .0000 .0000
.0000 .0000 .0000
.0000 .0000 .0000
.0003 .0007 .0015
.0000 .0000 .0000
.0000 .0000 .0000
.0018 .0052 .0226
.0000 .0000 .0000

Table 3 Pairwise Posterior Probabilities with three cases of (a, b)

Ali, M. Masoom, Cho, J. S., Begum,
Nonparametric

Hypothesis (1.0, 1.0)
0,=0, .9943
0,= 05 .2096
0,= 0,4 .2096
0, = 05 2062
6,=0, .2062
03= 0,4 1.0000
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