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A Comparison of Risk Classification Methods for
Claim Severity Data

Noriszura Ismail

Abdul Aziz Jemain
Universiti Kebangsaan Malaysia

The objective of this article is to compare several risk classification methods for claim severity data by
using weighted equation which is written as a weighted difference between the observed and fitted values.
The weighted equation will be applied to estimate claim severities which is equivalent to the total claim

costs divided by the number of claims.
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Introduction

The process of establishing premium rates for
insuring uncertain events requires estimates
which were made of two important elements; the
probabilities or frequencies associated with the
occurrence of such event, and the magnitude or
severities of such event. The process of grouping
risks of similar risk characteristics for the
frequencies or severities is also known as risk
classification. The risks may be categorized
according to risk or rating factors. In motor
insurance for instance, the driver’s gender and
claim experience, or the vehicle’s make and
capacity, may be considered as rating factors.

In the last forty years, researchers
suggested various statistical procedures for risk
classification. For example, Bailey and Simon

Noriszura Ismail is a Lecturer teaching in
Actuarial Science Department. Currently, she is
pursuing her PhD in Statistics. Abdul Aziz
Jemain is Associate Professor in Statistics
Department. The authors gratefully acknowledge
financial support received (IRPA RMKS8: 09-02-
02-0112-EA274) from the Ministry of Science,
Technology and Innovation (MOSTI), Malaysia.
The author also thanks the General Insurance
Association of Malaysia (PIAM), in particular
Mr. Carl Rajendram and Mrs. Addiwiyah.

513

(1960) suggested the minimum chi-squares,
Bailey (1963) proposed the zero bias, Jung
(1968) produced a heuristic method for
minimum modified chi-squares, Ajne (1975)
applied the method of moments also for
minimum modified chi-squares, Chamberlain
(1980) used the weighted least squares, Coutts
(1984) produced the method of orthogonal
weighted least squares with logit transformation,
Harrington (1986) suggested the maximum
likelihood procedure for models with functional
form, and Brown (1988) proposed the bias and
likelihood functions.

In the recent actuarial literature,
research on risk classification methods is still
continuing and developing. For example,
Mildenhall (1999) studied the relationship
between minimum bias and Generalized Linear
Models (GLMs), Feldblum and Brosius (2003)
provided minimum bias procedures for
practicing actuary, Anderson et al. (2004)
provided practical insights for GLMs analysis
also for practicing actuary, Fu and Wu (2005)
developed and generalized the minimum bias
models, Ismail and Jemain (2005a) bridged the
minimum bias and maximum likelihood
methods for claim frequency data, and Ismail
and Jemain (2005b) proposed the Negative
Binomial and Generalized Poisson regressions
as alternatives for the Poisson to handle over-
dispersion.

In addition to statistical procedures,
research on multiplicative and additive models
has also been carried out. Bailey and Simon
(1960) compared systematic bias and found that
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the multiplicative model overestimates the high
risk classes, Jung (1968) and Ajne (1975) also
found that the estimates for multiplicative model
are positively biased, Bailey (1963) compared
the models by producing two statistical criteria,
i.e., minimum chi-squares and average absolute
difference, Freifelder (1986) predicted the
pattern of over and under estimation of the
models if they were misspecified, Brown (1988)
discussed the additive and multiplicative models
which were derived from the maximum
likelihood and minimum bias approaches, Jee
(1989) compared the predictive accuracy of the
models, Holler et al. (1999) compared their
initial values sensitivity, and Mildenhall (1999)
identified the GLMs with the additive and
multiplicative models.

Based on the actuarial literature, studies
for risk classification were centered on two main
areas; risk classification methods, and
multiplicative vs. additive models. The objective
of this study is to compare several risk
classification methods for multiplicative and
additive models by using weighted equation
which is written as a weighted difference
between the observed and fitted values. In
addition, the  parameter  solution  for
multiplicative and additive models will also be
compared by using weighted solution. The
weighted solution for multiplicative model is in
the form of a weighted proportion of observed
over fitted values, whereas for additive model, it
is in the form of a weighted difference between
observed and fitted values.

Although the weighted equation was
previously suggested by Ismail and Abdul Aziz
(2005a), the application was implemented on
claim frequency data. Therefore, this study
differs such that the weighted equation will be
applied to estimate claim severity or average
claim cost which is also equivalent to the total
claim costs divided by the number of claims.
Because the nature of claim frequency and
severity data is different, the approach taken is
also slightly modified.

It is well established that the claim cost
distributions generally have positive support and
are positively skewed. Because of these desired
properties, the Gamma and Lognormal
distributions have been widely used by the
practitioners for modeling claim severities. As a

comparison, several actuarial studies also
reported  severity results from Normal
distribution. For example, Baxter et al. (1980) fit
the U.K. own damage costs for privately owned
and comprehensively insured vehicles to the
weighted linear (additive) regression model by
assuming that the variance is constant across the
classes, McCullagh and Nelder (1989)
reanalyzed the same data by fitting the costs to
the Gamma by assuming that the coefficient of
variation is constant across the classes and the
mean is linear on reciprocal scale, Brockman
and Wright (1992) fit the U.K. own damage
costs for comprehensive policies also to the
Gamma by using a log-linear (multiplicative)
regression model, and Renshaw (1994) fit the
U.K. motor insurance claim severity also to the
Gamma log-linear regression model.

The fitting procedure for this study will
be carried out by using two different approaches;
classical and regression. The advantage of using
the regression fitting procedure is that it can also
be extended to other regression models, as long
as the function of the fitted value is written in a
specified linear form. In addition, the
computation of the regression fitting procedure
provides a faster convergence compared to the
classical.

In this study, the risk classification
methods will be compared on three types of
severity data; Malaysian data, U.K. data
(McCullagh & Nelder, 1989), and Canadian data
(Bailey & Simon, 1960).

Methodology

The related data sets for claim severity are
(¢;,v,),i=L2,.,n,where ¢, and y, denotes
the average claim cost adjusted for inflation and
the claim count for the ith rating class.

Therefore, the total claim cost is equal to the
product of the claim count and the average claim

cost, y;c; .
Let x; be the vector of explanatory
variables for the ith rating class, B the pXx1

vector of regression parameters, and f the
vector of fitted values.
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If the model is assumed to be
multiplicative, the fitted value is f; = exp(x; ),

1

which can also be written as,
fi = ficj exp(B;x;) (1)

where f;_,, is the multiplicative fitted value

without the jth effect.
For an additive model, the fitted value is
f; =x] B, so that it can be written as,

Ji=iepn +Bixy )

where f;_; is the additive fitted value without
the ; th effect.

Minimum Bias Models
The parameters for zero bias model are
solved by equating (Bailey 1963),

j=L2,..p
3)

Zyicing = Zyifix;‘j >

Therefore, Eq.(3) can also be written as a
weighted difference between observed and fitted
values,

J=12,..p,
4

Zwi(ci - /) =0,

where the weight, w;, is equal to y;x;, .

Substituting Eq.(1) for multiplicative
model, Eq.(4) can be rewritten as,

j=12..p
®)

€% = D Vit XD )
i

1

The solution, exp(/3;) , may be calculated from
Eq.(5) because the value for x; is either one or

zero. The solution may be written as a weighted
proportion,

Ci .
exp(ﬂj)zzvj s j=L2,...p,
— Jich
(6)
where the weight, v, , is equal to,
= Zi , (7)

and z; 18 Y, f;_ X -
If Eq.(2) is substituted for additive
model, Eq.(4) can be rewritten as,

271 = Fiep Xy = D yiBxy Xy J =120 p

Again, because the value for x; is either one or
zero, the solution, Iz is obtainable and it is in
the form of a weighted difference,

,j=12,..,p,
3

B = Z"i (€ = fici)

where the weight, v,, is also equal to Eq.(7).
However, the equation for z; is y;x; .

The parameters for minimum chi-
squares model are solved by minimizing the chi-
squares (Bailey & Simon 1960),

}{2 ZZ)’i(ij:fi)z ’

or by equating,

AN )

j=12,...p,
aﬁj i

)
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where the weight, w,, is

yi(c; +fl)%
VAR

The first derivative of the fitted value is
equal to,

% = fi'xi/ > (10)
B, '

for multiplicative model and,
% =X, (11)
b, /

for additive model.

Substituting Eq.(1) and Eq.(10) into
Eq.(9) for multiplicative model, exp(f;) is
equal to Eq.(6), where the weight, v,, is equal to
Eq.(7). However, the value for 1z, is
yi(e;+ f)x;. If Eq.2) and Eq.(l11) are
substituted into Eq.(9) for additive model, ,Bj is

equal to Eq.(8), where the weight, v,, is also
equal to Eq.(7). The value for z; is

e+ /)

Maximum Likelihood Models

Let 7. = y,C,; be the random variable for
total claim costs. If 7. is assumed to follow
Normal distribution with mean E(7;) =y, f; and

1

variance Var(T;)=oc> (Brown 1988), the

parameters are solved by using the likelihood
equations,

o/
=) wi(c, = f)=0, j=12,...,p,
8 >

(12)

where w;, is ylz% Substituting Eq.(1) and
J

Eq.(10) into Eq.(12) for multiplicative model,

exp(f;) is equal to Eq.(6), where v; is equal to

Eq.(7). However, the value for z; is y; fif_ X

If Eq.(2) and Eq.(11) are substituted into Eq.(12)
for additive model, f3; is equal to Eq.(8), where
v, is equal to Eq.(7). The value for z, is yfxij.
Let 7, be Poisson distributed with mean
v;f;. The likelihood equations can also be
written as Eq.(12), but the value for w, is
Vi I,
: 9B,
Normal distribution, the parameters for
multiplicative model, exp(f;), are equal to

. Following the same procedure as the

Eq.(6), where v; is equal to Eq.(7). However,
the value for z; is y,f;_;x;. Therefore, the

parameters for Poisson multiplicative are shown
to be equivalent to the zero bias multiplicative.
For additive model, f3; is equal to Eq.(8), where

v, is equal to Eq.(7). The value for z; is &xij .
If T, is exponentially distributed with
mean ), f;, the likelihood equations can also be
written as Eq.(12). However, the value for w; is
L
17 op,”
model, exp(S,) , are equal to Eq.(6), where v,

The parameters for multiplicative

is equal to Eq.(7). However, the value for z, is
x; - For additive model, f; is equal to Eq.(8),

where v, is equal to Eq.(7). The value for z; is
1

Fx” .

Let 7, be Gamma distributed with mean
y.f, and variance o’y,f>. The likelihood
equations can also be written as Eq.(12), but the
o 9
17 0B,

multiplicative model, exp(f ), are equal to

value for w; is . The parameters for
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Eq.(6), where v, is equal to Eq.(7). However,
the value for z; is y,x; . For additive model, S,
is equal to Eq.(8), where v, is equal to Eq.(7).

The value for z; is y—;xi/.

i

Other Models

The weighted equations shown by
Eq.(4), Eq.(9) and Eq.(12) may also be extended
to other error functions. For example, if the sum
squares error is defined as (Brown 1988),

S = Z vi(c; - f,)z , the parameters are solved

by using the least squares equations,

a_Szzwi(Ci -f)=0,

J=120p,
B, 4

(13)

Jf;
Vi,
9B,

multiplicative model, exp(f;), are equal to

where w, 1is The parameters for

Eq.(6), where v; is equal to Eq.(7). However,
the value for z, is y, fif_ ;X; - For additive
model, /3, is equal to Eq.(8), where v, is equal
to Eq.(7). The value for z; is y,x; . Therefore,

the parameters for least squares additive are
shown to be equivalent to the zero bias additive.

If the function of errors is a modified
chi-squares which is defined as,

Yi
zr%lod = ZC_(ci _f;')z >
the weighted equation is equal to,

j=L2,...p

(14)

Y mod
== wi(c,—f,)=0,
T

where w; is
i
¢ aﬂj

The parameters for multiplicative model,
exp(B;) , are equal to Eq.(6) where v, is equal

to Eq.(7). However, the wvalue for 2z, is

1
2
Yilij

C;

Eq.(8), where v, is equal to Eq.(7). The value

for z, is RAR

i
c g

x; - For additive model, f3; is equal to

Table 1 summarizes the weighted
equations and parameter solutions for all of the
models discussed above. Based on the weighted
equations and parameter solutions, the following
conclusions can be made regarding the
comparison of several risk classification
methods which were discussed above:

e The parameter estimates for zero bias
and Poisson multiplicative are equal.
The parameter estimates for zero bias
and least squares additive are also equal.

o The weighted equations and parameter
solutions indicate that all models are
similar. Each model is distinguished
only by its weight.

Classical Fitting Procedure

In this study, the multiplicative and
additive models will be fitted by using two
different procedures; classical and regression.
The classical fitting procedure was introduced
by Bailey and Simon (1960). The procedure
involves sequential iterations where each
parameter, ﬂj, j=12,.,p, is calculated

individually in each sequence. In the first

sequence, the value for ﬂf” is calculated by

using the initial values, p®. The sequence is
then repeated until the pth sequence, where

ﬁ;,l) is calculated and vector B is produced.

The sequential iteration is then repeated until the
values for p converged.
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Table 1. Weighted equations and parameter solutions

Models w; for z; for multiplicative z, for additive
weighted equation, parameter solution, parameter solution,
PRUCESARD exp(B) =, G, =2ty
i T Jien 1'
z; h = i
where v, = < where v, =

i

Zero bias w; = yl.xl./. z; = yifi(—j)xii z; = yl.xi].
Poisson W, i i zi = Yifi- ¥y n=2iy,
fi 9B, fi
a . zZ. = . 42_4x.. Z.:y.x“
Least squares w, =y, % i yzfz( N i it
J
Minimum 2 W':yi(ci-l_fi) of; zi = yilei + )Xy zi:—yi(cijﬁ)xg
l 2 9B Ji
of;
_ .29, 2 02
Normal Wi =i B, zi =Yi i zi =y}
J
. 1
Exponential ", _ Jf; z, =x, Zp =5 Xy
i y
1 9B; /i
y,
Gamma w; :y_lzai Zp = ViXy Z :f_lzxij
17 9B i
2
)"f'(— ) )
=& aﬁ Zi:#xg/' Z~:&x

Minimum modified y?

" 0B " €
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As an example, the programming for
zero bias multiplicative will be discussed here.
The parameter solution is

exp(B;) = Z
f( /)
where
Z
vV, =
>
and
2 = Vific X -
Let fl.(_j) be the i th row of vector f(_j).
For multiplicative model,
f ;) =exp(X_pBj), where X ., is the

matrix of explanatory variables without the jth
column and B.; the vector of regression

parameters without the j th row. Let x; be the

vector which is equivalent to the jth column of

matrix X. Therefore, x; is equal to the i th row
of vector x;. For each j, let z; =y, f;_,x;.

Therefore, the weight, v;, is equal to z, divided
by sum of z; for all /. Finally, the parameter
solution, exp(f;), is equal to the sum of

forall 7.

i(=))

An example of S-PLUS programming
for zero bias multiplicative is given in Appendix
A. Similar programming can also be used for all
of the multiplicative and additive models which
were discussed in this study. Each model should
be differentiated only by three elements:

. The fitted values for multiplicative
model are f =exp(XP) and

f; =exp(X_;B;) - For additive model, the
fitted values are f =Xp and f_;) =X _;B_; -

o The

D)=
i i(=J)

and f; = Zvi (¢; = fij)) for additive model.

parameter solution is

for multiplicative model,

. Each model has its own equation for z;.

Regression Fitting Procedure

The regression fitting procedure
involves standard iterations where all of the
parameters, ﬂj, j=12,.,p, are calculated

simultaneously in each iteration. Because the
parameters are solved simultaneously, the
regression  procedure provides a faster
convergence compared to the classical

procedure. In the first iteration, P are
calculated by using initial values of p®. The

iteration is then repeated until the values for f§

converged.
The parameters, B, j=12,.,p, for

regression fitting procedure are solved by
minimizing ZW[ (c; - f,)z or by equating,

S f)aa; 0, i=12ep.
(15)

Therefore, the weighted equations for risk
classification models shown by Eq.(4), Eq.(9),
Eq.(12), Eq.(13) and Eq.(14) are also equivalent
to Eq.(15). By using Taylor series
approximation, the values for f in the rth
iteration is equal to,

B(r) _ (Z(r—l)TW(r—l) Z(r—l))—l 7, DTy D (c— s(r—l))
(16)

where B and p*" are the values for  in the

rth and r—1th iterations, Z*™ the nxp

9 (B)]
aﬂ B=pCD

W™ the diagonal weight matrix evaluated at

matrix whose ijth element is
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B, and s the vector whose i th row is
equal to

P
(r-1) (r=1) _(r=1)
Ji(B” )_Zﬁjr Zijr .
=

As an example, the programming for
additive least squares will be discussed here.
The weighted equation is

K/

=0,j=12..p.
B,

Zyi(ci =)

Therefore, the ith diagonal element of the
weight matrix is equal to y,, which is free of

B(H). For an additive model, the ijth element

9, (B)

of matrix Z*™" is equal to =x
7 lp=pt-D
which is also free of " . Because x; is the

ij >

ij th element of matrix X and the dimensions
for Z®" and X are equal, Z"" =X and
sC =f ) -XpTP =0. Therefore,

Eq.(16) for additive least squares is simplified
into,

BY =p=(X"WX)"'X"We,
(17)

which is also equal to the Normal equation in the
standard linear regression model. Eq.(17) also
indicates that the parameters for additive least
squares can be solved without any iteration.

For multiplicative model, the ijth

element of matrix Z"" is equal to,

af;(B) = £,(p*" )x;.  Therefore, the
aﬂj p=p*"

equation for Z“™ may be written as,

7D — p-Dy
(18)

(r-1)

where F is the diagonal matrix whose ith

diagonal elements is f;(B*™"). The vector for

s may be written as

§0D = f(BED) Z FEDXRED

The advantage of using the regression
fitting procedure is that besides multiplicative
and additive models, the fitting can also be
extended to other regression models as well.
Therefore, the regression fitting procedure
allows a wvariety of regression model to be
created and applied, as long as the function of
the fitted value is written as

b
V4
f, :[Zﬁjx,.jj ,—1<b<0, 0<b<1.
Jj=1

For example, if the fitted value is assumed to
follow an inverse function, i.e., b =—-1, the jjth

element of matrix Z* is equal to

afi (B) =—{ f,- (B(r‘l))}le.. . Therefore, the
B, |y ]

equation for Z*" may also be written as
Eq.(18). However, the ith diagonal element of

matrix F™ is equal to —{f,(B*™")}*.

An example of S-PLUS programming
for least squares multiplicative is given in
Appendix B. Similar programming can also be
used for either of the multiplicative, additive or
inverse models. Each programming should be
differentiated only by three elements:

. The vector for the fitted values is equal
to f=exp(Xp) for multiplicative model,

f =Xp for additive model, and f=(Xp)™' for
inverse model.

. Z"Y =X for additive model, and

2P =F* VX for multiplicative and inverse
models. However, the ith diagonal element of

™D is equal to f,(B*V) for

multiplicative model, and —{f,(p" ")} for
inverse model.

matrix F
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. Each model has its own weight matrix.

Results

Malaysian Data

The risk classification methods will be
compared on the Malaysian private car Third
Party Property Damage (TPPD) average claim
costs data. Specifically, the TPPD claim covers
the legal liability for third party property loss or
damage caused by or arising out of the use of an
msured motor vehicle. The data, which was
obtained from an insurance company in
Malaysia and was supplied by the General
Insurance Association of Malaysia (PIAM), was
based on 170,000 private car policies in a three-
year period of 1998-2000. The data consists of
claim counts and average claim costs which
were already paid as well as outstanding. The
average claim costs, which were already
adjusted for inflation, were given in Ringgit
Malaysia (RM). The risks for the claims were
associated with five rating factors; coverage

521

type, vehicle make, vehicle use and driver’s
gender, vehicle year, and location. Altogether,
there were 2X2x3x4x5 =240 cross-classified
rating classes of claim severities to be estimated.
The complete data is available by contacting the
author.

The claim severities were fitted to all of
the multiplicative and additive models which
were discussed in this study. However, the
fitting involves only 108 data points because 132
of the rating classes have zero claim count. In
addition, the models will be evaluated by using
two different tests; chi-squares and average
absolute difference. The average absolute
difference is equal to (Bailey and Simon 1960)

Zyi|ci _fz|
Zyici .

Table 2 and Table 3 give the parameter
estimates, chi-squares and average absolute
difference for multiplicative and additive models
of the Malaysian data.

Table 2: Multiplicative models for Malaysian data

Parameters Zero bias Least Minimum Normal Exponential Gamma Minimum
/Poisson squares 12 modiﬁed}(z
exp(B;) Intercept 746743 745997  7460.65  7,493.35 722948  7,480.11 7,486.69
exp(ff2) Non-comp 1.15 1.15 1.17 1.13 1.16 1.15 1.10
exp(f3) Foreign 1.08 1.07 1.08 1.07 1.20 1.08 1.08
exp(fy) Female 0.90 0.90 0.90 0.93 0.80 0.89 0.88
exp(fs) Business 0.20 0.20 0.20 0.20 0.21 0.20 0.20
exp(fig) 2-3 years 0.78 0.78 0.78 0.79 0.74 0.78 0.78
exp(B7) 4-5 years 0.69 0.70 0.70 0.69 0.66 0.69 0.69
0.73 0.73 0.73 0.72 0.72 0.73 0.73
exp(flg) 6+ years
exp(fy) North
East 0.94 0.94 0.94 0.93 0.92 0.94 0.93
exp(fio) Eas 0.86 0.85 0.87 0.84 0.88 0.87 0.83
exp(By1) South 0.93 0.93 0.94 0.94 1.04 0.93 0.93
exp(Bi) East M'sia 0.94 0.95 0.97 0.94 1.06 0.94 0.89
2 (109 3.76 3.77 3.73 3.89 6.69 3.77 4.08
0.07 0.06 0.07 0.07 0.11 0.07 0.07

Absolute difference
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Table 3: Additive models for Malaysian data

Parameters (107) Zero bias Poisson Minimum Normal Exponential Gamma Minimum
/Least 2 . 2
squares y4 modified

exp(B) Intercept 74.08 74.07 74.07 74.74 72.82 74.09 74.10

exp(f2) Non-comp 8.06 8.03 931 723 537 8.01 5.26

exp(f3) Foreign 436 4.55 4.67 4.10 10.16 472 434

exp(f4) Female -6.18 -6.51 -6.26 477 1232 677 716

exp(fs) Business -40.79 -40.83 -40.75 -40.13 -39.69 -40.88 -41.09

exp(fg) 2-3 years -15.51 -15.60 -15.56 -15.42 -18.34 -15.70 -15.78

exp(f7) 4-5 years 21.90 -22.03 -21.90 22.64 23.23 22.19 2234

-19.53 -19.54 -19.72 -20.38 -19.15 -19.56 -19.15
exp(fg) 6+ years

exp(fy) North

East -3.76 -3.70 -3.60 423 -3.99 -3.64 -3.86

exp(Bio) Eas 8.53 277 -6.88 8.78 -6.44 718 -9.69

exp(f1) South 3.92 -3.83 3.72 -3.87 242 -3.75 -4.03

exp(fiy) East Msia -3.36 -3.53 -1.97 -3.45 227 3.72 -6.46

2 (109 371 3.70 3.66 3.81 6.21 3.70 4.01

, 0.06 0.06 0.06 0.07 0.11 0.06 0.07

Absolute difference

The classical and regression fitting associated  with  three rating  factors;

procedures give equal values for parameter
estimates. However, the regression procedure
provides a faster convergence.

The multiplicative and additive models
give similar parameter estimates. The smallest
chi-squares is given by the minimum chi-squares
model. Except for the exponential model, all
models provide similar values for absolute
difference.

U.K. Data

The U.K. data provides information on
the Own Damage claim counts and average
claim costs for privately owned and
comprehensively insured vehicles (McCullagh
& Nelder 1989). The average claim costs, which
were already adjusted for inflation, were given
in Pound Sterling. The risks for the claims were

policyholder’s age, car group and vehicle age.
Altogether, there were 8Xx4x4=128 cross-
classified rating classes of claim severities to be
estimated.

The claim severities were fitted to all of
the multiplicative and additive models which
were discussed in this study. In addition, the
severities were also fitted to the inverse models
because McCullagh and Nelder (1989) also fit
the severities to the Gamma regression model by
assuming that the regression effects were linear
on the reciprocal scale. The fitting involves only
123 data points because five of the rating classes
have zero claim count.

Table 4, Table 5 and Table 6 give the
parameter estimates, chi-squares and average
absolute difference for multiplicative, additive
and inverse models of the U.K. data.
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Table 4: Multiplicative models for U.K. data

Parameter Zero bias Least Minimum  Normal  Exponential Gamma Minimum
/Poisson squares 12 modiﬁedj(z
exp(f) Intercept 297.57  309.81 313.59  279.34 302.38 286.75 257.91
exp(fy) 21-24 yrs 0.98 0.94 0.95 1.05 0.90 1.00 1.08
exp(f3) 25-29 yrs 0.91 0.88 0.87 0.97 1.01 0.94 1.04
3034 0.88 0.86 0.84 0.96 0.75 0.89 1.01
exp(fy) 30-34 yrs 0.70 0.67 0.67 0.75 0.72 0.73 0.79
exp(fs) 35-39 yrs 0.77 0.75 0.73 0.81 0.76 0.79 0.89
0.78 0.76 0.75 0.83 0.79 0.80 0.89
exp(fig) 40-49 yrs 0.78 0.77 0.74 0.82 0.75 0.80 0.90
exp(f7) 50-59 yrs
exp(fg) 60+ yrs
exp(fy) B 0.99 0.98 0.99 0.96 1.06 1.00 0.99
c 1.16 1.15 1.16 1.14 1.17 1.17 1.16
exp(fio) 1.48 1.48 1.50 1.53 1.60 1.49 1.45
exp(fi1) D
exp(fi2) 4-7yrs 0.91 0.90 0.91 0.95 0.89 0.92 0.91
exp(f13) 8-9 yrs 0.70 0.69 0.70 0.74 0.66 0.71 0.69
exp(B4) 10+ yrs 0.49 0.48 0.51 0.50 0.48 0.50 0.46
2 (0% 3.10 3.13 3.07 327 4.50 3.12 3.40
_ 0.08 0.08 0.08 0.08 0.11 0.08 0.08
Absolute difference
Table 5: Additive models for U.K. data
Parameter Zero bias Poisson Minimum Normal Exponential Gamma Minimum
/Least 2 . 2
squares y4 modified Y
exp(f) Intercept 298.67 288.34 303.94 273.49 291.89 278.98 241.88
exp(f) 21-24 yrs -5.60 031 7.53 17.58 -10.84 4.96 34.01
exp(fB3) 25-29 yrs 24.64 -16.95 -30.52 2.01 15.31 9.91 26.37
3034 33.22 29.34 -43.39 7.76 47.35 -26.59 14.17
exp(fy) 30-34 yrs -87.89 -75.74 -89.26 -64.78 -44.23 -64.82 -33.45
exp(fs) 35-39 yrs -66.99 -60.27 -75.55 -50.51 -45.84 -54.15 -13.68
exp(fg) 4049 yrs -63.35 -55.64 -70.12 -45.49 -36.19 -48.60 -10.87
Pl y -63.15 -56.91 7215 47.39 4432 5110 -10.32
exp(f7) 50-59 yrs
exp(fg) 60+ yrs
exp(fy) B 2.46 0.21 0.50 -7.03 8.19 2.04 0.30
c 34.18 35.45 35.05 33.89 25.86 36.41 35.84
exp(fio) 108.66 108.76 113.74 123.07 97.83 108.90 96.09
exp(fi1) D
exp(fi2) 4-7yrs 2421 21.54 21.98 -10.57 -30.60 -19.62 22039
exp(fB3) 8-9 yrs -76.75 -72.26 71.63 -59.08 96.51 -69.12 7438
exp(Bia) 10+ yrs -126.63 -121.21 -118.78 -111.15 -147.85 -117.94 -128.54
2 (107 3.41 3.35 3.32 3.55 4388 3.40 3.77
0.09 0.09 0.09 0.09 0.11 0.09 0.09

Absolute difference
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Table 6: Inverse models for U.K. data

Parameter (10%) Poisson Least Minimum Normal Exponential Gamma Minimum
squares Zz modified /1,2
exp(f) Intercept 32.79 31.30 31.23 35.10 37.44 34.11 37.44
exp(fy) 21-24 yrs 2.41 4.16 3.12 -0.28 -0.74 1.01 -0.74
exp(f3) 25-29 yrs 475 6.26 6.11 225 0.46 3.50 0.46
3034 5.30 6.39 6.81 2.50 0.83 4.62 0.83
exp(fy) 30-34 yrs 14.97 16.61 16.11 12.41 11.36 13.70 11.36
exp(fs) 35-39 yrs 10.28 .12 11.73 8.41 5.97 9.69 5.97
9.96 10.98 11.30 7.78 5.89 9.16 5.89
exp(fig) 40-49 yrs 9.75 10.58 11.26 7.88 5.32 9.20 5.32
exp(f7) 50-59 yrs
exp(ffg) 60+ yrs
exp(fy) B 0.70 0.93 0.68 2.06 0.65 0.38 0.65
c -5.68 -5.29 -5.60 5.1 -5.95 -6.14 -5.95
exp(fio) -13.77 -13.55 -13.90 -14.27 -13.60 -14.21 -13.60
exp(f1) D
exp(fi2) 4-7 yrs 3.95 421 3.99 2.65 3.88 3.66 3.88
exp(fi3) 8-9 yrs 16.83 17.14 16.33 15.45 17.95 16.51 17.95
exp(Big) 10+ yrs 41.74 41.97 38.52 43.50 47.09 41.54 47.09
2 (10" 3.10 3.13 3.07 3.27 3.37 3.12 3.37
0.08 0.08 0.08 0.08 0.08 0.08 0.08

Absolute difference

As expected, the parameter estimates for
classical and regression fitting procedures are
equal and the regression fitting procedure
provides a faster convergence.

The parameter estimates for
multiplicative, additive and inverse models are
similar. In particular, the parameter estimates for
Gamma inverse model are equal to the
parameter estimates produced by McCullagh and
Nelder (1989). The smallest chi-squares is also
given by the minimum chi-squares model.
Except for the exponential model, all models
provide equal values for absolute difference.

Canadian Data

The Canadian data, which was obtained
from Bailey and Simon (1960), provides
information on liability claim counts and

average claim costs for private passenger
automobile insurance. The data involves two
rating factors; merit and class. Altogether, there
were 4x5=20 cross-classified rating classes of
claim severities to be estimated.

The claim severities were fitted to all of
the multiplicative and additive models which
were discussed in this study. Table 7 and Table
8 give the parameter estimates, chi-squares and
average absolute difference for multiplicative
and additive models of the Canadian data.

As expected, the multiplicative and
additive models give similar parameter
estimates. The smallest chi-square is also given
by the minimum chi-squares model. Except for
the exponential model, all models provide equal
values for absolute difference.
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Table 7: Multiplicative models for Canadian data

Parameter Zero bias Least Minimum Normal Exponential Gamma Minimum
/Poisson squares 12 modified 12
exp(f;) Intercept 292.00 292.10 291.97 291.08 294.57 291.92 292.07
exp(f2) Merit X 0.99 0.99 0.99 1.00 0.97 0.99 0.98
exp(f3) Merit Y 0.99 0.99 0.99 0.99 1.00 0.99 0.99
1.06 1.05 1.06 1.07 1.05 1.06 1.06

exp(f4) Merit B

exp(fs) Class2

exp(fg) Class 3 1.09 1.08 1.09 1.09 1.12 1.09 1.08
6 1.02 1.02 1.02 1.03 0.98 1.02 1.02
exp(f;) Class 4 1.17 1.17 1.17 1.18 1.16 1.17 1.17
exp(fg) Class 5 0.92 0.92 0.92 0.92 0.92 0.92 0.92
12 (10 4.95 4.96 4.95 5.45 8.03 4.95 4.99

0.01 0.01 0.01 0.01 0.02 0.01 0.01

Absolute difference

Table 8: Additive models for Canadian data

Parameter Zero bias Poisson Minimum Normal Exponential Gamma Minimum
/Least 2 . 2
squares 4 modified

exp(f) Intercept 291.95 291.87 291.83 291.06 294.77 291.80 291.94

exp(f) Merit X 424 -4.05 -3.38 0.59 -10.11 -3.92 -5.37

exp(fB3) Merit Y -3.45 -3.58 -3.51 -3.95 1.00 -3.68 -3.71

exp(B4) Merit B 17.11 17.53 17.58 20.28 15.49 17.92 17.44

exp(fs) Class2

exp(fg) Class 3 25.16 25.35 25.75 25.13 35.64 25.54 24.63

PiP6 4.71 4.68 4.80 8.26 -6.92 4.65 4.43
exp(f7) Class 4 51.08 51.18 51.28 53.30 47.12 51.30 51.01
-22.92 -22.99 -22.79 -23.62 -25.33 -23.05 -23.38

exp(ffg) Class5

Z2 (10%) 4.68 4.67 4.67 5.10 8.20 4.67 4.71

0.01 0.01 0.01 0.01 0.02 0.01 0.01

Absolute difference
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Conclusion

This study compared several risk classification
methods for multiplicative and additive models
by using weighted equation which is written as a
weighted difference between the observed and
fitted values. In addition, the parameter solutions
for multiplicative and additive models were also
compared by using weighted solution. The
weighted solution for multiplicative model is in
the form of a weighted proportion of observed
over fitted values, whereas the weighted solution
for additive model is in the form of a weighted
difference between observed and fitted values.

In this study, the weighted equation was
applied to estimate claim severity or average
claim cost which is also equivalent to the total
claim costs divided by the number of claims.
The risk classification methods were compared
on three types of severity data; Malaysian
private motor third party property damage data,
U.K. private vehicles own damage data from
McCullagh and Nelder (1989), and data from
Bailey and Simon (1960) on Canadian private
automobile liability.

The fitting procedure were carried out
by using two different approaches; classical and
regression. The advantage of wusing the
regression fitting procedure is that besides
multiplicative and additive models, the fitting
can also be extended to other regression models,
as long as the function of the fitted value is
written in a specified linear form. The inverse
models were also fitted to the U.K. data because
McCullagh and Nelder (1989) also fit the same
data to the Gamma regression model by
assuming that the regression effects were linear
on the reciprocal scale.

As expected, the multiplicative and
additive models give similar parameter
estimates. The smallest chi-squares for
multiplicative, additive and inverse models is
given by the minimum chi-squares model.
Except for the exponential model, all models
provide similar values for absolute difference.
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APPENDIX A

S-PLUS programming for classical fitting procedure (Zero Bias Multiplicative)

ZeroBias.multi <- function(data)

{

# To identify matrix X, vector cost, and vector count from the data

X <- as.matrix(datal,-(1:2)])
cost <- as.vector(datal,1])
count <- as.vector(datal,2])

# To set initial values for vector beta
new.expbeta <- rep(c(l), dim(X) [2])

# To start the iteration
for (i in 1:50)
{
# To start the sequence
for (j in 1:dim(X) [2])

{

expbeta <- new.expbeta

fitted <- as.vector (exp (X%*%1log (expbeta)))
fitted.noj <- as.vector(exp(X[,-jl%*%1log(expbetal-j])))
z <- as.vector(count*fitted.noj*X[,j])

v <- as.vector(z/sum(z))

}

new.expbeta[j] <- as.vector (sum(v* (cost/fitted.noj)))

}

# To calculate fitted values, chi-squares, and absolute difference
fitted <- as.vector (exp (X%$*%1log(expbeta)))
chi.square <- sum( (count* (cost-fitted)”*2)/fitted)
abs.difference <- sum(count*abs (cost-fitted))/sum(count*cost)

# To list programming output

list (expbeta=expbeta, chi.square=chi.square,

abs.difference=abs.difference)
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APPENDIX B

S-PLUS programming for regression fitting procedure (Least Squares Multiplicative)

LeastSquares.Reg <- function(data)
{
# To identify matrix X, vector cost, and vector count
X <- as.matrix(datal,-(1:2)])
cost <- as.vector(datal,11)
count <- as.vector(datal,2])
# To set initial values for vector beta
new.beta <- c(5, rep(c(l), dim(X) [2]-1))
# To start the iteration
for (i in 1:20)
{
beta <- new.beta
fitted <- as.vector (exp (X%*%beta))
Z <- diag(fitted) $*%X
W <- diag(count)
r.s <- cost-fitted+as.vector (Z%*%beta
new.beta <- as.vector (solve(t (Z)
}
# To calculate fitted values, chi-squares, and absolute difference
fitted <- as.vector (exp (X%*%new.beta))
chi.square <- sum( (count* (cost-fitted)”*2)/fitted)
abs.difference <- sum(count*abs (cost-fitted))/sum(count*cost)
# To list programming output
list (expbeta=exp(new.beta), chi.square=chi.square,
abs.difference=abs.difference)
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