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Matched-Pair Studies with Misclassified Ordinal Data

Tze-San Lee
Western Illinois University
Macomb, IL USA

The problem of matched-pair studies with misclassified ordinal data is considered. Misclassification is
assumed to occur only between the adjacent columns/rows. Bias-adjusted generalized odds ratio and a test
for marginal homogeneity are presented to account for misclassification bias. Data from lambing records
of 227 Merino ewes are used to illustrate how to calculate these bias-adjusted estimators and — because
validation data are not available — a sensitivity analysis is conducted.
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Introduction

Matched-pair studies with ordered categorical
variables have received much attention in the
literature (see Agresti, 1983, 1984; Clayton,
1974; McCullagh, 1977; Stuart, 1953, 1955). A
few published studies investigated matched-pair
with misclassified data (Greenland, 1982, 1989;
Greenland & Kleinbaum, 1983; Lee, 2010);
however, these studies consider only 2 x 2
contingency tables with misclassified data. To
date, matched-pair studies with misclassified
data have not been investigated when the
number of exposure categories is greater than
two. A matched-pair misclassification problem
is considered here with an exposure variable that
has K (> 3) ordered levels. The generalized odds
ratio is used for measuring the association in
contingency tables with misclassified ordinal
data and a test for marginal homogeneity
proposed by Stuart (1955) is modified to manage
the misclassified data.

Methodology
Consider a 1:1 matched-pair study where X
represents the case and Y represents the control
population and the same exposure variable with
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K (= 3) ordered levels is used. Assume that a K
x K contingency table is realized with the
following frequency counts:

A=[n;]; ;.. (1)

where are assumed to follow a

{n,}
multinomial distribution with parameters n (=
D n;) and the cell probability {p,> 0}. A
i

naive estimator ( f)ij ) for p; is given by
Dy =n;/n. (2)

Generalized Odds Ratio

As a measure for the association
between X and Y, a generalized odds ratio
(GOR), ¢ , is defined by Agresti (1980) as:

3)

where p. (or p,) denotes the probability of a

randomly selected matched-pair in which a case
has a higher (or lower) level of exposure than
his/her matched control. A naive estimator,

denoted by f , for (3) is obtained by replacing
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the unknown parameters D> L,j=1, ..., Kby
the sample estimator f)y shown in (2). Note that

this naive estimator of equation 3 could have
substantial bias if the observed data in (1) are
misclassified. Due to the faster convergence of

ln(é2 ), a natural logarithm of éz , to normality,

is preferred to find a large sample Wald’s
100(1 — p)% confidence interval:

[ - exp(—z,,,4/6> (In(£))),
¢ -exp(z,,,1/6° (n()))]

for ', where z,, is the (0/2)™ upper-tail

(4a)

percentile of the standard normal distribution.

The asymptotic variance of ln(é5 ) is given by
Agresti (1980) as

() =n"" (b + pp),  (4b)

where p. (or p,) is obtained by substituting
equation 2 for p, in p. (or pp).

A Test for Marginal Homogeneity

A global test for marginal homogeneity
was proposed by Stuart (1955). A drawback of
this global test is its failure to account for an
ordinal nature in the categorical level of the
exposure variable. Assume that the ordinal
nature of the exposure variable is quantified by a
variable U taking the score values uy (u; < u,; <
... <ug ) at the k™ level. Thus, the score test for
the significance of the B coefficient in a linear

trend model H,: B, =p,

P =0+ pyu; and p, =a+pfu; is
defined by

where

n[2, 2Py = by, —u)P

K-1 K , (5)
z f)ij(uj_”i)z

j=1 i=j+l

S =
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where  p, is defined by equation 2,

P =p,+p,,andu=i-1,i=1,..,K Bya
large sample theory (5) is distributed as a Chi-
square distribution with 1 degree of freedom
(Breslow, 1982).

Misclassification Probability

Suppose that the observed K x K
contingency table shown in (1) were
misclassified with respect to both X and Y. Let
X* and Y* be the classified surrogate variables
for X and Y, respectively. Furthermore, assume
that only adjacent rows in X* or adjacent
columns in Y* are misclassified. For Z = X, Y,
the misclassification probabilities (MPs) for the
row or column variable are defined as follows:

Oy =Pr(Z" =k +1Z=k;Z = j),

Prikc) = 1= Prppe s
(6a)
and
Vo) = Pr(Z"=j-1Z=};Z=k),

Vot = 1= Wa s
(6b)

where Z = ¥ if Z = ¥; and vice versa. Note

that, due to symmetry, @, .. =¥y, I

p= [p11=~-~ap11<apzla“-aszr-'apKla-"apKK]T )
(72)

and

ﬁ = [ﬁll""’ﬁlK’ﬁZl""’ﬁZK""’ﬁKl""’ﬁKK]T’
(7b)

then the expected value of a naive estimator for
equation 2 is given by

E(p)=Wp (8)

where the misclassification matrix W is a K> x
K? matrix defined, respectively, by
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Wiy Wi, 0 0 ..
Wy Wy Wy 00
0 W32 W33 W34
W = 0 0 W43 Wy
0 Ws
; 0
©)
where
kl . . 11
Wi = [Wig' ]]'l’]’ kl=12..K; W1[1 I= Px[1;1] — Pr[1;1)
(1] _ 5—— [11 _
wiie! =Dyl — Pxpuky Why | = Byiza) — Pxp — Prizap
1) _p—— _ ~ o
Wik~ = Wylk—1;1] = @x[1k—1] ~ Px[2:k—1] Yy k—1;k—1]r
k=3..K _1Wkk+1 Yyik-1k =1, ..., K= 1;
witl, = k =2,..,K,0 elsewhere;
k+1k = Prlk-1:kp K = 4, ..., K, 0 elsewnere;
Wi, = diag[Yyp21) Yyzap - Yyl
=di o, [22] _
W = dla9[<PY[1;1],<Py[2;1]. ---.<py[1<_1;1]], Wi tik+i = PX[L1]
[ = Lool22)
i=1., K= 1; Wy ok = Yriakizk-1] ~ Yx[2k-1;2K] ~ PX[2K~1;2K]s
[22] _ 77—
Wik = Wxlk—Kk—K] — PX[k—K;k—K] ~ Yy lk—K:k] — PYT—K;k—K]»
k=K+2,.,2K =1, e, Wk = Oy,
k=K-1DK+1,..,K? -1,
k] ——————————
kk II’X K-LK(K-D+1 — PY[LK(k—1D+1 — ¢X[K—1;k];

k= KK-1)+1,..,K?

Note that W is a block tri-diagonal matrix.

Bias-Adjusted Cell Proportion
Using equation 8, a bias-adjusted cell
proportion (BACP) estimator for p is given by

Jf}l‘-'.F_]T = I.-[,.’—'l.;t'} I .-.’
(10a)

B=[P11,... B1K, ..., PEL ..

where p is defined by (2) and V is defined by

wl=y= v, 1, (10b)

2.
oK

KK] _ 57—
K° -1, W,[(z,,(]z = Yxk-1;k2) — Yyk-1,62)-
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The appendix shows how to calculate its inverse
V of the misclassification matrix W for K = 3,
which was used to analyze the data for Table 1.
When K = 3, then fori,j=1, 2,3

3
P = Z(vikpij tViki3Pin,; t vi,k+6pi+2,j) )
=1

(11)

] =1, 2, ...

respectively by equation A5 in the appendix
with

where {v, }, i , 9 are given

det(W” ) =1- 2(01/[1;1] - 3%[2;1] - 2WY[3;1]

5015, (%[1;1} ¥y ) ,

+ 4¢Y[1;1]l//y[3;1] (1- 2¢Y[2;1])

(12)
det(4,) = off (o105 - 30
_51;](521533 53[351 ) ’
+ 01 (05105 - 05103,),i = 1,2
(13 & 14)

Where {55;{]} ,1=1, 2 are given, respectively, by
equations A5 and A6 in the appendix.

A set of MPs is said to be feasible if the
det(},).,

det(A,) anddet(A,), from (12), (13) and (14),

are nonzero for the given set of equation 6.
Furthermore, a set of MPs is said to be

admissible if - for all feasible ¢, ., and ¥ .,

values of all three determinants,

- where Z = X, Y, the constraint of the sum of
total probability { p Dyt 1 =1, 2, 3, that is,

i=l j=1

=1, is satisfied where 0 < p; <1.

Bias-Adjusted Generalized Odds Ratio

By substituting (11) into (3), a bias-
adjusted generalized odds ratio (BAGOR) is
thus defined by
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3
N
ZV.‘/‘pij

i,j=1

3
ETION
2 Vi by

i,j=l
(15a)

ﬁ12 +ﬁ13 +ﬁ23 —
ﬁZl +1331 +]\532

=2
Pp

where { p, } are given by (2), {v; } and {v;.*}
are given respectively forj=1, 2, 3, by

V=V v,

*

Vo, =V i3 T V3 s TV s (15b)
.

V3, = Vs 06 TV3 506 T Ve jv6o

and

o

Vij = Vay T2 1 V0
o

Vo T Va3 TV7 03 T Vg j0ss (15¢)

s
V3 =V 6 TV7 506 T Vs 160

and {v;} are given by equation A7 in the

appendix. Using the delta method (Goodman &
Kruskal, 1972), the asymptotic variance of

In(&) is given by

“(In(¢)) =

c°(In(¢)) =

23 1;.*.*23. v —23 v 23 v

i,j=1"ij &ij=1 t]plj i,j=1"ij 4i,j=1"ij Pij
n(¢ Z?_j=1 Vi*j*pij )? ’

(15d)

where {V; } and {V;*} are given, respectively,

by equations 15(b-c). A large sample Wald’s
100(1- a)% confidence interval is given by

[(“exp(—z%x/ﬁ(1n((“)),c“exp(—z%\/52(1n(c“)),

(15¢)
where

&> (i) =o> ()1, _, -
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Bias-Adjusted Test for Marginal Homogeneity
Substituting equation (11) into (5)
for p ;> @ bias-adjusted test for marginal

homogeneity (BATMH) is given by

ﬂ[i Z(p/l _ﬁg/)(zj _Z[)]z

j=li=j+1

(16)

where { [7”.} are given by equation (11), and

P, :pi++l§+i'

Results
Table 1 shows the first and second lambing
records of a flock of 227 Merino ewes from
1952-1953 (Tallis, 1962). If the data in Table 1
are not misclassified, then the naive GOR can be
calculated as 1.22 (95% CI: 1.12-1.32) using
equations 3 and 4. This implies that a significant
association exists between the number of
lambing records in 1952 and 1953. Also, the test

value of equation 5 is obtained as § = 70.0 with
p < 0.0001 which indicates that the marginal
distribution of the lambing records in 1952 is
significantly different from that of 1953.

Table 1: Cross-Classification of Ewes
According to Number of Lambs Born in
Consecutive Years

Number Number of Lambs
of Lambs (1952) Total
(1953) 0 1 9
0 58 52 1 111
1 26 58 3 87
2 8 12 9 29
Total 92 122 13 227
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Suppose that errors are present in the
classification of the lambing records in Table 1;
in that case, the bias-adjusting method would be
applied. In order to use the formula of equation
11, the true MPs must be calculated. In order to
accomplish this task, it is necessary to know the
true cell counts; Through the use of theory of
counterfactuals it is intuitively clear that the
issue of getting a true table is simply a
counterfactual of the observed [misclassified]
table which is thought the factual one (Lewis,
1973). Hence, the above idea may be applied to
obtain the hypothetically true cell counts by
reshuffling the number of misclassified subjects
in the observed table.

Because the row/column marginal totals
in case-control studies have to be kept as being
fixed, four out of nine cells can be chosen as free
parameters to construct the true (counterfactual)
table. By noting that there are two cells (1,3)
and (2,3) with small observed counts, these two
cells and two other cells (2,1) and (3,2) are
selected as free parameters to construct ten true
tables (column 2, Table 2). With 1 in the (1,3)
cell to be kept unchanged, the assumed number
of under- or over-misclassified subjects starts
with the (2,3) cell and then increases one by one
up to seven in that cell, while the assumed
number of under- or over-misclassified subjects
the other two cells (2,1) and (3,2) are chosen

discreetly we ended up with eight true cell count
tables (#1 to #8, column 2 of Table 2); True cell
counts in #9 and #10 of Table 2 are similarly
constructed.

With the true cell counts as given, it is a
matter of straightforward calculation to obtain
true MPs; the MPs are calculated as the ratio of
difference between true and observed marginal
totals divided by their sum. These corresponding
MPs were calculated (column 3, Table 2): the
details are similar to that of Lee (2009a, 2010)
and are hence omitted here. In order to check the
feasibility of the MPs, three determinants

(equations 12-14), det(#],), det(A))

det(A,), were calculated. After examining their

and

values, they are all feasible because all the
determinant values are positive (columns 2-4,
Table 3).

Although all MPs are feasible, it is interesting to
note that only five out of ten (#1 to #5) are
admissible because (1) they are positive real
numbers between 0 and 1, and (2) they satisfy
the constraint on the total probability sum:

33
ZZ[?U =1 (column 5, Table 3). As a result,
=l j=l

BAGORs and BATMHs were calculated for
models #1 to #5 (columns 2 and 3, Table 4).
number of under- or over-misclassified subjects

Table 2: Ten Assumed True Cell Counts and their Corresponding MPs for Table 1

# (5 1351 3Ty s Ty s Ty Ty ) (aX[l]’bX[l]’dX[l];aX[Z]ﬂbX[Z]’dX[Z];aX[3]7bX[3]9dX[3] ) *
1 (57,53,1:27,57,3:8,12,9) (0.8,3,0:6,2,0:0,0,0)

2 (57,53,1;27,56,4;8,13,8) (0.8,3,0;6,4,50;0,1,30)

3 (56,54,1;27,55,5;9,13,7) (9,6,0;6,7,80;30,10,60)

4 (55,55,1;28,53,6;9,14,6) (10,9,0;10,10,110;30,30,10)

5 (54,56,1;29,51,7;9,15,5) (20,10,0;20,20,130;30,40,140)
6 (48,62,1;30,49,8;14,11,4) (50,30,0;20,20,150;140,10,190)
7 (45,65,1;31,47,9;16,10,3) (60,40,0;30,30,170;170,30,250)
8 (49,61,1;25,52,10;18,9,2) (40,30,0,7,20,180;190,50,320)
9 (55,54,2;24,60,3;13,8,8) (10,6,170;10,4,0;120,70,30)
10 (55,54.2:22.,61,4:15.,7.7) (10,6,170:30,6,50;150,90,60)

“All entries inside the parenthesis defined by equations A1 and A2 in the appendix need to multiply by 10~.
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The value of BAGOR/BATMH was not from the value of the null hypothesis than the
computed if the corresponding BACPs were classical estimator (£ =1.22), but the
inadmissible. - o

Table 4 shows that admissible BACPs BATMHs (S = 12.0 is biased toward the null

the BAGOR (& = 2.08) is biased further away

value than the classical estimator ( S= 70.0).

Table 3: Feasibility and Admissibility of MPs and/or BACP in Table 2

# | det(07y)) | det(A,) | det(A,) (P15 Pras Pis» Pars P> Pas> P3P D)

1 0.99 0.96 0.96 (0.260, 0.0008, 0.004, 0.11, 0.26, 0.22, 0.03, 0.05, 0.04)
2 0.99 0.82 0.74 (0.26, 0.007, 0.005, 0.11, 0.26, 0.22, 0.03, 0.05, 0.03)
3 0.96 0.69 0.54 (0.27,0.02, 0.008, 0.11, 0.26, 0.21, 0.03, 0.04, 0.03)
4 0.95 0.58 0.39 (0.27,0.04, 0.02, 0.11, 0.26, 0.22, 0.02, 0.04, 0.03)

5 0.93 0.49 0.28 (0.27,0.07, 0.04, 0.11, 0.26, 0.22, 0.02, 0.03, 0.02)

6 0.82 0.38 0.15 (0.32, 0.13, 0.06, 0.10, 0.25, 0.21, 0.02, -0.01, 0.02)

7 0.77 0.32 0.08 (0.34,0.22, 0.14, 0.09, 0.22, 0.21, 0.01, -0.04, 0.006)
8 0.84 0.36 0.05 (0.37,0.59, 0.54, 0.10, 0.11, 0.20, 0.008, -0.06, -0.002)
9 0.64 0.60 0.34 (0.32,-0.09, 0.02, 0.10, 0.28, 0.19, 0.01, -0.008, 0.04)
10 0.64 0.48 0.21 (0.34,-0.11, 0.006, 0.10, 0.28, 0.19, -0.003, -0.04, 0.03)

Table 4: Estimated BAGORs with 95% Confidence Interval (CI) and BATMHs

with p-value for Table 3

# f (95% CI) S (p — value)

1 0.74 (0.26 — 2.12) 0.49 (0.31)

2 1.17 (0.66 — 2.08) 2.05 (0.02)

3 1.34 (0.72 - 2.48) 4.05 (< 0.0001)

4 1.60 (0.86 — 3.00) 6.80 (< 0.0001)

5 2.08 (1.06 —4.07) 12.0 (< 0.0001)
6-10 - -

*MPs are not admissible; thus values of ¢/ S are not calculated.
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Conclusion
A new method is presented here to study the
misclassification problem associated with
matched-pair case-control studies for the
polytomous exposure variable. Based on results
from this study, the following conclusions are
put forth:

1. Determining whether there are classification
errors in the collected data is a difficult
issue. Strictly, this requires the principal
investigator using personal expertise to
exercise subjective judgment on the
collected data. However, from the sensitivity
analysis of this data set of lambing records,
the method presented herein can vindicate
itself empirically. Note that this example
indicates that, at most, one record in the
(1,3) cell can be wunder- or over-
misclassified. It is impossible to have more
than one record misclassified in that cell due
to the occurrence of inadmissible MPs.

2. This method does not require non-
differential ~ misclassification as  an
assumption. In fact, differential

misclassification is inclined to be the norm
rather than  exception in  practical
applications. Indeed, the example provided
shows that, even if both the column and the
row marginal totals misclassify, just the
same number of records to their
corresponding MPs are not the same because
they have different marginal totals for the
column and row respectively.

3. The direction of the bias is not the same for
two measures of association - it depends on
which measure is used.

4. The close-form formula for this method are
derived only for K = 3. For K =4, 5, 6 it is
workable to obtain the closed-form formula
by hand. For much bigger values of K, it is a
formidable task to work out all the details by
hand. Fortunately, there is an alternative
way to bypass the necessity of getting
closed-form formula. Taking a closer look at
two criteria for MA: feasibility and
admissibility, it is found that feasibility is
not essential, but admissibility is critical,
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meaning that it is not necessary to pay much
attention to feasibility, the main focus is
only on admissibility. Hence, instead of
getting closed-form formula, equation 10
can be solved numerically for BACP and the
admissibility of MP checked by examining
whether all components of BACP are
positive real numbers between 0 and 1.

5. The confidence interval given by equations
4 or 15(e) is large sample asymptotic. If the
sample sizes are small, an exact confidence
interval should instead be used (Lui, 2002).

Although the traditional naive estimator
can be viewed as a special case of bias-adjusted
estimator when all misclassification probabilities
are zero, a huge difference exists between these
two estimators. Note that a bias-adjusted
generalized odds ratio as shown in equation (11)
uses both the concordant and discordant data in
the observed table, while the naive estimator
shown in (3) uses only the discordant data. As a
result, a bias-adjusted generalized odds ratio will
be more efficient than the naive one.

Finally, a limitation of this study is that
the results presented do not apply to a situation
in which more than two adjacent columns/rows
are misclassified in the contingency table.
Clearly, the question remains open regarding
how to adjust the naive estimator for the
misclassification bias if the assumption of only
two adjacent columns/rows being misclassified
is not satisfied.
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Appendix
Forj=1,2,3, let
az(j) = Pz(1;5) bzij) = 21251 €757 =
V2121 dzij1 = Y2341
(AD)
Where Z =Y if Z=X, and vice versa.

Because of the symmetry in matched-pair
studies, it is reasonable to assume that

azp) = azp)s azp2] = bzpy = ¢zp13> bz =
bz121 = ¢z12] = €z[2)> bzy31 = C2[31 =
dzi21, az3) = dzpys Az = dzp3)-

(A2)

For K = 3, the matrix W in equation 9 was given
by

w, W, 0
Wowo =| Wy Wy Wy, (A3)
0 W, W
where
1-— Zax[l] bX[l] 0
Wip=| axpyp  1=3bypy  dxpy |,
0 bX[l] 1- ZdX[l]

Wia = diag[cyp), cyiap Cvizy), Wis = Way =
[0], Wy = diag[ax[1}, bx[1) dx 1yl

1 - 3(1)([2] bx[z] 0
Wy =| axzp  1—4bxp  dypy |,
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Wi3 =

diag[dy[u, dypz), dy(z) =
diaglaxpz), bx3) dX[3]]]' Ws, =
diag[by[u. by(2), bY[3]] -
daiglaxpz), bx2) dxp211s

1- Zax[g] bX[3] 0
Wiz =| axz 1-3bys  dygy |,
0 bX[3] 1- de[3]

where diag[d,;, dy, d33] denotes a 3 X 3 diagonal
matrix.
Solving

W9><9 ’ V9><9

equation 10(b) and Ioxg was a 9 x 9 identity
matrix, results in

Vy = A;VV32W21>

Vg = =AW W05 + W),
Vi =W (L = W0V5),

Vi = =AW,

Vi = AW Ly = WiV s),
Vo =W WV,

the
=1,,, where Voo was given by

matrix equation of

(A4)

Vis =AS'A,,
Vy = _AI_IVVHVVBVB’
V= _WlIllest-

where A, and A, were defined, respectively, by

Al =W\Wy =Wy,
and
A, = A1W33 _W32W11W23-

If {6"} and {S"'} denote the (i, j)"
entry of Aj and A,., then

1
6:{1] =1- Zax[l] - 3Clx[2] + SClx[l]ax[z] +
ax21bxys

1
83 = bx[21(1 — 2ax[1}) + bx[11(1 — 4bxp2)),
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1
813 = bxprdxz),
1
831 = axy(1 = 3axpz) + ax2 (1 — 3bxp)),

1
62[2] = ax[l]bx[z] +1-— 3bx[1] - 4bx[2] +
11by1ybx(2) + dx(11bx(2)

(AS)

1
833 = by (1 = 4bxpzy) + bypz (1 = 2dx);
1
siy = bx11ax12]5
1
8l = b1y (1 = 4bx2)) + bypz)(1 — 2dxp1)),

1
5353] = bX[l]dX[Z] + 1-— ZdX[l] - 3dX[2] +
S5dx11dx125

2 1 1
811 = (1 = 2ax(3))o1; + axps)01; -
axzax(31(1 — 2ax1)),

2 1 1
83 = fX[3151[1] + (1 = 3byg3))81y +
bxi31813 — bxpays

813 = dyj31017 + (1 — 2dx(3)d13),
52[21] = (1 — ZaX[3])52[i] + ax[g]dz[é] — ax[l],

2 1 1
835 = byp31831) + (1 — 3byja1)03; +

1
bX[3]5z[3] — bx21bx31(1 — 3bxp1p),
(A.6)
2 1 1
852 = dyz6h; + (1 — 2dy(3))8% — dypay:

2 1 1
S5 = (1 - 2ay73))03 + ay38%;.,

2 1 1
833 = bypa)8a1) + (1 — 3byp31)855 +
1
bx31655 — by

2 1 1
53[3] = dX[3]53[2] +(1- 2dX[3])53E3] -
dxp21dx31(1 — 2dy[1))-
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The nine equations in A4 were solved
by grouping them into three sets. First, the first
three equations were solved together in A4
letting the entries for Vi3, V,, and Vi be
denoted, respectively, by {a;}, {si}, and {x},
namely, V, = [aij], v, = [sij], and
Vi =[x,;]. Next the second set of three

equations in A4 were solved for Vj;, Vo, and
Viz; the entries of these matrices are given,

respectively, by Vi, =[b;], V, =[¢,;] and
Vi, =[y;]. Finally, after solving equations A4

for Vi;, Va3, and V5 the entries of these
matrices are given, respectively, by Vi, =[c¢; ],

Vs :[u[j] and V), :[Zij]'

Putting together the above result, the
inverse of the misclassification matrix W was
thus obtained as follows:

V9><9:[Vij]
X X Y3 Yo Y Vi3 2 Zin I

Xop Xy Xoz Vo Voo Vo3 Za Zpn Zp

Xy Xy X33 Vi Vipo Vaz o 231 23 Zag

Sip S Si3 Ly by by Uy Uy, U
=Sy Sy Sy by by Ly Uy Uy Uy
Sy Sy Sy Ly Lyp Ly Uy Uy Ug
a, a, a3 b, b, by ¢ ¢, ¢
Ay Ay Ay by by by ¢y oy Cy

ay, a3, day b

1 b32

w2
S
(%)
19}
ot
2
w2
\S]
1$)
(95
(98)

where the closed-form solutions for all the
entries {v; } can be found in the appendix of

Lee (2009Db).
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