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Various generalized truncated distributions are considered as independent informative priors for
estimating shape and scale parameters of the Erlang distribution. In addition, various special cases are

also discussed.
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Introduction

The Erlang distribution is a continuous
probability distribution with wide applicability,
primarily due to its relation to the exponential
and Gamma distributions. The Erlang
distribution was developed by A. K. Erlang
(1909) to examine the number of telephone calls
that could be made at the same time to switching
station operators. This work on telephone traffic
engineering has been expanded to consider
waiting times in queuing systems in general.
Queuing theory originated when Erlang (1909)
published his fundamental paper relating to the
study of telephone traffic  congestion
(Brockmeyer, Halstorm & Jenson, 1948).

The probability function of the Erlang
distribution is

x"! exp(—v’lx)
F(u) v" ’ (1.1)
u=12,3,...;v>0,x>0

f(x:u,v)=
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where u and v are unknown parameters and are
respectively called shape and scale parameters.
When the scale parameter v = 2, the distribution
simplifies to a Chi-squared distribution with 2k
degrees of freedom; therefore, it can be regarded
as a generalized Chi-squared distribution.

The Erlang distribution is the
distribution of u independent identically
distributed random variables each with an
exponential distribution, and can be expressed as
waiting time and message length in telephone
traffic. If the durations of individual calls are
exponentially distributed, then the duration of
successive calls is the Erlang distribution. The
Erlang distribution is a special case of the
Gamma distribution when the shape parameter u
is an integer (Evans, et al., 2000).

Harischandra and Rao (1998) discussed
problems with classical inferences for the
Erlangian queue. Bhattacharyya and Singh
(1994) obtained a Bayes estimator for the
Erlangian queue under two prior densities.
Wiper (1998) studied Er/M/1 and Er/M/C
queues under a Bayesian setup and estimated
equilibrium probabilities of queue size and
waiting time distribution using conditional
Monte-Carlo simulation methods. Jain (2001)
examined the problem of change point for the
inter-arrival time distribution in the context of
exponential families for the Ek/G/e queuing
system and obtained a Bayes estimate of
posterior probabilities and the position of the
change from the Erlang distribution. Nair, et al.
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(2003) studied the Erlang distribution as a model
for ocean wave periods and obtained different
characteristics of the distribution under a
classical setup. Suri, et al (2009) used the Erlang
distribution to design a simulator for project
management process time estimation. Recently,
Damodaran, et al. (2010) obtained the expected
time between failure measures and showed that
the predicted failure times are closer to the
actual failure time. Haq and Dey (2011)
addressed the problem of Bayesian estimation of
parameters for the Erlang distribution assuming
different independent informative priors. This
article estimates parameters of the Erlang
distribution using different generalized truncated
distributions.

Prior and Loss Functions

In many practical situations information
is available regarding the shape and scale
parameters of sampling distributions, therefore,

this article considers a number of prior
distributions and assumes that that the
parameters u and v are independent. The

distributions considered, which are priors for
shape and scale parameters, are:

(a) Generalized Truncated Poisson;

(b) Generalized Truncated Geometric;

(¢) Generalized Truncated Poisson and Inverted
Gamma;

(d) Generalized Truncated Poisson and Gamma;

(e) Generalized Truncated Geometric and
Inverted Gamma; and the

(f) Generalized Truncated Geometric and
Gamma.

The loss function considered is a squared error
loss function. The squared error loss function for
the shape parameters (u) and the scale
parameters (v) are defined as

and
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which are symmetric, and where u and v, and
u and v represent the true and estimated values
of the parameters.

Derivation of Posterior Distribution under
Different Informative Priors

If X;, X5, X3, ..., X, are a random
sample from the Erlang distribution, then the
likelihood function of sample observations xi,
X2, X3,...,Xn 18 defined as:

_ H?:lxi cxXp <_V21n=1xi) .
(C) v

u=L123,....v>0

L(u,v:x)

3.1)

When shape parameter u is unknown and scale
parameter v is known, then the performance of
the Bayes estimators depends on the form of the
prior distribution and the loss function assumed.
Two different informative prior distributions are
assumed for the shape parameter u, namely, the
generalized truncated Poisson distribution and
the generalized truncated geometric distribution.
These are used to obtain the Bayes estimators
and posterior variances. Also, Bayes estimators
and posterior variances are also obtained for the
truncated Poisson distribution and the truncated
geometric distribution as the special cases.

Generalized Truncated Poisson Distribution as a
Prior for Shape Parameter u

The probability density function (pdf) of
the generalized truncated Poisson distribution is:

(1+au)"”" 6! exp(-0, (1+0u))
gl(ul’ 61): T ;

(u+1)(1—exp(—91))
u=123,..,0,>0.

(3.1.1.1)

For o = 0 the truncated Poisson distribution is:
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. 0 exp(-9,) The posterior variance of the Bayes estimator
g (u,0,)= ; u/ .
F(u+l)(l—exp(—61)) IX is given by:
u=12,3,...,0,>0.
(3.1.1.2) Var(u%j=

By combining likelihood function (3.1) with n
prior density function (4.1) the posterior "" w1+ au) 0/ exp ( —6,(1+ (xu)) exp(uzi:l nx;
distribution of u, the prior is the generalized C(u+1)(T(u)) v™

truncated Poisson distribution:
( l+au

5 (%)=

"oy exp (-0, (1+ou) )exp(uzr_llnxiJ
T(u+1)(T(u))" v"

(1+0u)"™" 0} exp(-6, (1+om))exp(uZ:in:Ilnxi (1+au)™ 6} exp (-0, (1+0u))expud Inx, 2
Mo ) () v ( Fu () v J
- (1+au)u_] 0; exp(—@,(1+otu))exp(uzrzllnxi [ I+au)™ 0" exp (-0, (1+au) )exp(uz;lnxi}
zuzl T(u+1)(T(u)) v" J v T(u+1)(C(u)) v™
u=12,
(.1.13) (3.1.1.5)

Special Cases

For a = 0, the generalized truncated
Poisson distribution reduces to the truncated
Poisson distribution; therefore, the Bayes
estimator for scale parameter u is given by

|

] i 5 u 6y exp(-6,)exp(u) . Inx
Z::l(u(1+0(u) 0 exp(—e1 (1+a11))neuxp(uzlllnxlj ﬁ]*/_ u=l F(u+l)(F( ))n o
T(u+1)(T(u)) v X~ o
. exp(— exp(uz
[(Hau)“l 0! exp (-9, (1+au))exp(uz; lnX,J Zu 1{ n J

Under the squared error loss function with the
prior g, (u1 , 0, ) , the Bayes estimator is

2

I'u+1)(T(u)) v™
1“(u+1)(1“(u))nv"u ( ’ )( ( ))

(3.1.1.4) (3.1.1.6)
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and the posterior variance of the Bayes estimator

a' /.
IA is given by
Var(u%j =

~ [ u? 0} exp(-9, exp(uzn Inx,
o () v
)exp(uz Inx,

F(u+1)(r () v"

0 exp (-0

ZU:I

N u 0} exp (-6, )exp(u) " Inx,
i F(u+1)(l“(u))n vt
~ | 0 exp(—0,)exp(u
Zu:l r Z nu
(u+1)(r( ) v

(3.1.1.7)

Generalized Truncated Geometric Distribution
as a Prior for Shape Parameter u

If the prior assumed for the shape
parameter is the Generalized Truncated
Geometric distribution, then the pdf of the
Generalized Truncated Geometric distribution is
given by

gz(u,92)=
mu -1 u=l Amu—u
(1—m+62)( u_lj(l—ez) Lpm
u=12,3,....;0<0, <1,

(3.1.2.1)

and, for m =1, the truncated geometric
distribution with pdf results as

g, (u,0,)=0,(1-6,)"";
u=1273,....;0<0, <.
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By combining likelihood function (3.1) and prior
density function (5.1), the posterior distribution
of u, when the prior is the generalized truncated
geometric distribution, is

& (%)=
(mu _1 1} (-0, )ufl O™ Vexp (uz;lnxi )

(F (u))rl v™

(mu B IJ (1-6,)" 0™ “exp (uzrzllnxi )

u-1
2 (Fo)f v

u=123,...

(3.1.2.2)

Under a squared error loss function with prior
g,(u, 0,), the Bayes estimator is

u-—1

u (mu B lj (1-6,)"" 0™ exp (uz:;lnxi )

(T (w))" v

9

u-—1

(mu - 1] (1-0,)"" 0™ “exp (uz;lnxi )

= (ro) v

(3.1.2.3)

and the posterior variance of the Bayes estimator

¢ 1s given by

b
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Var(ﬁ%() =
-1 )
u’ (n;u_l ](1—92 )" 9'2““7“exp(uzi:11nxi)
2 o
(F(u)" v

mu-—1 el N
( uel j(l—ez) 162 exp(uzizllnx‘.)
(T (u)) v

2.

mu —1 ol N
Z«» u[ - j(l—@z) 192 exp(uzizllnxi)
(F() v

mu—1

. j (1-6,)" 07 "exp (uZ:in:llnxi )

(3.1.2.4)

Special Cases

For m = 1, the generalized truncated
geometric distribution reduces to a truncated
geometric distribution; therefore, the Bayes
estimator for scale parameter u is given by:

[u(1-0,)"exp (uzin: Inx, )
2 1

. (l“(u))n v™
u%: ’

[ (1-6,)" " exp (u " Inx, )

2

(3.1.2.5)

and the posterior variance of Bayes estimator

ﬁz*/ _
¢ 1s given by

Var(ﬁ%j =
u?(1-0,)" " exp (uz;lnxi )
A
_[(=6)" exp(u ?:]lnxi)
e TR

u(1-6,)" exp(uz;lnxi)
(T(w))" v

(3.1.2.6)

When both the shape and scale parameters are
unknown, the different independent prior
distributions are assumed for two unknown
parameters u (shape) and v (scale) of Erlang
distributions.

Posterior  Distribution under  Generalized
Truncated Poisson and Inverted Gamma Priors

The assumed prior for the shape
parameter u of the Erlang distribution is
Generalized Truncated Poisson distribution
having the pdf

1+au)'™ 0"exp(-6, (1+au
g”(u’el):( - ) 1 ( 1( )>,

(u+1)(1—exp(—91))
u=1,2,3,...;0, >0.

(3.2.1.1)

For the scale parameter v, the assumed prior is
the inverted Gamma distribution with pdf

1y exp(—v'B, )
I'(a,) ’

g (V; a],Bl ) =

v>1l,a,>0,3, >0.
(3.2.1.2)
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The joint prior distribution of u and v is defined distribution of u and v is given by (3.2.1.4).The
as: marginal posterior distribution of u and v,
\% .

g, (u,v) =g, (u,Ol). g, (V; 0‘1,[31)- g [u,ij, are shown in (3.2.1.5) and (3.2.1.6).

(3.2.1.3) Under the squared loss function, the expression

for Bayes estimators of u and v with their

By combining likelihood function (3.1) and joint respective posterior variances are given by
prior function (6.3), the joint posterior (3.2.1.7), (3.2.1.8), (3.2.1.9) and (3.2.1.10).

(1+ ()Lu)kl 0; exp (=0, (1+au))xexp (uz:;hlxi ) ylame) exp{—v’1 B, + Z;Xi}

. (u lj: T (u+1)(I(u))’
U 5 (1+ou)"™ 0! exp(-6, (1+ocu))xexp(uz:?:llnxi)J‘:)\f(“‘*"“”)><exp{—v’1([3l +Z?=lxi}db

T (u+1)(T (u))

(1+ )™ 0} exp (=0, (1+au))xexp(uY" hnx, v xcexp{-v' B, + 3" x,}
T (u+1)(T (u))’

(1+au)"™ 0" exp(-6, (l+au))xexp(uzn 1nx.)F(a1 +nu)

I(u+1)(T ( B+D x )

2

(3.2.1.4)

(1+au)"" 6" exp(—6, (1+au) )exp(uz Inx. )j () exp{ VIR Y x }
u T(u+1)(I(u))
gl(X]_ 5 (1+au)"™ 0 exp(-0 (1+au))exp(uzizllnxi)F((xl+nu)
- I'(u+1)(T (Bl +Z?_lxi)al+nu
(1+au)*" o exp(—el(1+au))exp(uzizllnxi)F(al +nu)
Clu+1) (T () (B + X %)
(1+au)" 0} exp(=6, (1+au))exp(u " ) (o +1u) |

() B+ %)

2

(3.2.1.5)
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oy +1

Zw [(1 + ()Lu)u_1 N exp(—@1 (1+ ocu))exp(uZ:in:llnxi ) v [exp{—vl (B, + Z;Xi} ﬂ

(lj F(u+1)(F () v
X [ (+om) ™ o exp(—el(1+ozu))exp(uzrzllnxi)1“(0(1 +nu)
2 n e
Cu+1)(C(w)" (B + X x)
v >0 (3.2.1.6)
5 u(l+ou)"” exp (-0, (1+ au))exp(uz;lnxi )F(al +nu)
i/ e+ )(r() B+ x )
x 5 (1+au)"™ 6 exp (-0, (1+ ()Lu))exp(uzrzllnxi)F(OL1 +nu)
() B+ x )
(3.2.1.7)
5 (1+au)"" o exp(—el(1+au))exp(uz;lnxi) r Vexp{—v‘l(ﬁl+z;xi}
V/ ] uel F(u+1)(1“(u))“ 0 e
x 5 (1+ou)™" 0! exp (-6, (1+au))exp(uzin=llnxi)F(al +nu)
. Fa)(r@) (B x)

(1+au)"™" 0} exp(=6, (1+au))exp(uY! nx; |T (o, +nu—1)
r(u)(r() (B+Xx)
5 {(lﬂxu)ul 0" exp(91(1+au))exp(u2?llnxl)l“(al+nu)1
- () (B x)

(3.2.1.8)
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oy +nu

5 (uz(lmu)“ 0 exp(el(1+au))exp(u2j‘11nxl)r(al+nu)J
(%) " Fu+1)(r() (B+ X7 x)
x 5 [(Hau)“l 0 exp (-0, (1+au))exp(u. " Inx, )T (o, +nu)}
1 C(u+1)(r () (B+ X %)
5 [u(nau)“ 0" exp(01(1+au))exp(uzrllnxl)1“(al+nu)} 2
- F(u+1) () (B + X x )"
5 ((lﬂm)w 0 exp(61(1+au))exp(u2?llnxl)F(ul+nu)}
Ft)(r() B+ %)

(3.2.1.9)

) (1+au)u_1 0} exp (-0, (1+au))exp(uziillnxi)r Vexp{—Vl(Bl-{—ZlanI}\]

va( %) Z”[ r(a)(r (o) o
ar| s |=
3 [

| (1+au)" oy exp (-0, (1+au))exp(uzlrlllnxl)F(al+nu)}

F+n)(rw) (B +X0x)

2

(1+au)"™ 6} exp(=0, (1+au))exp(u." Inx, T (@, +nu-1)

Cu+1)(T () (B+ Y )

5 {(lﬂxu)ul 0y exp(—el(1+au))exp(uz;lnxi)F(al +nu)}
" Fus)(T(w) (B X0 )

a;+nu-1

(3.2.1.10)
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(1+au)™ 0 exp(-0, (1+au))exp(ud. Inx; |1(a, +nu-2)
Clu)(C) (BeX x )
(1+au)"™ 6} exp(~0, (1+au))exp(uY. Inx, | T (a, +nu)
Clur))(r() (B+3 %)
(1+au)"™" 0 exp(-0, (1+au))exp(uY." Inx; )1(o; +nu-1)
r(us)(r(w) ()
(1+au)"™ 0 exp(-0, (1+au))exp(ud. Inx, |1(o, +nu)

() B+ x)

Zu]

var( 74 -

Zu:l

Zu:l

(3.2.1.10)
Special Cases and
For a = 0, the generalized truncated
Poisson distribution reduces to the truncated 9o ( " )F ( " _1)
Poisson distribution, therefore, the Bayes 1 €Xp uzizl nX; ¢, -

estimator for scale parameter u and shape

N L\l
parameter v are given by {,1*/_ F(u+1)(r(u)) (Bl +Zi—lxi)
X . n
ﬁl*/ ~ . 61exp(uZ:i:llnxi)F(oc1 +nu)
X 2 - o
C(us1)(r (W) (B+ 20 x )

u 6} exp(—9,) exp(uZ?_ lnxi)l“((x1 +nu)

Zu:l

T(u+1)(C(u)) (Bﬁzll i)wnu (32.1.12)
In addition, the respective posterior variances of
| erexp(- p(uz Inx, ) (0, +1nu) 1 and v are
u=l o, +nu
I'(u+1) ( (u))’ ([31+Z:ll i)
(3.2.1.11)
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Var(ﬁ%jz
u’ oy exp(uzrzllnxi)l“(al +nu)

(3 )

F(u+l)(F(u

o) exp(uzrzllnxi)1“(0(1 +nu)

) (3 )

u 0 exp (uZ:;lnxi ) I'(a, +nu)

I'(u+1)(C(u

I'(u+1)(T(u

(e x )

0! exp(uzrzllnxi)l“(al +nu)

T'(u+1)(T(u

(3 )

(3.2.1.13)

and

Var IA
0, exp uz lnx) (o, +nu—2)
u oy +nu-2
1 u (Bl +Zl { i)

. 0, exp uz lnx) (o, +nu)
ZU 1 o,+nu
u ) (B1+21—1Xi)

o) exp(uZl?zllnxi)F(m1 +nu—1)

))n (Bl N ZLXi )a|+nu—l

+1

I (u+1)(I(

F(u+1)(F(u

0! exp(uZ;Inxi)1“(0(1 +nu)

) (p 3 )

(3.2.1.14)

Zuzl

F(u+1)(F(u

425

Posterior  Distribution under Generalized
Truncated Poisson and Gamma Priors

If the prior for u is assumed to be a
generalized truncated Poisson distribution and
the assumed prior for v is a Gamma distribution
with pdfs:

(1+0u)’

gu(ul’ 91): I‘(u+1)(1—eXP(_el))

u=1,2,3,...; 6, >0,

(3.2.2.1)

and

@ yleat) exp( \'a [32).
I'(a,) ’

g1 (V; az,Bz) =

v>1, a,>0,B,>0,
(3.2.2.2)

then the joint Prior Distribution of u and v is
defined as:

g (u,V) =8 (ul’ 0, )'g21 (V;az,Bz)
(3.22.3)

Combining likelihood function (3.1) with joint
density (7.3), the joint posterior distributions of
u and v are given by (3.2.2.4). The marginal
posterior distribution of u and v are given by
(3.2.2.5) and (3.2.2.6).The expression for Bayes
estimators of u and v with their respective
posterior variance are given in (3.2.2.7),
(3.2.2.8),(3.2.2.9) and (3.2.2.10).

R exp (-0, (1+au)) .

2
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o au)u_1 0" exp (_9] (1+ au)) j:vmz-nu)-l exp {_21[(2[32 )v+ (22:3% )J}db

\%

exp(-uY! Inx, | T (u+1)(T (u))’
- 2(1+an)"" 0} exp(~6, (1+0u))exp(-uY" lnx.)K2(2m)
() (Y2 s |
2(1+au)"™ 6} exp(-0, (1+au))exp(ud ! Inx; K, (A/@)
C(u)(r() ((2x)'B) |
2(1-+au)" 0} exp (-0, (1+au)Jexp(-u ! fx, K, ,, (248 (Xx,)
ruen(r) ()6 )

& (uX):

(3.2.2.5)

25" x,
(lJr(xu)W1 0; exp(—@1 (1+au))vie" exp{_zl((ZBz)V+( 2 )E

exp (—uzl;lnxi )F (u+l) (F(u))n

2(1+0Lu)”_1 o) exp(—e (1+au))exp(—uzn 1nx‘)KaHu (ZJBZ (le))
o) (20|

(3.2.2.6)
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2u(l+au)” o exp (-0, (1+au)) exp(uZ:n lnx)

o (248:(20)

F(u+1 (

W) ((Xx)'6.)

2(1+au)"” 0" exp (-0 (1+0tu))exp(—u21n Inx. )

o (243 ()

F(u+1 (

oy (JZx) s ]

expl
p2

(1+au)"" 0} exp(~0, (1+ow)) [ vavte !

{(2132)V+

(3.2.2.7)

|-

Xlx)

v

exp(-uY.) I, | U (u+1)(T(w))’

2(1+0Lu)u*1 0} exp(-6 (1+au))exp(—uz lnx)

o 2P (2]

Zu:l

o) () s ]

2(1+0Lu)u_1 0} exp(—6, (1+au) )exp(uZ:n lnxA)

Zu:l

K,..., (28:(2))

—nu+l

o r(a () ((2x) B, |

2(1+0u)"” 0 exp (-6 (1+au))exp(—uz lnx) (

B, (2x)|

ZU:I

e (r(o) (o) 5|

427
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F(u+1 ((ZX ) )

zx [2u2(1+(m)u1 0; exp( -0, (1+au) exp(uz:n Inx. )K% (21/B2(Zx1))}

w4

2(1+0Lu)u_1 0; exp (-0 (1+0tu))exp(—uzIl Inx. )

e (2B (2x)

ZU:l

T(u+1)(T ( (Tx,) B j h

5 2u(1+au)’ 0! exp(-6, (1+au)) exp(uZ:n Inx. )K% (Z,IBZ(ZXi))
) o F(u+1 ((Zx ) )
> 2(1+au)"" 0! exp(—0 (1+0Lu))exp( Wy mX) . (2,/[32(in))
- F(u+1 ( (ZX) j h
(3.2.2.9)
5 2(1+au)" 6} exp (-0, (1+au) )exp(uZ:n Inx, ) o (24/[32(2)(1))
L e () () s
Var(v%(jz
5 2(1+0Lu)LH 0} exp (-6 (1+au))exp(—uz lnx) ( BZ(ZX ))
e () (2 )
Z” 2(1+0Lu)u_1 0 exp( -0, (1+au) )exp(uzn lnx) 2ml(2 B, (le))
I r(oen(r) ((Zx)'s )
5 2(1+aqu)"" o exp (-0, (1+(>Lu))exp(—uzr1 lnx.)K“u(L/Bz(in))
ran(r@) (2|
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Special Cases estimator for scale parameter u and shape

For a = 0, the generalized truncated parameter v are given by (3.2.2.11) and
Poisson distribution reduces to the truncated (3.2.2.12). Their respective posterior variances
Poisson distribution, therefore, the Bayes are given by (3.2.2.13) and (3.2.2.14).

2u 0! exp(uz lnx) " (21/[32(271))
r(u+1)(r(u))“( (in)“[szj

Zuzl

ﬁ%: (3.2.2.11)
]2 Gfexp(uZ?zllnxi)Kazim (2 Bz(ZXi))
F(u+1)(r(u))n( (in) sz
_ 261“exp(uz,n:1nxi)Ka 222222 (2 Bz(in))
2 i
r u+1 X,
%A: onlrte)) ( z ) j (3.2.2.12)

2 0lexp (—uZi Inx; )K(Hlu (2\/@)
I'(u+1)(C(u)) ( (ZX) ]

(4]

Z” 2u’ Grexp(uzn lnx) . ( (Zx )) Z” 2u 0’ exp(uz Inx_ )K (2 B, (Zx )
e (r(w)) ( (3x)'p ) YT F(u))( (Tx) B)

Z” 2 Gi'exp(uzn lnx_)Kam (21/[3 (Zx )) Z"" 20 exp(uz Inx. )K 7 (2 BZ(ZX ))
. (u+1 (F ( (Zx) ) “ u+1 (\/ Zx) )

(3.2.2.13)
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(4

Posterior  Distribution under Generalized
Truncated Geometric and Inverted Gamma
Priors

If the prior assumed for shape parameter
u is the generalized truncated geometric
distribution then the pdf'is given by

mu—1

u-1

g, (u, 92)=(l—m+92)[

u=1L23,...; 0<0, <1.

(3.2.3.1)

The prior for scale parameter v is assumed to be
an inverted Gamma distribution having pdf

@y exp (—V’IB1 )

I'(a,)

2

g2 (V; o, B, ) =

v>1,a,>0,3,>0
(3.2.3.2)
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(3.2.2.14)

and the joint prior distribution of u and v is
defined as:

g; (u,%() =83 (u, e2)'g12 (V; o, B, )

(3.2.3.3)
By combining likelihood function (3.1) and joint
prior function (8.3), the joint posterior

distribution of u and v is (3.2.3.4). The marginal
posterior distributions of u and v are (3.2.3.5)
and (3.2.3.6).The expression for Bayes
estimators u and v under the squared error loss
function with their respective posterior variance
are (3.2.3.7), (3.2.3.8), (3.2.3.9) and (3.2.3.10).
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mu—1

R

j (1-0, ) 0" "exp (uz;lnxi ) y L) exp{—vf1 B, + Z;xi}
(T ()’
] (1-6,)"" 0" “exp (uz_n:llnxi ) [yt exp{—v_l B+ x, )} db
(T ()

u-—1

& (u’VX): [mu—l

 (nY)- (r(u)
ZM u-—1 -
(F(w) B, +Y %)™

(3.2.3.4)

u-—1

W\ I'(u))
gs (&) N mu—1 0 ul(emuu ) "
Z; (u—l j(l— ,) 05 exp(uzizlnxi)F(al+nu)

(C(w)" B+ x)e™

(mu — lj (1 _ 92 )u1 erznu—uexp (uz;lnxi )J.:V_(al +nu+l) exp{—V_l (Bl + zin:lxi)} db

(n:lu__llj(l -0,)" Grzm‘_”exp(uzin:llnxi )F(al +nu)

g (%)= (T (u)" B+ 30 x)"™ =123,

3 X mu—1 B | ) 945y
( j(l—@z) 9;““*“exp(uzizllnxi)l"(al+nu)

u-1
Zu:l (F(u))n (Bl + ZLIXi)ul+nu

(3.2.3.5)
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mu—1 u-1 mu—u " -

(r(u))
&3 (VX)_ S ] ;v>0
) [ o j(l—ez )" o exp(uY” Inx, )T (a, +nu)
2o (T(w) B+ x)m™
(3.2.3.6)
) u(r?lu:](l ~0,)"" 07" "exp(uY! Inx, |1 ( +nu)
A 2 (T ()" B+ 2 %)™
U,/ _
A ) (nlllu__llJ(l_ez)u—lerznu—uexp(uZ?zllnxi)F(al +nu) e
2 (T(w) @+ x) ™
) (r?lu__llJ(l =0,)"" 0 exp(w X pox, ) [ v expl v B+ 3 x)}db
A = (F(w)’

j(l _ 92 )u—l G?U_ueXp(uz;lnXi )F(al + nu)

oo ( u-—1
2o (T(w) @B+ x)™

-1 . )
(mu | j(l—ez) lerznu*uexp(uzizllnxi)r(al+nu—1)

u—
(F(u))n (Bl + zTZIXi)almuq

ZM (rrlllu_—llj(l _o, )ufl el;u_ueXp(uZ?:llnXi )F(al + Ilu)
u=l (r(u))“ (Bl + Z?lei)alﬂm

(3.2.3.8)
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mu—1

| j(l—ez)“‘ 6'2""7"exp(uZ:;lnxi )1"((11 +nu)
(C(w)" B+ 2 x)"™

u’ (n:lu__llj (1-0,)"" 0 "exp (uZ:;lnxi ) I'(o, +nu)
(T (w)) B+ 2 %)™

2.

_1 - .
i )(1—62 ) lB?"’"exp(uzi:]lnxi)F((xl +nu)

Zm ( uml j(l_ez )ufl e:‘“*"exp(uz;lnxi )F(OLI +Ilu)
u=l (r(u))n (B] +Z?:1Xi)d‘+nu

(T () @+ 2 x)"™

(3.2.3.9)

mu —1

|0

Var(o/)z
X mu-—1

o |0

j (1-0,)"" 07 "exp (uZ:in:llnxi ) I:VZ v exp {—V_l B, + Z;Xi )} db
(T (w)

j(l -0, )u_l 6'2““7"exp(uZ:in:llnxi ) I'(a, +nu)
(F ()" B+ 30 %)™

mu-—1

. j(l—@2 )k1 9'2’”‘”7”6)(p(uZ:;lnxi)F(()L1 +nu—1)
() B+ x)" ™

mu—1

. )(1—92)”“ E);“”*"exp(uZ“;Inxi )F(al +nu)
(F(u))“ (Bl +zllxi)al+nu

(3.2.3.10)
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mu—1

u-—1

j(l ~0,)"" 0™ exp (uZ:inzllnxi ) (o, +nu—2)

o

(T () B+ 3 %)™

w4

u-—

-1 u- n
(mu | j(l—@Q) 1Grzm'fuexp(uzzi:llnxi)F(ocl+nu)

2

u_

(T ()" B+ 3 )™

-1 e .,
(mu 1 j(l—ez) 1egm‘uexp(uzzizllnxi)1“(0&1 +nu—1)

(F(u))n (Bl 4 Zin:lxi)aﬁnufl
> (nlllu_—llj (1-0,)" 0™ “exp (uz;lnxi ) I'(a, +nu)
(T () B+ X x)™™
(3.2.3.10)
Special Cases and

For m = 1, the generalized truncated
geometric distribution reduces to a truncated
geometric distribution, therefore, the Bayes
estimator for scale parameter u and shape
parameter v with their respective posterior
variance are given by

ﬁ;/_
=

fu(1-6,)" " exp (uZ:;lnxi ) (o, +nu)

Zu=l (r(u))“ (Bl +z?:1xi)al+nu

Z” (1—62)u_1exp(uz;lnxi)l“(al+nu)
u=l (F(u))" (B] +Z:‘=1Xi)al+nu

(3.2.3.11)
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(1-0,)" " exp(uY"" Inx, | T (e, +nu-1)
(F(w)" B+ 2 %)™
(1-0,) " exp(uY} Inx, )T (@, +nu)
(T ()" B+ 20 x)™

Zuzl

z u=l

(3.2.3.12)

and in (3.2.3.13) and (3.2.3.14).
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5 u’(1-6,)" exp(uzin:llnxi)1“((11 +nu)
u=1 (F(u))n ®, +Z;Xi)a,+nu

5 (l—@z)u_1 exp(uz;lnxi )F(al +nu)
u=l (F(u))n ®, +Z:‘:1Xi)al+nu

5 u(l—@z)u_lexp(uzzlzllnxi)r(al+nu)
u=l (r(u))n ®, +Z;Xi)al+nu

zjl[(l _o, )u—l exp (uz;lnxi )F(al - nu)}

(F(w))" B+ 2™

(3.2.3.13)

Z‘” (l—ez)u_lexp(uzin:llnxi)l“(al+nu—2)
u=I (l_,(u))n (Bl " Zin:lxi)a]+nu—2

5- (1-6, )u_1 exp (uZ:;lnxi ) I'(o, +nu)
| ey

(1-6, )u_1 exp (uZLlnXi ) I'(o, +nu-1)

Zul[ (r(u))n (Bl " Z?zlxi)al+nu_l

|

5- (1-6, )u_1 exp (uZ“;lnxi ) I'(0, +nu)
BN UORCES W

(3.2.3.14)
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Posterior  Distribution under Generalized The joint prior of u and v is defined as:
Truncated Geometric and Gamma Priors
' If the prior a§sumed for shape parameter g, (u,v)=g;(u, 6,).g, (V; o, B, )
u is the generalized truncated geometric
distribution, then the pdf is (3.2.4.3)

By combining likelihood function (3.1) with
gy (u, 6,) =(1—m+62)( j(l_ez )“’1 v, joint prior function (9.3), the joint posterior
u-— distribution of u and v is given by (3.2.4.4). The

_ ) marginal posterior distribution of u and v are
u=123....; 0<b,<I given by (3.2.4.5) and (3.2.4.6). The expression
for Bayes estimators for u and v with their

] ) respective posterior variance are given by
and the prior for scale parameter v is assumed to (3.2.4.7), (3.2.4.8), (3.2.4.9) and (3.2.4.10).
be a Gamma distribution with pdf

mu—1

(3.2.4.1)

3 v exp(-vB,)
F(O‘z) ’

g1 (V; az,Bz) =

v>1 0,>0, B, >0.
(3.2.4.2)

mu —1 U=l Amu-u_ (0, —nu)— -1 2 ?=Xi
[u—l J(l—ez) Lty oy o (2B2)V+( vl )

(F(u))rl exp(—uzin:llnxi)

o
|

= (T(u))" exp (—uz:;lnxi )

J"”V(az—nu)—l exp ;1 (2[3 )V+(2 :1:1Xi) db
0 2 ? \Y%

-1 . _ 2 in: X,
(mu j(l _ 92) lerznu—uv(ot2 —nu)-1 eXp 21 (2BZ)V+ ( . 1 )

o (1.9%) = ()" exp(- 3! o
B E b (BN D o [ EX X0 39
(r) ((Zx) B

(3.2.4.4)
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mu —1 »

_ (1_62 )u erznu—u ) ) 2 n Xi
(E“(uu))ln zxp(uzn 1nX_).[oV(a2_HU)_1 exp{;[(zﬁz)\H_( Z:‘ )J}db

AVE -

- 2(“;“_?}0 ~0,)"” 0y exp(uY Inx, K, _,, WFZX) )
(r) () 's) "
z(ﬁ‘l“_‘llj(l—ez)“‘l o exp (Lo J K (248 (X))
(r() () "e)
zﬁu_—ll](l_ezy-‘ or~rexp s, K, (2,8, (30
(r) ()8

(%)=

b

ZUII

u=12,3,...
(3.2.4.5)

-1 u-1 1 - 2 inzlxi
el P25

(F(w) exp(-u3 o,

e (V%)= >0

2(“;“_‘11J(1_92)““ 07" exp(uY ) Inx; K, _, (A/@ )
(r@) () 's.)

(3.2.4.6)
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zu[r?lu__llj (1-6,)" 6™ exp (uz;lnxi ) K, (2\/@ )
(r@) () 'p) "

7o el ()
(r) ()8

(3.2.4.7)

mu—l} U=l

[ L |1-6,) 6 ) _ (22:n XA)
u-—1 | =i

! . S B,)v+ ' db
(o) el o) p{z[@ a } J

=y (TN RREN SI TR EN X))
(r@) () 'p.)
- 2[r1111u_—11) (1-0,)"" 0™ exp (uz;lnxi ) | — (A/@)
A u=1 (F(u))n ((ZXi ),1 5, )az “nu+l
V%( - mu —1

2( L j(l—@2 )u_1 Og‘“_“exp(uzin:llnxi)Kaz_nu (2\/B2 (ZXI))
(r() ((Zx) p.)

Zuzl

Zuzl

(3.2.4.8)
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I e o Qo)
(r() ((Zx) 6]

. 2 oo o esn w2 (20
() ((Zx) 6]

I o e R =) |
(C()((Zx) 6]

I R o e e o)

u-—1

(T (

2(“‘“ _lj(l —0,)"” 0™ exp (uz;lnxi )

o) ((Zx) 6]

(3.2.4.9)

Kipomea (2482 (X))

(T

(u))n ((in )_1 5, )uz—nu+2

Zu:l

u-—1

2 (mu B lj (1-0,)" 0™ exp (uZ:;lnxi )

oo i)

u-1

(T

2(“1“_1}(1—92)“ 07 exp(u Y Inx, K,

@) ((Zx) ')

)|

(T(

W) ((Zx)'6)

Zu:l

u-1

2(mu B lj (1-0,)" 0™ exp (uz;lnxi )

Ko (2482 (%))

(T

) ((Zx) ')

(3.2.4.10)
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Special Cases

For m = 1, the generalized truncated
geometric distribution reduces to truncated
geometric distribution, therefore, the Bayes
estimator for scale parameter u and shape
parameter v with their respective posterior
variance is given by(3.2.4.11), (3.2.4.12),
(3.2.4.13) and (3.2.4.14).
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