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Weighted Cook-Johnson Copula and their Characterizations: 
Application to Probable Modeling of the Hot Spring Eruptions 

 
Hakim Bekrizadeh Gholam Ali Parham Mohamd Reza Zadkarmi 

Shahid Chamran University, 
Ahvaz, Iran 

 
 
Copulas have emerged as a practical method for multivariate modeling. A limited amount of work has 
been conducted regarding the application of copula-based modeling in context analysis. This study 
generalizes the Cook-Johnson copula under the appropriate weighted function and provides examples and 
the properties of the generalized Cook-Johnson copula. Results show that the generalized Cook-Johnson 
copula is suitable for probable modeling of hot spring eruption. 
 
Key words: Cook-Johnson copula, weighted distribution functions, measures of dependence, hot spring 

eruption. 
 
 

Introduction 
Research has shown that it is important to 
consider dependence among variables in studies 
as opposed to ignoring the dependence structure 
solely for mathematical simplicity. As De 
Michele, et al. (2005) showed, among other 
consequences, failure to take dependence 
between variables into account may lead to 
either over- and under- estimation of the 
parameters of a model. Copulas have emerged as 
a practical and efficient method for multivariate 
event analysis (Joe, 1997; Nelsen, 2006). 
Application of copulas has increased in the 
hydrological field as evidenced by Genest and 
Favre (2007), Gebremichael and Krajewski 
(2007) and others in a special issue of the 
Journal of Hydrological Engineering. An 
advantage of using copulas is that marginal 
behaviors and dependence structure can be 
studied separately. Most copula applications are 
in bivariate analysis, for example, De Michele 
and  Salvadori  (2003; 2004 a, b)  applied copula 
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modeling to examine the dependence between 
storm intensity and duration. In addition, Zhang 
and Singh (2007) and Kao and Govindaraju 
(2007) modeled the dependence between peak 
storm intensity and depth, depth and duration 
and peak intensity and duration.  

One of the most popular parametric 
families of copulas is the Cook-Johnson (1981) 
copula family, defined by 
 

1 1

( , ) [(1 ) (1 ) 1] ,

0.

CJC u v u v ββ β

β

− −
−= − + − −

>
 

(1) 
 
Inverting this copula results in the joint function: 
 

( , ) [ 1]

1, 1, 0,

H x y x y
x y

β

β

−= + −
≥ ≥ >

,              (2) 

 
where X  and Y  are identical type I Pareto 

distributions β−−= xxF 1)(  and 
β−−= yyF 1)( , respectively (Genest & Rivest, 

1993). 
This study extends the copula family of 

Cook-Johnson by considering a weighted 
function and examines values of dependence. In 
addition, the new family is described and 
examples of copulas taken in this family are 
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provided. The associated Kendall’s kτ  and tail 

dependence coefficient are also considered and 
an application of the generalized Cook-Johnson 
copula in analysis of probable modeling of a hot 
spring eruption is presented. 
 
Weighted Cook-Johnson Copulas 

A new family of generalized Cook-
Johnson copula is proposed using a type II 
Pareto weighted distribution function. The 
weighted distributions occur when a random 
sample from an entire population of interest 
cannot be obtained (as in the tails) or when a 
random sample is not desired (as in the selection 
models). 

Let X  be a random variable with 
density )x(f  and )x(w  be a non-negative real 

value function such that ∞<)]X(w[E . The 

weighted random variable X , for example wX , 
then has weighted probability density function 
(pdf) of 

)]X(w[E

)x(f)x(w
)x(f X

Xw =                    (3) 

 
(Patil & Rao, 1978; Mahfoud & Patil, 1982). 

If X  is a type I Pareto distribution and 
α−= xxw )( , 0>α , is a non-negative real valued 

function, then the weighted pdf of X  is 
 

( ) 1( ) ( ) ,

1, , 0,

wX
f x x
x

α βα β
α β

− + −= +

> >
          (4) 

 
and the survival weighted function is 
 

( )( ) 1 ,

1, ,  0

wX
F x x
x

α β

α β

− += −

> >
                  (5) 

 
Cook-Johnson Copula Theorem 

Let ),( YX  be a type I joint Pareto 
distribution. Under the weight function 

α-]1[),( −+= yxyxW  for 0>α , the 
weighted copula is 
 

1 1
( α)α α

α ( , ) [(1 ) (1 ) 1] ,

0 u,  v 1,  ,  0,

− −
− ++ += − + − −

< < >

CJC u v u v ββ β

α β
 

(6) 
 
and the type I Pareto joint weighted function is 
 

-( α)( , ) [ 1] ,

,  1, ,  0

H x y x y
x y

β

α β

+= + −
> >

         (7) 

 
and wX , wY  are two identical weighted type I 
Pareto random variables with survival weighted 
functions 
 

( )( ) 1 ,

1, ,  0

wX
F x x
x

α β

α β

− += −

> >
 

and 
( )( ) 1 ,

1, ,  0

wY
F y y
y

α β

α β

− += −

> >
 

 
respectively. 
 
Cook-Johnson Copula Proof 

For any pair of random variables 
),( YX , it can be shown from (6) that the joint 

pdf for )Y,X(  is  
 

( 2)
( , ) ( , ) ( 1)( 1) ,

,  1, 0.

X Yf x y x y
x y

ββ β
β

− += + + −

> >
 

 (8) 
 
Under the weight function 

α-]1yx[)y,x(W ++=  for 0>α , a type I 

joint Pareto weighted density function of w)Y,X(  
 

)],([

),(),(
),(

YXwE
yxhyxwyxhw =              (9) 

is  
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with marginal weighted density, such as (5), for 
wX , wY  and type I joint weighted function 

 
-( α)( , ) [ 1] ,

,  1,  0.

wH x y x y
x y

β

β α

+= + −
> > >

         (11) 

 
The marginal weighted functions wXF  and wYG  
are 

( )( ) 1 ,

1

wX
F x x
x

β α− += −

>
 

and 
( )( ) 1 ,

1

wY
G y y
y

β α− += −

>
. 

 
Inverting the weighted functions and employing 
the version of Corollary 2.3.7 (Nelson, 2006) 
yields the weighted copula 
 

1 1
( α)α α

α ( , ) [(1 ) (1 ) 1] ,

0 u,  v 1,  ,  0

CJC u v u v ββ β

α β

− −
− ++ += − + − −

< < >
 

(12) 
 
This relation may be called the weighted Cook-
Johnson Copula. The copula density is given by: 
 

( ) 2

2

1 1
1

1 1
1
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Figure 1 illustrates the bivariate plots for 
the extended Cook-Johnson copula; the figure 
shows a surface bounded within a unit cube that 
is tied up along the two axes in the first 
quadrant. After placing different β ’s and α ’s, 
the graph of a generalized copula in terms of 
different β ’s and α ’s did not change. Figure 1 
also shows upper correlations at the right in 
large quantities. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Cook-Johnson Copula Corollary 

Under the assumption of the Cook-
Johnson Copula theorem, the generalized 
weighted Cook-Johnson Copula for a d-
dimensional is 
 

1 2
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and for a sub-dimensional it is  
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The generalized copula can be used to make 
bivariate distributions. 
 
 
 
 
 

Figure 1: Bivariate Plots of the Extended 
Cook-Johnson Copulas 
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Generalized Weighted Bivariate Beta 
Distribution Example 

If ~ ( ,1)X beta θ  and ~ ( ,1)Y beta θ , 

then θθ yv,xu ==  and the generalized 
weighted bivariate beta distribution is 
 

1 1
(α )( , ) [(1 ) (1 ) 1] ,

0 ,  1,  ,  ,  0.

H x y x y
x y

θ θ βα β α β

α β θ

− −
− ++ += − + − −

< < >
 
Note that, when 1=θ , the generalized weighted 
bivariate uniform distribution becomes: 
 

1 1
(α )( , ) [(1 ) (1 ) 1] ,

0 ,  1,  ,  0.

H x y x y
x y

βα β α β

α β

− −
− ++ += − + − −

< < >
  

 
Generalized Weighted Bivariate Weibull 
Distribution Example 

If ~ W( ,λ)X θ  and ~ W( ,λ)Y θ , then 
x y1 ,  1u e v e

θ θλ λ− −= − = − and the generalized 
weighted bivariate Weibull distribution is 
 

1 1
λ λ (α )( , ) [(1 ) (1 ) 1] ,

0 ,  ,  ,  ,  ,  .

x yH x y e e
x y

θ θ βα β α β

α β θ λ

− −
− − − ++ += − + − −

<
 

It should be noted that, when 1=θ , the 
generalized weighted bivariate exponential 
distribution is obtained as 
 

1 1
λ λ (α )( , ) [(1 ) (1 ) 1] ,

0 ,  ,  ,  ,  ;

x yH x y e e
x y

βα β α β

α β λ

− −
− − − ++ += − + − −

<
 

And, when 2,θ =  by replacing 
λ2

1
 as opposed 

to λ , the generalized weighted bivariate 
Rayleigh distribution is obtained as 
 

2 21 1x y
(α )2λ 2λ( , ) [(1 ) (1 ) 1] ,

0 ,  ,  ,  ,  .

H x y e e
x y

βα β α β

α β λ

− −− − − ++ += − + − −
<

 
 

Calculating Measures of Dependence 
Copulas can be used in the study of 

dependence between random variables in many 
different ways. For a historical review of 
association measures and concepts of 
independence, see Gebremichael and Krajewski 
(2007), Genest and Rivest (1993) and 
Hutchinson and Lai (1990). 
 
Kendall's kτ  

If X  and Y  are continuous random 
variables with copula C, then the population 
version of Kendall’s tau for X  and Y  (denoted 
by kτ ) is given by 
 

1 1

0 0

τ 4 ( , ) ( , ) 1,k C u v dC u v= −              (13) 

 
where C is the copula associated to ),( YX . 

Thus, the Kendall’s kτ  of the generalized Cook-

Johnson copula is given by: 
 

2
τ 1 .

2( ) 1k β α
= −

+ +
 

 
Tail Dependence 

The concept of tail dependence relates 
to the amount of dependence in the upper-right 
quadrant tail or lower-left-quadrant tail of a 
bivariate distribution (Farlie, 1960). It is a 
concept that is relevant for the study of 
dependence between extreme values. Tail 
dependence between two continuous random 
variables X and Y is a copula property, hence, 
the amount of tail dependence is invariant under 
strictly increasing transformations of X and Y. 
 
Definition 1 

If a bivariate copula C  is such that 
 

u
uuCuL

uU −
+−=

1

),(21
lim

1→
            (14) 

 
exists, then C  has upper tail dependence if 

]1,0(∈UL  and upper tail independence if 

0=UL . This measure is used extensively in 
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extreme value theory; it is the probability that 
one variable is extreme given that the other is 

extreme, that is, ( )uVuUPLU >>= . Thus 

UL  may be viewed as a quantile dependent 

measure of dependence (Coles, Currie & Tawn, 
1999).  
 
Definition 2 

The concept of lower tail dependence 
can be defined in a similar way. If the limit 
 

u
uuC

L
uL

),(
lim=

0→
                   (15) 

 
exists, then C  has lower tail dependence if 

]1,0(∈LL  and lower tail independence if 

0=LL . Similarly, lower tail dependence is 

defined as ( )uVuUPLL <<= . For copulas 

without a simple closed form an alternative 
formula for LL  is more useful; thus, the upper 
tail dependence of the generalized Cook-

Johnson copula using (14) is αβ +
−

−=
1

22UL , 

and the lower tail dependence of the generalized 
Cook-Johnson copula using (15) is 0=LL . 
 
Application of Weighted Cook-Johnson Copula 

There is a need for information in the 
analysis and management of risk for hot spring 
eruption, the most important of which are the 
frequency of time between two eruptions and the 
distance of eruptions. Data used in this study 
was collected in Yellowstone National Park in 
1978 (Weisberg, 1985). Considering the high 
correlation of these two features, some tools 
must be used to determine the amount of 
relationship and impact that exists in the analysis 
of hot spring eruption; it is necessary to 
determine the joint distribution of the two 
features, time interval between two eruptions 
and distance of an eruption. Because the 
correlation between the two factors is 0.841 and 
the hypothesis of independence is not 
significant, the joint distribution of time interval 
between two eruptions and distance of an 
eruption is difficult to obtain via an estimate of 
marginal    distribution.    For    this    reason    it 

is necessary to estimate the marginal distribution 
of each of the two factors, time interval between 
two eruptions and distance of an eruption, and 
between the family of functions selected, the 
family having the conditions for modeling hot 
spring eruption.  

In most studies in hydrology and 
geology, exponential, gamma and Weibull 
distributions are fitted to data so they are used 
herein and, for data of time interval between two 
eruptions, the exponential distribution with the 
parameter 464152.3λ1 =  ( 000.0. =Sig ); for 
distance of an eruption, the exponential 
distribution   with    parameter   13208.71λ2 =  

000.0. =Sig ) is a better fit. For estimating each 
parameter, a copula function is inserted and the 
obtained function is at a maximum based on the 
β  parameter due to the complexity of the form 
of density function used for the family and time 
of plan; therefore, to estimate the β  parameter 
the likelihood function logarithm is defined, for 
drown β  and by limiting the range obtain the 
likelihood function of maximum logarithm. All 
related calculations to distribution function, 
estimating parameter and likelihood function 
logarithm, are obtained using Maple software.  

The parameter estimator for the Cook-
Johnson copula function is 14.435=β  and the 
maximum value of the likelihood logarithm is 
−340.920279. Given that sampling devices 
collect data with some restrictions based on the 
mechanism used to record observations, it is 
possible that the proportional is a non-negative 
function of their size because the observations 
have a weight distribution. Thus, for data 
regarding time interval between two eruptions, 
the type I Pareto distribution with parameters 

35.1921 =μ  and 09.7261 =σ  ( 000.0. =Sig ), 
for distance of an eruption with a type I Pareto 
distribution with parameters 01.2082 =μ  and 

6.89402 =σ  ( 000.0. =Sig ,) and by a defined 

weight function with parameters 623.5=α  (see 
theorem), then the maximum estimated 
parameters for the weighted Cook-Johnson 
copula function are 875.9=β  and 623.5=α .  

The maximum value of the likelihood 
logarithm for the weighted Cook-Johnson copula 
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is −295.012384. Better copula function is 
selected according to the method of likelihood 
maximum, thus, the weighted Cook-Johnson 
copula function provides more changes for 
observing samples related to estimated value of 
Cook-Johnson function. The weighted Cook-
Johnson copula function with the parameters 

875.9=β  and 623.5=α  can then be used to 
determine the distribution combined with the 
time interval between two eruptions and distance 
of eruption. The estimated value of Kendall’s 
tau is 0.937, the maximum likelihood estimate of 
the parameters of 875.9=β  and 623.5=α , 
and for the fitted type I Pareto distribution 
estimates for the parameters are 35.1921 =μ , 

09.7261 =σ , 01.2082 =μ  and 6.89402 =σ .  
In the weighted Cook-Johnson copula 

the distribution of time interval between two 
eruptions and distance of eruption is: 
 

7.4981-76.895-6.854-

1
01.20835.192

),(











−








+






=

yx
yxH

 
and the density is given by 
 

-17.498-679.24 -46.85

-8363.71 -576.89

192.35 192.35
1.06

( , )
208.01 208.01

1

x x
h x y

y y

      
      

      =          × + −            
 

 
Using the distribution of an eruption, important 
information can be obtained regarding the 
eruption of hot spring s,  for example, the 
probability of an eruption of a hot spring with a 
time of 3.5 hours between two eruptions and a 
distance of one eruption of 42 meters is 0.0053. 
Using the copula function and a marginal 
distribution allows probabilities and other 
information about eruptions of hot spring and 
the relationship between the time intervals and 
distances of eruption to be obtained. Conditional 
distribution can also be determined by copula to 
provide a basis for the probabilities of altering 
factors against controlled changes. This may be 
useful in understanding and managing the 

impacts of global warming on hot spring 
eruptions. 
 

Conclusion 
This article proposed a new family of copulas; 
the generalizing Cook-Johnson family generated 
by weighted distribution function, and obtained 
a generalized d-dimensional (multivariate) 
Cook-Johnson Copula. The bivariate weighted 
distributions and weighted marginal distribution 
were also generated, and the generalized 
bivariate distribution was obtained. The main 
feature of this family of copulas is to permit 
modeling of variables with high dependence. 
Moreover, it was shown that the generalizing 
Cook-Johnson Copula is a proper model for 
analyzing the problem of eruption of a hot 
spring. Bivariate distributions and copula 
functions for two parameters were analyzed. By 
using research methodology and the multivariate 
generalizing Cook-Johnson copula function, the 
issue of probable modeling of hot spring 
eruption with more variables can be studied. 
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