Journal of Modern Applied Statistical
Methods

Volume 12 | Issue 2 Article 13

11-1-2013

A Generalized Class of Estimators for Finite
Population Variance in Presence of Measurement
Errors

Prayas Sharma
Banaras Hindu University, Varanasi, India, prayassharma02@gmail.com

Rajesh Singh

Banaras Hindu University, Varanasi, India, rsinghstat@gmail.com

b Part of the Applied Statistics Commons, Social and Behavioral Sciences Commons, and the

Statistical Theory Commons

Recommended Citation

Sharma, Prayas and Singh, Rajesh (2013) "A Generalized Class of Estimators for Finite Population Variance in Presence of
Measurement Errors," Journal of Modern Applied Statistical Methods: Vol. 12 : Iss. 2, Article 13.
DOI: 10.22237/jmasm/1383279120


http://digitalcommons.wayne.edu/jmasm?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol12%2Fiss2%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol12%2Fiss2%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol12?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol12%2Fiss2%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol12/iss2?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol12%2Fiss2%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol12/iss2/13?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol12%2Fiss2%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/209?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol12%2Fiss2%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/316?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol12%2Fiss2%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/214?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol12%2Fiss2%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages

Journal of Modern Applied Statistical Methods Copyright © 2013 JIMASM, Inc.
November 2013, Vol. 12, No. 2, 231-241. ISSN 1538 — 9472

A Generalized Class of Estimators for Finite
Population Variance in Presence of
Measurement Errors

Prayas Sharma Rajesh Singh
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Varanasi, India Varanasi, India

The problem of estimating the population variance is presented using auxiliary
information in the presence of measurement errors. The estimators in this article use
auxiliary information to improve efficiency and assume that measurement error is present
both in study and auxiliary variable. A numerical study is carried out to compare the
performance of the proposed estimator with other estimators and the variance per unit
estimator in the presence of measurement errors.

Keywords: Population mean, study variate, auxiliary variates, mean squared error,
measurement errors, efficiency.

Introduction

Over the past several decades, statisticians are paying their attention towards the
problem of estimation of parameters in the presence of measurement errors. In
survey sampling, the properties of estimators based on data usually presuppose
that the observations are the correct measurements on characteristics being
studied. However, this assumption is not satisfied in many applications and data is
contaminated with measurement errors, such as non-response errors, reporting
errors, and computing errors. These measurement errors make the result invalid,
which are meant for no measurement error case. If measurement errors are very
small and we can neglect it, then the statistical inferences based on observed data
continue to remain valid. On the contrary, when they are not appreciably small
and negligible, the inferences may not be simply invalid and inaccurate but may
often lead to unexpected, undesirable and unfortunate consequences (see
Srivastava and Shalabh, 2001). Some important sources of measurement errors in

Prayas Sharma is a Research Fellow in the Department of Statistics. Email him at
prayassharma02@gmail.com. Rajesh Singh is Assistant professor in the Department of
Statistics. Email at: rsinghstat@gmail.com.

231


mailto:prayassharma02@gmail.com
http://www.bhu.ac.in/statistics/rsingh.html
mailto:rsinghstat@gmail.com

A CLASS OF ESTIMATORS FOR FINITE POPULATION VARIANCE

survey data are discussed in Cochran (1968), Shalabh (1997), and Sud and
Srivastva (2000). Singh and Karpe (2008, 2010), Kumar et al. (2011a, b) studied
some estimators of population mean under measurement error.

Many authors, including Das and Tripathi (1978), Srivastava and Jhajj
(1980), Singh and Karpe (2009) and Diana and Giordan (2012), studied the
estimation of population Variance 05 of the study variable y using auxiliary

information in the presence of measurement errors. The problem of estimating the
population variance and its properties are studied here in the presence of
measurement errors.

Consider a finite population U= (U, U, ........ Unyof N units. Let Y and X be
the study variate and auxiliary variate, respectively. Suppose a set of n paired
observations are obtained through simple random sampling procedure on two
characteristics X and Y. Further assume that x; and y; for the i sampling units are
observed with measurement error as opposed to their true values (X, Y;) For a
simple random sampling scheme, let (x; y;) be observed values instead of the true
values (X;, Y;) for i (i=1.2....n) unit, as

U =Y, =Y, 1)

Vi =Xi_xi (2)

where u; and v; are associated measurement errors which are stochastic in nature
with mean zero and variances o> and o, respectively. Further, let the ui’s and

vi’s are uncorrelated although X;’s and Y;’s are correlated .
Let the population means of X and Y characteristics be x, and u, ,

2
X !

coefficient between x and y respectively (see Manisha and Singh (2002)).

population variances of (x, y) be (o aj) and let p be the population correlation

Notations
Let Y:EZ X:, 7:1 y;, be the unbiased estimator of population means X
Nz Nz
and Y , respectively but s :%Z(Xi ~x)* and s? =ilz(yi ~y)” are not
n-143 n-143

2
X!

unbiased estimator of (o aj), respectively. The expected values of s?and sj in

the presence of measurement error are, given by,
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When the error variance o is known, the unbiased estimator of &7, is
62 =s;—o? >0, and when o is known, then the unbiased estimator of o is

such that

E(e)=E(e)=0,

cz(, o2)_c?
E(ef):Tx(ua—;j:né ,

and to the first degree of approximation (when finite population correction factor
is ignored)

4 2\? 2

o 0 /’le(xiy) o Oy

= + Vo —5 2| 1+— , A=—=—"——7%, C =—, 0, = ,
Ay {yZy 72u G;‘ ( O_)%J } O'XO'5 X 1, O_):(z_'_o_vz

2

0= = B3 7= B0)-3, f,0) =248 g ()= )
o, +0, 5 (u) 15 (Y)

(V) =E(Y, —u)" (W) =E(}).
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d.and g, are the reliability ratios of X and Y, respectively, lying between 0 and 1.

Estimator of population variance under measurement error

According to Koyuncu and Kadilar (2010), a regression type estimator t; is
defined as

4 = WGy +W, (4, —X) 3)
where w; and w-, are constants that have no restriction .

Expression (3) can be written as

t—o; =(W,—1)o; +Wore, — W8 (4)
Taking expectation both sides of (4), results in

Bias(t,) = o (w, 1) (5)
Squaring both sides of (4)

(t-o? )2 =[(w,~1)o} +Wore, ~W,ue, | (6)

or

22 4 2 > 4.2 2 2.2 4
(t-07) =[ o)W -1 +woye) +w;ulel +2(w, ~D)woye,

7)

—2(w, - 1)W20'51uxel - zwlwzo'jﬂxeoel)]

Simplifying equation (7), taking expectations and using notations, results in
the mean square error of t up to first order of approximation, as

2 2wWW, i 02 AC
MSE(tl):{a;‘wf(%+1)+(l—2wl)o-j+W22yxz :5— 1 2‘;*% :

X

(8)
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In the case, when the measurement error is zero, MSE of t, without
measurement error is given by,

. o, C? C
MSE™(t,) =—2{y,, +2+n}+(1-2w)o; + W, 1] —X—2W1W2yxa§/1—x} (9)
n n n
and
62 O_4 O_4 2 0_4 Cz 02
M, =—L| 4y, +2| 4| +424 + W, =L (10)
n O-y y y n JX

is the contribution of measurement errors in the MSE of estimator t,.

Differentiating (8) with respect to w, and w, partially, equating them to
zero and after simplification, results in the optimum values of w, and w,
respectively as

-0'B —c’C
W=t W) = 11
' C2-MB' ? C2-AB (11)
22 2 C /1
where, A=(i+1)o-;‘, |3='ux_cx and C:Uy/ux -
n né n

X

Using the values of @, and @, from equation (11) into equation (8), gives
the minimum MSE of the estimator t, in terms of A, B and C as

ot Y|(c*-nB)
— y 2_ 2_
MSE(H)min—((CZ AB)) ——+3BC’ - AB*-2BC (12)
- (o}

y

Another estimator under measurement error

Based on Solanki and Singh (2012), an estimator t, is defined as
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et ol

where a and S are suitably chosen constants.
Expressing the estimator t,, in terms of e’s is

t,=6, {2—(1+ &) exp{(%)(l+e—21J_ H (14)

Expanding equation (14) and simplifying results in
(t,-0)=07|e —5(e +ee)—i(k2—2k) (15)
2 y y | *0 2 1 0v1 8

where k =(f+2a).
On taking expectations of both sides of (15), the bias of the estimator t, up
to the first order of approximation is obtained as

. k AC k? -2k | C?
Blas(tz):aj{-g nx_[ 5 Jné} (16)

Squaring both sides of (15) and after simplification,
2?2 4 k? 2
(t,-o2) =0 & e ke (17)

Taking expectations of (17) and using notations, the MSE of estimator t, is
calculated as

6,

X

0; k* _,
MSE(t,) =—| A6, +--C —kiC,0, (18)
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Differentiating equation (18) with respect to k and equating to zero and after
simplification the optimum value of k is

K =22% (19)

Putting the optimum value of k from (19) to (18), results in the minimum MSE of
estimator t as

MSE(t,), ., = ?[A/ -1%6, | (20)

Remark:

Singh and Karpe (2009) defined a class of estimator for af as
t, = &jd(b) (21)

where, d(b) is a function of b such that d(1)= 1, and certain other conditions,
similar to those given in Srivastava (1971). The minimum MSE of tyis given by,

4
O
MSE(t,),... =7y[Ay -1%6, ] (22)
which is the same as the minimum MSE of estimator t, given in equation (20).

A General Class of Estimators

A general class of estimator t3 is proposed as

ty=|m&; +m,(u, —7)]{2-(1ja exp{m} } (23)

7 (X+u,)

Where m, and m, are constants chosen so as to minimize the mean squared error

of the estimator ts.
Equation (23) can be expressed in terms of e’s as
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k? -2k
t, = [mlaj +More, - mzyxel] [1—£e —uef] (24)
Expanding equation (24) and subtracting aj from both sides, results in

k
(t,—07)=| (M —1)o) ——moje, +moje, —m,ue
i (25)
25

e? ) oimk
5 oym (k* - 2k) ==

K 2
€6t E m, 4, €

On taking expectations of both sides of (25) the bias of the estimator t, up
to the first order approximation is obtained as
C; oymkac, k C?

. 1
Blas(t3):(m1—1)a§—gajml(kz—Zk)ne o +Em2ﬂxﬁ (26)

X

Squaring both sides of (25), results in
2\? L 2 2 ’
(t,-07) =|(m-1)0; =5 Moe + Moje, My, (27)

Simplifying equation (27) and taking expectations both sides the MSE of
estimator t, up to the first order of approximation is obtained as

MSE (t;) =[ (1-2m,) oy +m;P +m;Q —m,m,R | (28)

22 22 2
where P =| 1423 KC_K e ot Q=S and R=o?|k Sy 210, |4
n 4ng, n no. 0, n

X X

Minimizing MSE t; with respect to m; and m, the optimum values of m, and
m, is
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. —4Q0';1 . —ZRG;1

' R?-4PQ 2 R2-4PQ

Putting the optimum values of m and m, in equation (28) results in the
minimum MSE of estimator t, as

4()';1 Q

MSE(tS):O'y 1:m

(29)

Empirical Study

Data Statistics:

The data used for empirical study was taken from Gujrati and Sangeetha (2007) -
pg, 539., where,

Y, = True consumption expenditure,

X, = True income,

y; = Measured consumption expenditure,
X. = Measured income.

From the data given we get the following parameter values:

Table 1. Parameter values from empirical data

2 2 2 2
N My )75 o, o, P o, o,
10 127 170 1278 3300 0.964 36.0 36.0

Table 2. Showing the MSE of the estimators with and without measurement errors

Estimators MSE without meas. Contribution of meas. MSE with meas.
Error Errors in MSE Errors

5‘5 245670 35458 281128

'[1 229734 30354 260088
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Table 2 continued.

. MSE without meas. Contribution of meas. MSE with meas.
Estimators

Error Errors in MSE Errors

) min 245411 35461 280872
tn(@=1=0) 247440 30442 277862
(¢=0,8=1) 234402 30555 267957
(a=14=1) 268144 30219 298363
(a=14=-1) 234402 33555 267957
(¢=0,6=-1) 231969 30600 262569
(¢=-09,=2) 220145 30365 259510
Conclusion

Table 2 shows that the MSE of proposed estimator t3 (for « =-0.9,84=2) is
minimum among all other estimators considered. It is also observed that the effect
due to measurement error on the estimator t; and usual estimators is less than the
effect on the estimator t, under measurement error for this given data set.
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