Journal of Modern Applied Statistical
Methods

Volume 2 | Issue 1 Article 9

5-1-2003

Screening Properties And Design Selection Of
Certain Two-Level Designs

H. Evangelaras
National Technical University of Athens, harris11@central.ntua.gr

Christos Koukouvinos
National Technical University of Athens

b Part of the Applied Statistics Commons, Social and Behavioral Sciences Commons, and the
Statistical Theory Commons

Recommended Citation

Evangelaras, H. and Koukouvinos, Christos (2003) "Screening Properties And Design Selection Of Certain Two-Level Designs,"
Journal of Modern Applied Statistical Methods: Vol. 2 : Iss. 1, Article 9.
DOI: 10.22237/jmasm/1051747740


http://digitalcommons.wayne.edu/jmasm?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol2%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol2%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol2?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol2%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol2/iss1?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol2%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol2/iss1/9?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol2%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/209?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol2%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/316?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol2%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/214?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol2%2Fiss1%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages

Journal of Modern Applied Statistical Methods
May, 2003, Vol. 2, No.1, 87-107

Copyright © 2003 IMASM, Inc.
1538 —9472/03/$30.00

Screening Properties And Design Selection
Of Certain Two-Level Designs

H. Evangelaras

C. Koukouvinos

Department of Mathematics
Nationa Technical University of Athens

Screening designs are useful for situations where a large number of factors (q) is examined but only few (k)
of these are expected to be important. It is of practical interest for a given k to know all the inequivaent
projections of the design into the k dimensions. In this paper we give al the inequivalent projections of
inequivalent Hadamard matrices of order 28 into k=3 and 4 dimensions and furthermore, we give partia
results for k=5. Then, we sort these projections according to their generalized resolution and their

generalized aberration.

Key words. Hadamard matrices, inequivalent projections, screening designs, factorial designs, generalized
resolution, generalized aberration, generalized wordlength pattern.

Introduction

In the early stages of an experimental situation, a
large number of factors is likely to have been
identified as possibly having an influence on the
response. However, it is believed that only a few
of these actualy have a substantia effect, a
situation known as factor sparsity. The small
number of active factors can be identified through
a screening experiment.  Screening designs are
frequently used by experimenters to help
understand the impact of alarge number of factors
in relatively few trials. Traditionally Hadamard
matrices have been used for this purpose. A lot of
work has been done in this area (see [7, 10, 11,
16]).

A design suitable for screening out the k
relevant factors from the total factors is caled a
screening design, see[2, 7, 11]. An n-dimensiona
Hadamard matrix isan n by n matrix of 1'sand -

I'swith HTH=HHT=nI,
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A Hadamard matrix is sad to be
normalized if it has its first row and column al
1's. If not we can normalize the Hadamard matrix
by multiplying rows and columns by -1 where is
needed. In these matrices, n is necessarily 2 or a
multiple of 4. Two Hadamard matrices Hq and H»

are caled equivaent (or H-equivalent) if one can
be obtained from the other by a sequence of row
negations, row permutations, column negations
and column permutations.

Their usefulness in gtatistical analysisis as
follows. There are two general questions to be
answered. (i) If g factors are to be studied, which
g columns should be assigned to the q factors?
Since any set of g columns are orthogonal, we
must compare them in terms of their ability in
entertaining m two-factor interactions in addition
to the q main effects. (ii) For each assignment,
main effect analysis may reveal that only k factors
(i.e. k columns), k £ q are significant.

We can then raise the question (i) for these
k factors. Since the projection onto k columns
varies with the outcome of the analysis, it will be
desirable to study this problem for all (or most)
projections. The information obtained will be
useful for experimenters in contemplating the
choice of designs. The choice of k factors is
equivalent to the choice of a n” k submatrix of a
Hadamard matrix of order n. Two such matrices
are said to be (combinatorialy) equivalent if one
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can be aobtained from the other by permutation of
rows, columns and sign changes in columns. In
the context of design theory we refer to this
equivalence as (combinatorial) equivalence of two
factor assignments.

Classification Criteria

Orthogonal  factorial designs can be
classified into two categories. the regular
fractional factorials, that have simple aliasing
structure in which any two effects are either
orthogonal or fully diased and the nonregular
fractional factorials, that have complex aliasing
structure in which effects are neither orthogonal
nor fully aiased.

Fractional factoria designs are the most
popular experimental designs used in various
filds. There are many useful criteria for
comparing and ranking fractional factorial designs,
such as resolution [2], minimum aberration [6],
estimation capacity [3] and uniformity [5]. Among
them, the minimum aberration is the most used
criterion, but it can be applied only to regular
factorials.

It is of practica use to rank and compare
non-regular factoriad designs in a systematic
manner. Deng and Tang [4] proposed generalized
resolution as a criterion to rank such designsin a
similar way as the resolution criterion is used for
regular designs. According to this criterion, an
orthogonal design is regarded as a set of m
columns D={d1,....dny. Then, for 1EKEm and

any k-subset s={ dj 1,...,dj k} define
J()=la djj1..dijk |

If r is the smdlest integer such that
maX|gj=rJr(s)>0 and the maximization is over all
the subsets of r distinct columns of D, then the
generalized resolution of D is defined to be:

R(D)=r+ 1-max|s|=rJr (9/n].

Then, usng smple caculations, we are
able to calculate the generalized resolution of any
fractional factoriad design and therefore we can
rank and compare any set of inequivaent
projections of Hadamard matrices in any order

n=0(mod4) and especialy when n is not a power

of 2. Designs with greater generaized resolution
from the others are preferred.

The previoudy sated criterion of
generalized resolution is not strong enough to rank
such designs since there are cases where two or
more fractionad factoria designs have the same
generalized resolution (see Table 4, where there
are 3 such designs with the same generalized
resolution). Ma and Fang [12] proposed a stronger
criterion that can be applied to al regular and non-
regular factorials. Let D be a fractiona factoria
design with n runs and s factors, each factor in q
levels. The new criterion appends to the design D
its generalized wordlength pattern, which is

defined by: WI(D)={A19(D).... A(D)} where

D APUIE D), =Ls

Pj(j;s) are the Krawtchouk polynomials and Ej (D),
j=0,...,s is the distance distribution of D, defined -
in asimilar way with Hamming distance- as:

A'(D)=

#{(c,d)|,c,d1 D,d, (c,d) =i}
n

E (D)=

where dy(c,d) is the Hamming distance between
two runs cand d of D. For the undefined terms in
coding theory, we refer the interested reader to
[13] and [15].

Let now D4 and D2 be two inequivalent
designs. Let t be the smallest integer for which
AY(D1) #A9(D) in their generalized wordlength
patterns. Then, if A;9(Dq) < A9(D2) we say that
D1 has less generalized aberration from Dy and

hence it is preferred. A design D has minimum
generalized aberration if no other design has less
generaized aberration than it.

By an agorithm which relies on the
definition, we have found al the inequivalent
projections for n=28, k=3, 4 and 5 as well as their
frequencies. Then by simple computations, we
sort these projections according to their
generdized resolution and aberration in order to
present the best classification.
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Inequivalent Hadamard Matrices Of Order 28 And
Their Projections

We know that by adding a column of 1's
to a Plackett and Burman design [14], we obtain a

Hadamard matrix H which satisfies H TH=nl. For
n=12, H is unique, but for higher n thisis not true.
Inequivalent Hadamard matrices have different
projection properties.

For n=28 there are 487 inequivaent
Hadamard matrices [8, 9] but only one of them
corresponds to a Plackett and Burman design
designated as H28.487 here, that is, only one
provides a 28run design of the type whose
projections are widdly known and studied [1],
[11]. We will now discuss the projection patterns
of al the types, which we designate as H28.1,
H28.2 ... H28.487 asfound in
http://www.research.att.com/~njas/hadamard.

From now on, in this paper we will denote
each projection with (k.#) where k are the factors
included in the projection and # is the number of
the projection. We present each projection as a set
of k vectors to save space. In each such vector we
have used the letters from A to Z to denote the
position of the +1 in each column but since these
letters are 26, we need two more characters for the
positions 27 and 28. So, we used # for position 27
and * for postion 28. For example, the vector
ABEGIJLORUVXZ* applies to the ++--+-+-++-
+--+--+--++-+-+-+ column.

For k=3 there are three different possible
projections listed in Table 1. All of them contain a

23 full factorial design.

Table 1. Inequivalent projections of al 28-run
inequivalent Hadamard matrices into k=3
dimensions.

No. Projection

(3.1) ABEGIJLORUVXZ*,
ACDFIKLORTWY Z*,
AHIKLMNOPQRS*
(3.2 ABEFGKLMOPSTUW,
ADEFGHIINOPWXY,
AHIKLMNOPQRS*
(3.3 ACEFGKLMNQRVXY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*

Table 2 shows the generalized resolution
and the generalized wordlength pattern of the three
inequivalent projections of Hadamard matrices of
order 28 in 3 factors. Projection (3.2) has the best
properties than the other two and hence it is
preferred from the others.

The frequencies of appearance of each
projection in every Hadamard matrix are available
on request. It is worth mentioning that the
Plackett and Burman design does not provide us
the projection (3.1).

Table 2: Sorting of the inequivalent projections of
Hadamard matrices of order 28 in 3 dimensions
according to their generalized resolution and their
generalized wordlength pattern.

Projection | Generalized Generalized
number Resalution | Wordlength Patterr|

(3.2 3.856 ©,0,02)
(3.3) 3571 (0,0, 0.18)
(3.1) 3.286 (0,0, 0.51)

For k=4 there are seven different possible
projections listed in Table 3. Projection (4.6)

contains a full 24 factorid design while
projections (4.2) and (4.5) contain a half fraction

of the full 24 factorial design with defining
relation 1=ABCD contrary to the projections (4.3)
and (4.7) that contain a half fraction with defining
relation 1=-ABCD. Finally, projections (4.1) and
(4.4) do not have any geometrical property.

The frequencies of appearance of each
projection in every Hadamard matrix are available
on request. The Plackett and Burman design does
not provide us the projections (4.1) and (4.2). It is
also worth to mentioning that over the 90% of the
projections in each Hadamard matrix contain a

half fraction of the full 24 factorial design and
furthermore, projection (4.6), which is the best

under geometric approach as it contains a full 2
factorial design, can be recognized in more than
50% out of the whole 17550 possible projections
of the 27 columns of each Hadamard matrix of
order 28 in 4 factors.
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Table 3. Inequivalent projections of al 28-run
inequivalent Hadamard matrices into k=4
dimensions.

other hand, projection (4.1) is the worst since t
has the least generalized resolution among all.

Table 4: Sorting of the inequivaent projections of

Table 4 shows the generalized resolution
and the generalized wordlength pattern of the
seven inequivalent projections of Hadamard
matrices of order 28 in 4 factors. The
classification has been made firstly by their
generdlized resolution and then by their
generalized wordlength pattern. So, there are
three projections with generalized resolution equal
to 3.857 but projection (4.6) is the best since it has
better generalized wordlength pattern. On the

Number Projection Hadamard matrices of order 28 in 4 dimensions
ABEGIJLORUVXZ*, according to their generalized resolution and their

(4.1 ACDFIKLORTWY Z*, generaized wordlength pattern.
ADEFGHIINOPWXY,

AHIJKLMNOPQRS* Projection | Generalized Generalized
ADEFIMNOQTUV#*, number Resolution | Wordlength Pattern

4.2 ADEGIKPRSTVY#*, (4.6) 3.857 (0,0, 0.08, 0.02)
ABCDFHJILNPRTUYV, (45) 3857 (0, 0, 0.08, 0.18)
ABCDGHIKOQSUVY 4.2 3.857 (0, 0,0.08, 0.51)
ADEGIKPRSTVY#*, 4.7 3571 (0,0, 0.24, 0.02)

4.3 ABCDEIIMQRSTWX, 4.3 3571 (0,0, 0.24,0.18)
ABCDGHIKOQSUVY, (4.4) 3571 (0,0, 041, 0.02)

ACEFGKLMNQRVXY (4.1) 3.286 (0,0, 0.57,0.02)
ABCDFHILNPRTUV,

(4.4) ACEFGKLMNQRVXY, For k=5, we give partia results since the
ADEFGHIINOPWXY, combinatorial equivalence agorithm we applied
AHIKLMNOPQRS* requires vast computationa time which increases
ABCDGHIKOQSUVY, rapidly as the number of factors enlarges. In

(4.5) ABEFGKLMOPSTUW, particular, we have studied the problem for only

ACEFGKLMNQRVXY, the first thirty matrices listed in
ADEFGHIINOPWXY http7//www.research.att.com/~njas/hadamard/.
ABCDGHIKOQSUVY, From these Hadamard matrices, 126 inequivalent

(4.6) ABEFGKLMOPSTUW, projections arise and they are listed in Table 5. It
ADEFGHIINOPWXY, is worth mentioning that projections (5.91) and
AHIJKLMNOPQRS (5.101) contain a 251, fraction with defining

@ ﬁgggg}ftuﬁg&v\‘(’ refations |=-ABCDE and |=ABCDE respectively.

' ADEEGHI JNOP\NXY,’ The classf_l cation of th_ese 126 proj ectlpns
AHIJKL MNOPQRS* ur_lder_ t_he generallged resolution and_ aberration
criteriais presented in Table 6. From this table one

can notice that projection (5.124) is the best under
the classification criteria concerned and on the
other hand, projections (5.2) and (5.29) are the
worst ones under the same criteria. It is worth
mentioning that severa inequivalent projections
have the same generalized resolution and
wordlength pattern.
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Table 5: Inequivaent projections of al 28-run inequivaent Hadamard matrices into k=5 dimensions.

Number Projection
ABEFHIKNQSTWZ#,
ABDGILMNSTXY Z*,
(5.1 ABCDGHIKNQRUVY,
ADEFGHIINOPWXY,
AHIIKLMNOPQRS*
AHIKLMTUVWXY#,
ABEFGKLMNOPTUV,
(5.2 ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,,
AHIKLMNOPQRS*
ABEGHIMOQSUY Z#,
ABCDFHJILOQSTVX,
(5.9) ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,
AHIIKLMNOPQRS*
ACDEHLMNORVWZ#,
ACDGIKMNPQTXZ#,
(5.5) ABDFIKMNSVWY Z*,
ABCFIMNOQUWX#*,
ABCGHLNPSTWY #*
ACDGIKMNPQTXZ#,
ABDEHKLPQUWXZ*,
(5.6) ABCGHLNPSTWY #*,
ABCDEIIMPRSTUW,
AHIKLMNOPQRS*
ACDGIKMNPQTXZ#,
ABDFIKMNSVWY Z*,
(5.7) ABCGHLNPSTWY #*,
ABCDEIIMPRSTUW,
ABCDFHJILOQSTVX
ABDEHKLPQUWXZ*,
ACEFHIMPQTVY Z*,
(5.8 ABCGHLNPSTWY#*,
ADFGHMPRSUV X#*,
AHIKLMNOPQRS*
ABDEHKLPQUWXZ*,
ACFGHIKORTUWZ*,
(5.9 ADFGHMPRSUV X#*,
ABCDFHJILOQSTVX,
ADEFGHIINOPWXY
ABDEHKLPQUWXZ*,
ADFGHMPRSUV X#*,
(5.10) ABCDEIIMPRSTUW,
ACEFGKLMQRSWXY,
AHIIKLMNOPQRS*
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(5.11)

ABDFIKMNSVWY Z*,
ACEGIILNSUVXZ*,
ABCGHLNPSTWY#*,
ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*

(5.12)

ABDFIKMNSVWY Z*,
ABCEIKOPRVXY#*,
ADEFILNQRTUY#*,

ABCDGHIKNQRUVY,
ADEFGHIINOPWXY

(5.13)

ABDGILMORTXY Z*,
ACEFHIMPQTVY Z*,
ABCFIMNOQUWX#*,
ADEGIKOQSTVW#*,
AHIIKLMNOPQRS*

(5.14)

ABDGILMORTXY Z*,
ACFGHIKORTUWZ*,
ABCEIKOPRVXY#*,
ADEGIKOQSTVW#*,
AHIKLMNOPQRS*

(5.15)

ABDGILMORTXY Z*,
ABCEJXKOPRVXY#*,
ABCFHIMNOQUWX#*,
ADEFILNQRTUY#*,
ABCDFHJILOQSTVX

(5.16)

ABDGILMORTXY Z*,
ABCFIMNOQUWX#*,
ABCGHLNPSTWY#*,
ADEFILNQRTUY#*,

ADFGHMPRSUV X#*

(5.17)

ACEFHIMPQTVYZ*,
ACEGIILNSUVXZ*,
ABCEIKOPRVXY#*,
ADEGIKOQSTVW#*,
ABCDEIIMPRSTUW

(5.18)

ACEFHIMPQTVYZ*,
ACEGIILNSUVXZ*,

ADEFILNQRTUY#*,

ADFGHMPRSUV X#*,
AHIIKLMNOPQRS*

(5.19)

ACEFHIMPQTVY Z*,
ACFGHIKORTUWZ*,
ABCEIKOPRVXY#*,
ABCFIMNOQUWX#*,
ABCGHLNPSTWY #*

(5.20)

ACEFHIMPQTVY Z*,
ACFGHIKORTUWZ*,
ABCGHLNPSTWY#*,
ABCDFHJILOQSTVX,
ADEFGHIINOPWXY

92
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ACEFHIMPQTVY Z,
ADFGHMPRSUV X#*,
(5.21) ABCDEIIMPRSTUW,
ABEFGKLMNOPTUV,
AHIJKLMNOPQRS*
ACEGIJLNSUVXZ*,
ACFGHJKORTUWZ*,
(5.22) ABCEJKOPRVXY#*,
ABCGHLNPSTWY #*,
AHIJKLMNOPQRS*
ACEGIILNSUVXZ*,
ABCEJKOPRVXY#*,
(5.23) ABCFIMNOQUWX#*,
ABCDFHILOQSTVX,
ACEFGKLMQRSWXY
ACEGIILNSUVXZ*,
ABCEJKOPRVXY#*,
(5.24) ADEFILNQRTUY#*,
ABCDFHJLOQSTVX,
ABEFGKLMNOPTUV
ACEGIJLNSUVXZ*,
ABCGHLNPSTWY#*,
(5.26) ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ACFGHJKORTUWZ*,
ABCEJKOPRVXY#*,
(5.27) ABCFIMNOQUWX#*,
ADFGHMPRSUV X#*,
AHIJKLMNOPQRS*
ACFGHJKORTUWZ*,
ABCEJKOPRVXY#*,
(5.28) ABCGHLNPSTWY #*,
ADEGIKOQSTVW#*,
AHIJKLMNOPQRS*
ACFGHIKORTUWZ*,
ABCEJKOPRVXY#*,
(5.29) ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ACFGHJKORTUWZ*,
ABCFIMNOQUWX#*,
(5.30) ADEFILNQRTUY#*,
ADFGHMPRSUV X#*,
ABCDGHIKNQRUVY
ACFGHIJKORTUWZ*,
ABCGHLNPSTWY #*,
(5.31) ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*,
ABCDGHIKNQRUVY
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(5.32)

ACFGHIKORTUWZ*,
ABCGHLNPSTWY #*,
ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*,
ABEFGKLMNOPTUV

(5.33)

ACFGHIKORTUWZ*,
ABCGHLNPSTWY#*,
ADFGHMPRSUV X#*,
ABCDFHJILOQSTVX,
ADEFGHIINOPWXY

(5.34)

ABCEIKOPRVXY#*,
ABCFIMNOQUWX#*,
ADEFILNQRTUY#*,
ABCDEIIMPRSTUW,
ADEFGHIINOPWXY

(5.35)

ABCEIKOPRVXY#*,
ABCFIMNOQUWX#*,
ADEGIKOQSTVW#*,
ABCDEIIMPRSTUW,
ABCDFHJILOQSTVX

(5.37)

ABCEIKOPRVXY#*,

ABCFIMNOQUWX#*,
ABCDFHJLOQSTVX,
ABCDGHIKNQRUVY,
ACEFGKLMQRSWXY

(5.38)

ABCEJKOPRVXY#*,

ABCGHLNPSTWY #*,
ADEGIKOQSTVW#*,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY

(5.39)

ABCEIKOPRVXY#*,
ADEFILNQRTUY#*,
ADEGIKOQSTVW#*,
ABCDEIIMPRSTUW,
ABEFGKLMNOPTUV

(5.40)

ABCEIKOPRVXY#*,

ADEFILNQRTUY#*,

ADEGIKOQSTVW#*,
ABCDFHJILOQSTVX,
ACEFGKLMQRSWXY

94
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ABCEJKOPRVXY#,
ADEFJLNQRTUY#*,
(5.41) ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
AHIKLMNOPQRS*
ABCEJXKOPRVXY#,
ABCDGHIKNQRUVY,
(5.42) ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ABCFIMNOQUWX#,
ABCGHLNPSTWY#*,
(5.43) ADEFILLNQRTUY#*,
ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*
ABCFIMNOQUWX#,
ABCGHLNPSTWY #*,
(5.44) ADEFILNQRTUY#*,
ABCDEIJMPRSTUW,
AHIKLMNOPQRS*
ABCFIMNOQUWX#,
ABCGHLNPSTWY#*,
(5.45) ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*,
ACEFGKLMQRSWXY
ABCFIMNOQUWX#,
ABCGHLNPSTWY#*,
(5.47) ABCDFHJILOQSTVX,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
ABCFIMNOQUWX#,
ADEFILNQRTUY#*,
(5.48) ADFGHMPRSUV X#*,
ABCDEIJMPRSTUW,
ABCDGHIKNQRUVY
ABCFIMNOQUWX#,
ADEGIKOQSTVW#*,
(5.49) ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
AHIJKLMNOPQRS*
ABCFIMNOQUWX#,
ADEGIKOQSTVW##*,
(5.50) ADFGHMPRSUV X#*,
ABCDGHIKNQRUVY,
ABEFGKLMNOPTUV
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(5.51)

ABCFIMNOQUWX#*,
ADEGIKOQSTVW#*,
ABCDEIIMPRSTUW,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY

(5.52)

ABCFIMNOQUWX#*,
ADEGIKOQSTVW#*,
ABCDEIIMPRSTUW,
ADEFGHIINOPWXY,
AHIKLMNOPQRS*

(5.53)

ABCFIMNOQUWX#*,
ADEGIKOQSTVW#*,
ABCDFHJILOQSTVX,
ABEFGKLMNOPTUV,
ACEFGKLMQRSWXY

(5.54)

ABCFIMNOQUWX#*,
ADEGIKOQSTVW#*,
ABCDFHJILOQSTVX,
ABEFGKLMNOPTUV,
AHIKLMNOPQRS*

(5.55)

ABCFIMNOQUWX#*,
ADFGHMPRSUV X#*,
ABCDFHJLOQSTVX,
ABCDGHIKNQRUVY,
ACEFGKLMQRSWXY

(5.56)

ABCFIMNOQUWX#*,
ADFGHMPRSUV X#*,

ABCDFHJILOQSTVX,

ACEFGKLMQRSWXY,
ADEFGHIINOPWXY

(5.59)

ABCGHLNPSTWY#*,
ADEFILNQRTUY#*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ADEFGHIINOPWXY

(5.59)

ABCGHLNPSTWY#*,
ADEFILNQRTUY#*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
AHIIKLMNOPQRS*

(5.60)

ABCGHLNPSTWY #*,
ADEFILNQRTUY#*,
ABCDEIIMPRSTUW,

ABCDGHIKNQRUVY,
ADEFGHIINOPWXY

(5.61)

ABCGHLNPSTWY#*,
ADEFILNQRTUY#*,
ABCDFHJLOQSTVX,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY

96
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ABCGHLNPSTWY#,
ADEGIKOQSTVW#*,
(5.62) ADFGHMPRSUV X#*,
ABCDEIJMPRSTUW,
ABCDFHJLOQSTVX
ABCGHLNPSTWY#,
ADEGIKOQSTVW#*,
(5.63) ADFGHMPRSUV X#*,
ABCDEIJMPRSTUW,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ADEGIKOQSTVW#*,
(5.64) ADFGHMPRSUV X#*,
ABCDGHIKNQRUVY,
ACEFGKLMQRSWXY
ABCGHLNPSTWY#,
ADEGIKOQSTVW#*,
(5.65) ADFGHMPRSUV X#*,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ADEGIKOQSTVW#*,
(5.66) ADFGHMPRSUV X#*,
ABCDGHIKNQRUVY,
AHIKLMNOPQRS*
ABCGHLNPSTWY#,
ADEGIKOQSTVW#*,
(5.67) ABCDEIJMPRSTUW,
ABCDFHJILOQSTVX,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ADEGIKOQSTVW#*,
(5.69) ABCDFHJILOQSTVX,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ADEGIKOQSTVW#*,
(5.70) ABCDGHIKNQRUVY,
ABEFGKLMNOPTUV,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ADFGHMPRSUV X#*,
(5.71) ABCDEIIMPRSTUW,
ABCDFHJILOQSTVX,
ADEFGHIINOPWXY
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(5.72)

ABCGHLNPSTWY #*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABCDFHJILOQSTVX,
AHIKLMNOPQRS*

(5.73)

ABCGHLNPSTWY#*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABCDGHIKNQRUVY,
AHIKLMNOPQRS*

(5.74)

ABCGHLNPSTWY #*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABEFGKLMNOPTUV,
AHIIKLMNOPQRS*

(5.75)

ABCGHLNPSTWY#*,

ADFGHMPRSUV X#*,

ABCDEIIMPRSTUW,
ACEFGKLMQRSWXY,

AHIKLMNOPQRS*

(5.76)

ABCGHLNPSTWY#*,
ADFGHMPRSUV X#*,
ABCDFHJLOQSTVX,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY

(5.77)

ABCGHLNPSTWY #*,
ADFGHMPRSUV X#*,
ABCDFHJILOQSTVX,

ABEFGKLMNOPTUV,
ADEFGHIINOPWXY

(5.79)

ABCGHLNPSTWY#*,

ADFGHMPRSUV X#*,

ABCDFHJILOQSTVX,
ACEFGKLMQRSWXY,

AHIKLMNOPQRS*

(5.79)

ABCGHLNPSTWY#*,
ADFGHMPRSUV X#*,
ABCDFHJILOQSTVX,
ADEFGHIINOPWXY,
AHIIKLMNOPQRS*

(5.80)

ABCGHLNPSTWY #*,
ADFGHMPRSUVX#*,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY,
AHIKLMNOPQRS*
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ABCGHLNPSTWY#,
ABCDEIJMPRSTUW,
(5.81) ABCDFHJLOQSTVX,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ABCDEIIMPRSTUW,
(5.82) ABCDFHJILOQSTVX,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ABCDEIJMPRSTUW,
(5.83) ABCDFHJILOQSTVX,
ADEFGHIINOPWXY,
AHIKLMNOPQRS*
ABCGHLNPSTWY#,
ABCDFHJLOQSTVX,
(5.84) ABCDGHIKNQRUVY,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ABCDFHJLOQSTVX,
(5.85) ABCDGHIKNQRUVY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ABCGHLNPSTWY#,
ABCDGHIKNQRUVY,
(5.86) ABEFGKLMNOPTUV,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
ABCGHLNPSTWY#,
ABCDGHIKNQRUVY,
(5.87) ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ADEFJLNQRTUY#,
ADFGHMPRSUV X#*,
(5.88) ABCDEIJMPRSTUW,
ABCDGHIKNQRUVY,
ACEFGKLMQRSWXY
ADEFILNQRTUY#,
ADFGHMPRSUV X#*,
(5.89) ABCDEIJMPRSTUW,
ABCDGHIKNQRUVY,
AHIJKLMNOPQRS*
(5.90) ADEFJLNQRTUY#,
ADFGHMPRSUV X#*,
ABCDFHJILOQSTVX,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
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(5.91)

ADEFILNQRTUY#*,

ABCDFHJILOQSTVX,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY,

AHIKLMNOPQRS*

(5.92)

ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABCDFHJLOQSTVX,
ABEFGKLMNOPTUV

(5.93)

ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABCDFHJILOQSTVX,
ACEFGKLMQRSWXY

(5.94)

ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABCDFHJILOQSTVX,
ADEFGHIINOPWXY

(5.95)

ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABCDFHJILOQSTVX,
AHIIKLMNOPQRS*

(5.96)

ADEGIKOQSTVW#*,
ADFGHMPRSUVX#*,
ABCDEIIMPRSTUW,
ABCDGHIKNQRUVY,
AHIKLMNOPQRS*

(5.97)

ADEGIKOQSTVW#*,

ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ACEFGKLMQRSWXY,

ADEFGHIINOPWXY

(5.98)

ADEGIKOQSTVW#*,
ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ADEFGHIINOPWXY,,
AHIIKLMNOPQRS*

(5.99)

ADEGIKOQSTVW#*,
ABCDEIIMPRSTUW,
ABCDGHIKNQRUVY,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
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ADEGIKOQSTVW#,
ABCDEIJMPRSTUW,
(5.100) ABCDGHIKNQRUVY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ADEGIKOQSTVW#,
ABCDFHJILOQSTVX,
(5.101) ABEFGKLMNOPTUV,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ADFGHMPRSUVX#
ABCDEIJMPRSTUW,
(5.102) ABCDFHJLOQSTVX,
ABCDGHIKNQRUVY,
ABEFGKLMNOPTUV
ADFGHMPRSUVX#,
ABCDEIJMPRSTUW,
(5.103) ABCDFHJLOQSTVX,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY
ADFGHMPRSUVX#,
ABCDEIJMPRSTUW,
(5.104) ABCDFHILOQSTVX,
ABEFGKLMNOPTUV,
ACEFGKLMQRSWXY
ADFGHMPRSUVX#
ABCDEIJMPRSTUW,
(5.105) ABCDFHJLOQSTVX,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ADFGHMPRSUVX#,
ABCDEIIMPRSTUW,
(5.106) ABCDGHIKNQRUVY,
ABEFGKLMNOPTUV,
AHIJKLMNOPQRS*
ADFGHMPRSUVX#,
ABCDEIJMPRSTUW,
(5.107) ABCDGHIKNQRUVY,
ACEFGKLMQRSWXY,
AHIJKLMNOPQRS*
ADFGHMPRSUVX#
ABCDEIJMPRSTUW,
(5.108) ABCDGHIKNQRUVY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ADFGHMPRSUVX#,
ABCDEIIMPRSTUW,
(5.109) ABEFGKLMNOPTUV,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
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(5.110)

ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABEFGKLMNOPTUV,
ACEFGKLMQRSWXY,
AHIKLMNOPQRS*

(5.112)

ADFGHMPRSUV X#*,
ABCDEIIMPRSTUW,
ABEFGKLMNOPTUV,
ADEFGHIINOPWXY,
AHIKLMNOPQRS*

(5.112)

ADFGHMPRSU V X#*,
ABCDEIIMPRSTUW,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,,
AHIIKLMNOPQRS*

(5.113)

ADFGHMPRSUV X#*,
ABCDFHJLOQSTVX,
ABCDGHIKNQRUVY,
ABEFGKLMNOPTUV,
ADEFGHIINOPWXY

(5.114)

ADFGHMPRSUV X#*,
ABCDFHJILOQSTVX,
ABCDGHIKNQRUVY,
ACEFGKLMQRSWXY,
AHIKLMNOPQRS*

(5.115)

ADFGHMPRSUVX#*,
ABCDFHJILOQSTVX,
ABCDGHIKNQRUVY,
ADEFGHIINOPWXY,,
AHIKLMNOPQRS*

(5.116)

ADFGHMPRSUV X#*,
ABCDFHJLOQSTVX,
ABEFGKLMNOPTUV,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY

(5.117)

ADFGHMPRSUV X#*,
ABCDFHJILOQSTVX,
ABEFGKLMNOPTUV,
ADEFGHIINOPWXY,
AHIKLMNOPQRS*

(5.118)

ADFGHMPRSUV X#*,
ABCDFHJLOQSTVX,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,
AHIKLMNOPQRS*

(5.119)

ADFGHMPRSUV X#*,
ABCDGHIKNQRUVY,
ABEFGKLMNOPTUV,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
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ADFGHMPRSUVX#,
ABEFGKLMNOPTUV,
(5.120) ACEFGKLMQRSWXY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ABCDEIIMPRSTUW,
ABCDFHJILOQSTVX,
(5.121) ABCDGHIKNQRUVY,
ABEFGKLMNOPTUV,
AHIJKLMNOPQRS*
ABCDEIIMPRSTUW,
ABCDFHJLOQSTVX,
(5.122) ABCDGHIKNQRUVY,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ABCDFHJILOQSTVX,
ABCDGHIKNQRUVY,
(5.123) ABEFGKLMNOPTUV,
ACEFGKLMQRSWXY,
ADEFGHIINOPWXY
ABCDFHJLOQSTVX,
ABCDGHIKNQRUVY,
(5.124) ABEFGKLMNOPTUV,
ADEFGHIINOPWXY,
AHIJKLMNOPQRS*
ABCDFHILOQSTVX
ABCDGHIKNQRUVY
(5.125) ACEFGKLMQRSWXY
ADEFGHIINOPWXY
AHIJKLMNOPQRS*
ABCDGHIKNQRUVY
ABEFGKLMNOPTUV
(5.126) ACEFGKLMQRSWXY
ADEFGHIINOPWXY
AHIJKLMNOPQRS*
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Table 6: Sorting of the inequivaent projections of Hadamard matrices of order 28 in 5 dimensions according
to their generalized resolution and their generalized wordlength pattern.

Projection Generdized Generdized
number Resolution Wordlength Pattern
(5.124) 3.857 (0, 0,0.204, 0.102, 0)
(5.91) 3.857 (0, 0, 0.204, 0.102, 0.082)
(5.104) 3.857 (0, 0, 0.204, 0.102, 0.082)
(5.101) 3.857 (0, 0,0.204, 0.102, 0.327)
(5.102) 3.857 (0, 0, 0.204, 0.265, 0)
(5.119) 3.857 (0, 0, 0.204, 0.265, 0.082)
(5.122) 3.857 (0, 0, 0.204, 0.265, 0.082)
(5.121) 3.857 (0, 0, 0.204, 0.265, 0.327)
(5.114) 3.857 (0, 0, 0.204, 0.429, 0)
(5.123) 3.857 (0, 0, 0.204, 0429, 0)
(5.109) 3.857 (0, 0, 0.204, 0.429, 0.082)
(5.93) 3.857 (0, 0,0.204, 0.592, 0)
(5.88) 3.857 (0, 0, 0.204, 0.592, 0.082)
(5.92) 3.857 (0, 0, 0.204, 0.592, 0.082)
(5.117) 3571 (0, 0,0.367, 0.102, 0)
(5.61) 3571 (0, 0, 0.367, 0.102, 0.082)
(5.108) 3571 (0, 0, 0.367, 0.102, 0.082)
(5.113) 3571 (0, 0, 0.367, 0.102, 0.082)
(5.34) 3571 (0, 0, 0.367, 0.102, 0.327)
(5.40) 3571 (0, 0, 0.367, 0.102, 0.327)
(5.86) 3571 (0, 0, 0.367, 0.265, 0)
(5.90) 3571 (0, 0, 0.367, 0.265, 0)
(5.106) 3571 (0, 0, 0.367, 0.265, 0)
(5.107) 3571 (0, 0, 0.367, 0.265, 0)
(5.116) 3571 (0, 0, 0.367, 0.265, 0)
(5.58) 3571 (0, 0, 0.367, 0.265, 0.082)
(5.97) 3571 (0, 0, 0.367, 0.265, 0.082)
(5.103) 3571 (0, 0, 0.367, 0.265, 0.082)
(5.1112) 3571 (0, 0, 0.367, 0.265, 0.082)
(5.115) 3571 (0, 0, 0.367, 0.265, 0.082)
(5.78) 3571 (0, 0, 0.367, 0.429, 0)
(5.96) 3571 (0, 0,0.367, 0.429, 0)
(5.41) 3571 (0, 0, 0.367, 0.429, 0.082)
(5.99) 3571 (0, 0, 0.367, 0.429, 0.082)
(5.100) 3571 (0, 0, 0.367, 0.429, 0.082)
(5.110) 3571 (0, 0, 0.367, 0.429, 0.082)
(5.45) 3571 (0, 0, 0.367, 0.429, 0.327)
(5.89) 3571 (0,0, 0.367, 0.592, 0)
(5.95) 3571 (0,0, 0.367, 0.592, 0)
(5.47) 3571 (0,0, 0.531, 0.102, 0)
(5.73) 3571 (0, 0,0.531, 0.102, 0)
(5.83) 3571 (0,0, 0.531, 0.102, 0)
(5.84) 3571 (0,0, 0.531, 0.102, 0)
(5.98) 3571 (0,0, 0531, 0.102, 0)
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(5.49) 3571 (0, 0, 0.531, 0.102, 0.082)
(5.80) 3571 (0, 0, 0531, 0.102, 0.082)
(5.82) 3571 (0, 0, 0.531, 0.102, 0.082)
(5.85) 3571 (0, 0, 0.531, 0.102, 0.082)
(5.105) 3571 (0, 0, 0.531, 0.102, 0.082)
(5.50) 3571 (0, 0, 0.531, 0.265, 0)
(5.52) 3571 (0, 0, 0.531, 0.265, 0)
(5.79) 3571 (0, 0, 0.531, 0.265, 0)
(G.77) 3571 (0, 0, 0.531, 0.265, 0)
(5.35) 3571 (0, 0, 0.531, 0.265, 0.082)
(5.44) 3571 (0, 0, 0.531, 0.265, 0.082)
(5.63) 3571 (0, 0, 0.531, 0.265, 0.082)
(5.70) 3571 (0, 0, 0,531, 0.265, 0.082)
(5.75) 3571 (0, 0, 0.531, 0.265, 0.082)
(5.43) 3571 (0, 0, 0.531, 0.429, 0)
(5.46) 3571 (0, 0, 0.531, 0.429, 0)
(5.54) 3571 (0, 0, 0.531, 0.429, 0)
(5.55) 3571 (0, 0, 0.531, 0.429, 0)
(5.56) 3571 (0, 0, 0.531, 0.429, 0)
(5.57) 3571 (0, 0, 0.531, 0.429, 0)
(5.64) 3571 (0, 0, 0.531, 0.429, 0)
(5.51) 3571 (0, 0, 0.531, 0.429, 0.082)
(5.53) 3571 (0, 0, 0,531, 0.429, 0.082)
(5.60) 3571 (0, 0, 0.531, 0.429, 0.082)
(5.62) 3571 (0, 0, 0.531, 0592, 0)
(5.18) 3571 (0, 0, 0.531, 0.592, 0.082)
(5.94) 3571 (0, 0, 0.531, 0.592, 0.082)
(5.59) 3571 (0, 0, 0.694, 0.102, 0)
(5.76) 3571 (0, 0, 0.694, 0.102, 0)
(5.17) 3571 (©, 0, 0.694, 0.102, 0.082)
(5.32) 3571 (0, 0, 0.694, 0.102, 0.082)
(5.33) 3571 (0, 0, 0.694, 0.102, 0.082)
(5.38) 3571 (0, 0, 0.694, 0.102, 0.082)
(5.13) 3571 (0, 0, 0604, 0.102, 0.327)
(5.36) 3571 (0, 0, 0.694, 0.265, 0)
(5.65) 3571 (0, 0, 0.694, 0.265, 0)
(5.66) 3571 (0, 0, 0.694, 0.265, 0)
(5.67) 3571 (0, 0, 0.694, 0.265, 0)
(5.69) 3571 (0, 0, 0.694, 0.265, 0)
(5.72) 3571 (0, 0, 0.694, 0.265, 0)
(5.79) 3571 (0, 0, 0.694, 0.265, 0)
(5.10) 3571 (0, 0, 0.694, 0.265, 0.082)
(5.37) 3571 (0, 0, 0.694, 0.265, 0.082)
(.70 3571 (0, 0, 0.694, 0.265, 0.082)
(5.68) 3571 (0, 0, 0.694, 0.429, 0)
(5.81) 3571 (0, 0, 0.694, 0.429, 0)
(5.6) 3571 (0, 0, 0.694, 0.429, 0.082)
(5.10) 3571 (0, 0, 0.694, 0.429, 0.082)
(5.16) 3571 (0, 0, 0.694, 0.429, 0.082)
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(5.19 3571 (0, 0, 0.694, 0.592, 0)
(5.39) 3571 (0, 0, 0.694, 0.592, 0)
(5.24) 3571 (0, 0,0.857,0.102, 0)
(5.30) 3571 (0, 0, 0.857, 0.102, 0)
(5.31) 3571 (0, 0, 0.857, 0.102, 0.082)
(5.25) 3571 (0, 0, 0.857, 0.265, 0)
(5.15) 3571 (0, 0, 0.857, 0.265, 0.082)
(5.9 3571 (0, 0, 0.857, 0.429, 0)
(5.20) 3571 (0, 0, 0.857, 0.429, 0)
(5.7) 3571 (0, 0, 0.857, 0.429, 0.082)
(5.21) 3571 (0, 0, 0.857, 0.429, 0.082)
(5.48) 3571 (0, 0, 0.857, 0.592, 0)
(5.8) 3571 (0, 0, 0.857, 0.592, 0.082)
(5.23) 3571 (0, 0, 0.857, 0.592, 0.082)
(5.5 3571 (0,0, 1.02, 0.102, 0.082)
(5.120) 3.286 (0, 0, 0.694, 0.102, 0)
(5.27) 3.286 (0, 0, 0.694, 0.102, 0.082)
(5.125) 3.286 (0, 0, 0.694, 0.102, 0.082)
(5.126) 3.286 (0, 0, 0.694, 0.265, 0)
(5.118) 3.286 (0, 0,0.857,0.102, 0)
(5.87) 3.286 (0, 0, 0.857, 0.265, 0)
(5.14) 3.286 (0, 0, 0.857, 0.265, 0.082)
(5.28) 3.286 (0, 0, 0.857, 0.265, 0.082)
(5.112) 3.286 (0, 0, 0.857, 0.429, 0)
(5.22) 3.286 (0, 0, 0.857, 0.592, 0)
(5.42) 3.286 (0, 0, 1.02, 0.265, 0)
(5.12) 3.286 (0,0, 1.02, 0.429, 0)
(5.3 3.286 (0, 0, 1.02, 0.429, 0.082)
(5.26) 3.286 (0, 0, 1.02, 0.429, 0.082)
(5.4) 3.286 (0, 0, 1.184, 0.265, 0)
(5.1) 3.286 (0, 0, 1.184, 0.592, 0)
(5.2 3.286 (0, 0, 1.184, 0.592, 0.082)
(5.29) 3.286 (0,0, 1.184, 0.592, 0.082)
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