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a Quantitative Sensitive Random Variable

Sarjinder Singh Stephen A. Sedory
Texas A&M University-Kingsville Texas A&M University-Kingsville
Kingsville, TX Kingsville, TX

A new stochastic randomized response model is introduced that is useful for estimating
the population mean of a sensitive quantitative variable. The proposed stochastic
randomized response model is an extension of the stochastic randomized response model
from a qualitative sensitive variable to a quantitative variable found in Singh (2002). The
stochastic nature of a randomized response device helps increase a respondent’s
cooperation while collecting information on sensitive variables in a society. The Bar-Lev,
Bobovitch, and Boukai (2004) model is shown to be a special case of the proposed model.

Keywords: Sensitive variable; estimation of population mean, stochastic randomized
response device

Introduction

The collection of data through personal interview surveys on sensitive issues,
such as induced abortion, drug abuse and family income, is a serious issue. For
example, some questions are sensitive:

. By how much did you underreport your income on your 2009 tax
return?

Are you a Baath Party Member?

How many abortions have you had?

How many children have you molested?

Do you use illegal drugs?

Randomized response techniques are one way to encourage people to
answer truthfully. Warner (1965) considered the case where the respondents in a
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population can be divided into two mutually exclusive groups: one group with
stigmatizing or otherwise sensitive characteristic 4, and the other group without it.
For estimating 7, the proportion of respondents in the population belonging to the
sensitive group A, a simple random sample of n respondents is selected with
replacement from the population. For collecting information on the sensitive
characteristic, Warner (1965) made use of a randomization device. One such
device could be a deck of cards. On each card is written one of the following two
statements: “I belong to group A”, or “I do not belong to group A.” The
statements occur with relative frequencies po and (1—po) respectively in the deck
of cards. Each respondent in the sample is asked to select a card at random from
the well-shuffled deck. Without showing the card to the interviewer, the
interviewee answers the question, “Is the statement true for you?”” The number of
people, ni;, who answer yes is binomially distributed with parameters
por + (1-po) (1-7) and n. The maximum likelihood estimator of z exists for
po# 0.5 is given by

ﬁWZ(nl/n)_(l_pO). (1)
2p,—1

The estimator is unbiased with variance:

N _72'(1—71') po(l—po)
r(,)=—- ) )

In a randomized response procedure, the cooperation of respondents
depends on the confidentiality of their responses — the greater the confidentiality,
the greater the cooperation from the respondents. Conversely, if the magnitude of
response confidentiality is increased, the efficiency of the estimator of population
proportion 7z is adversely affected. It is necessary, therefore, to strike a balance
between response confidentiality and estimator efficiency. Several researchers
have tried to modify data collection procedures to increase the confidentiality of
responses. Horvitz, et al. (1967) felt that by providing the respondent with the
opportunity of replying to one of two questions in which one question is
completely innocuous and unrelated to the sensitive attribute, the sense of
confidentiality among the respondents could possibly be increased. The

theoretical framework for their approach was developed by Greenberg, et al.
(1969).
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Singh (2002) considered another procedure that may result in a greater sense
of response confidentiality among the sampled individuals. The procedure can be
used in surveys where respondents selected in the sample assemble at common
place for the conduction of the survey. This could be a situation of collecting data
from a small town, community or organization. The procedure invokes K decks of
cards (called a stochastic randomization device) with different proportions of
cards carrying the statement, “I belong to group A.” After explaining to the
respondents how the randomization device provides confidentiality to their
responses, the investigator asks one of the assembled respondents to randomly
select a deck of cards from the box containing K decks of cards. The deck is then
used to collect information on the sensitive attribute from the respondents. Every
sampled respondent draws one card from the selected deck of cards and reads the
statement on it. In the proposed procedure every respondent is provided with two
identical slips of paper with yes or no printed on them. According to his status in
relation to the statement printed on the card drawn, each respondent is requested
to put one of the two slips of paper into an empty box. After the survey is
completed, the number of yes answers is counted from the box and the proportion,
p’, for the deck used in the survey is noted. Random selection of one
randomization device from several such devices may help in increasing the sense
of confidentiality among the respondents. The choice of values of p for preparing
K decks of cards for the survey is important in this procedure. These K values of p
could either be purposively selected by an investigator, or they could be taken as a
random sample from a known discrete or continuous density function. Let this
density function be denoted by f(p). The value of p corresponding to the deck
used in the survey will be selected from this random sample of p-values with
equal probabilities. Thus, the value of p* used in the survey is a random variable
with f'(p) as its probability density function. When f'(p) is a one-point distribution,
the proposed procedure reduces to Warner (1965). Singh (2002) assumes let n;
persons in the sample answered yes and (n—n1) answer no. Because the
probability of a yes answer for a particular choice of p” is given by

0:p*72'+(1—7z')(1—p*). (3)
Singh (2002) considers the unbiased estimator of 7 as

. 0-(1-p)
TR T 4)
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where 6= ny/n is the proportion of yes answers in the sample, with variance

1- © p(l-
V<ﬁR>=”(nﬂ*!npipj;zf<p>dp.--aszosap¢0-5 ®

where f(p) denotes the probability density function (p.d.f.) of p. Singh (2002)
showed that the stochastic version of the Warner (1965) model remains more
efficient than the pioneer Warner (1965) model. In the same article, Singh (2002)
also considers stochastic version of the Kuk (1990) model and showed its benefits

over the original Kuk (1990) model. Recent work on randomized response
techniques is found in Abdelfatah, et al. (2013).

Quantitative Randomized Response Model

In the randomized response model due to Bar-Lev, Bobovitch, and Boukai (2004),

hereafter the BBB model, the distribution of responses is given by:
X,S  with probability (1-

y = { : P y (1-p) ©

X, with probability p

1

In other words, each respondent is requested to rotate a spinner unobserved
by the interviewer and if the spinner stops in the shaded area then he/she is
requested to report the real response on the sensitive variable, for example X;; and
if the spinner stops in the non-shaded area then he/she is requested to report the
scrambled response, for example X:S, where S is any scrambling variable and its
distribution is assumed to be known. In other words, E(S) =6 and V(S) = j? are
assumed to be known. Let p be the proportion of the shaded area of the spinner
and (1—p) be the non-shaded area of the spinner as shown in the Figure 1.
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Figure 1. BBB Randomized Response Device.

An unbiased estimator of population mean g is given by

. 1 n
[ = Y 7
X(B55) n{(l—p)6’+p} ; ' D

with the variance of the estimator x(spp) BlVEN by

V[ By | = [0 442 (14C2) €2 () ®)

(1-p)*(1+CH+p
[(1-p)0+ p)’

where Csz(p): —1,and sz;/z/@z.

Proposed Stochastic Quantitative Randomized Response
Model

Let p* be the stochastic proportion of cards in a deck bearing the statement,
“Please report the real response X;” and (1—p") be the stochastic proportion of
cards in the same deck bearing the statement, “Please report the scrambled
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response X;S", where S” is also a stochastic scrambling variable. Let 8" be the
mean value, between pre-decided limits a and b, of a scrambling variable S,
Again this procedure can be used in surveys where the respondents selected in the
sample assemble at a common place to take a survey on a sensitive quantitative
variable. This could be a situation of collecting data from a small town,
community or organization, or a homogeneous stratum.

In practice, it is suggested that, at the gathering place, there is a collection of
K1 decks of pink cards in a box. Every pink deck of cards consists of two types of
cards bearing the two statements (a) and (b) with stochastic proportions p* and
(1-p") respectively. In another box, there are K> green decks of cards and each
green deck can produce stochastic scrambling variable with different mean values
of " in the range a <@ <b. In the presence of all the respondents and the
interviewer, a lottery method is used. A huge number of pink decks of cards are
left in box I, and a huge number of green decks of cards are left in box II. One
green deck is selected and another pink deck is selected by the lottery method.
The values of p* and 6" remain unknown during and after the survey. Both decks
are either returned back to the boxes or are destroyed without looking at the
particular values of p* and 6" used in the survey. This ensures respondents
cooperation and privacy. The decks selected by the lottery method are used in the
entire survey. Also note that the values of @ and b are assumed to be known to the
interviewer and interviewees. Thus, in the proposed stochastic randomized
response model the distribution of the responses is given by

. | X.,S"  with probability (1- p")
Y= . ©)
X, with probability p
The following theorems result.
Theorem 1
An unbiased estimator of the population mean y, is given by
- 1 .
Hgppp) = ZYI (10)

n{(l—p*)H*er*} i1
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where the values of p* and §° remains unknown to both the interviewer and
interviewees, unlike Warner (1965) model. These values p* and " are derived
from the known joint density of p* and §" to get an estimate from the observed
responses.

Proof. Let E1 denote the expected value over all possible samples and E»
denote the expected value over the randomization device for given values of 6"
and p*. Taking expected value on both sides of (10), results in

thus proving the theorem.

Theorem 2

The variance of the unbiased estimator /}S(BBB) of the population mean y, is

given by

(O L s L

where 7/2 =V(S *) is constant and known.

Proof. Let V| be the variance over all possible samples and V, denote the

variance for the given values of the randomization device p* and 6" . By the
definition of the variance,
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V(I[IS(BBB)):E1V2( S(BBB) |P o )+VE (luSBBB |p 6)

1 1

:EIV{WZY Ip",0 ]+VE {WZ’;Y: p.0
S6(1) ]

} (12)

n{(l—p*)0*+p*}

X2+ (1-p7 ) X2E, (8°)-[ p X+ (1-p') X 0]
VA (7 +0)

2p (1 )% )XZH*
=p (1 p)X2[1+02—249] (1 p)XZ}/2
=p (1 p)X?(l—Q) (1 p)Xz;/2

[p (1-p")(1-0') +(1 p)y}xz (13)

Thus, plugging (13) into (12):

P (1=p)(1-0) +(1-p) Y X Z’l{p*+(l_p*)a*}x,.

/()= nz{p*+(1—p*)6’*}2 T ln(p*+(1—p*)9*)

| amp-oy =gy Jﬂ%i){f}*“[iiﬂ

n{p +(1-pHo'}

387



STOCHASTIC RR MODEL FOR A SENSITIVE RANDOM VARIABLE

L (=p)1=07+0-p a (o7 +4)+ &
n{p’+(1-p"Ho'} n

ot (1e0)E, P A-p)1-6) +(1-p)y’
[P +a-p)o' |

oot M

which proves the theorem.

Theorem 3

A joint probability density function of p and @ is given by

[1U+(1—P)5’]2 p ' a-py! (14)

f(p.0)= 0
(b—a)[B(a+2,/3)+3(a2 +ab+b2)B(a,/3+2)+(b+a)B(a+1,,B+1)}

0<p<l, a<@<bh

Proof. Consider
f(p.0)=k[p+(1-p)o] p*'(1-p)", 0<p<la<f<b (15
Therefore,
b1 )
“.f p,0)dpd0 = kf[j[p+ p)@] p””l(l—p)ﬁ_1 dp}d@, a<6<b
a0

=k| D P +(1-p) o +29p<1—p>}p“*a—p)ﬂ*dp}de

1 1 1
—k D‘p(mz)l (l_p)ﬁ1dp+92.|'pa1(1_p)(ﬁ+2)1dp+29Ip(a+1)1(1_p)(ﬁ+1)1dp:|d0
0 0 0

2 —
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= kj[B(a+2,ﬁ)+0213(a,ﬁ+2)+2913(a+1,ﬂ+1)]d¢9

:k[B(a+2,ﬁ)fd(9+B(a,,B+2)[«92d«9+2B(a+1,ﬂ+1)j9d9}

which implies
k[(b—a)B(a+2, ,B)+%(b3 —a’)B(a, f+2)+B(a+1, B+1) (b’ —az)} =1

or

(a* +ab+b%)

k(b—a){B(a+2,,8)+ B(a,,B+2)+(b+a)B(a+1,ﬂ+l)}:1

or

k= ! (16)
(b—a){B(a+2,ﬂ)+(““””b)B(a,ﬂ+2)+(b+a)B(a+1,ﬁ+1)}

Substituting (16) into (15), proves the theorem.

Theorem 4
Under the joint probability density function f(p,8), the variance of the estimator

fs(pp) is given by

,uf(l+Cf){B(0¢+1,,B+1)(1+;(a2 +ab+b2)—(b+a))+yzB(a,ﬂ+l)} (17)

V(#5588 = — or+ 1
" B(o:+2,[)’)+§(a2 +ab+b")B(a, B+2)+(b+a)B(a+1,5+1)
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Proof.

E [V(2)]=[[V(2,)f(p,0)dpdo

1

n(b—a)[B(a+2,,B)+;(a2 +ab+b2)B(a,ﬂ+2)+(b+a)B(a+1,ﬂ+1)}

xjj[p+(1 Y p)ﬂa +ﬂ(HCZ){p(l—p)(l—@)z+<1—p)y2Hdpa,9

(p+(1-p)o}’
1

n(b—a){ a+2,,8)+1(a2+ab+b2)B(a,,B+2)+(b+a)B(a+1,ﬂ+l)}
b1
{Ha p+(1-p)0] p*(1-p)* dpd6
a0

+[[ 12+ {pa-p)a-6y +1-p)y*} p*(1- p)ﬂldpde}

1

n(b—a)[B(a+2,,8)+l(a2+ab+b2)B(a,ﬂ+2)+(b+a)B(a+1,ﬂ+1)}
b1
{a ” p+(1-p)0] p“(1-p)* dpd6
a0

+1(1+C)) j J {p(=p)1-0) +(1- p)y*} p~(1- p)* dpde}

_ ol + @l (1+CHI, (18)

n(b—a){B(oc +2,ﬂ)+§(a2 +ab+b2)B(0{,ﬁ+2)+(b+a)B(a+l,ﬂ+l)}

So that

b1
L=[[[p+0-po] p**(-p) dpdo
a0

a'—.\\;-
o — —

=[[[ " +(1=p) 60 +20p(1-p) | p*" (1 p)"'dpd6
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bl 1 1 1
=J‘[Ip(a+2)l(l—p)ﬂldp-i-ezj‘pal(l—p)(mz)1dp+29Ip(a+l)l(l—p)(ﬂ+l)ldp}de

al 0 0 0

b
=j[B(a+2, B)+0B(a, B+2)+20B(a+1,5+1)]d0

’ b b b
=B(a+2,)[d0+B(a, f+2)[ 0°d0+2B(a +1, 4 +1)[ 040

3 3

4 ]+B(a+l,,8+1)(b2—a2)

:B(a+2,ﬂ)(b—a)+B(a,ﬁ+2)(b
:(b_a){B(a+2,ﬂ)+%(“2+ab+bz)B(aaﬂ+2)+(b+a)B(a+l"B+l)}
and

12

QD — o Q— o R — o R — >

[ pA-p)A-0) +(-p)y* | p“" (- p)* " dpd0

O —— — Oy~

b1
p(zx+1)—1 (l_p)(/ﬂl)—l (1 _9)2 dpdl9+ j/zj‘J‘paq (l_p)(ﬁ’ﬂ)—l dpd@
a0

1 b[1
(1_9)2 |:J'p(a+1)1(1_p)(ﬂ+l)ldpi| d9+7zj.{'|.p“l(l—p)(ﬁ”)ldp} do
0 al 0

(1-60)’B(a+1,5+1)d0+ Q/ZiB(a, B+1)d6
=B(a+1, ﬂ+1)j(l +6° -20)dO0+y’B(a, B+1)(b—a)
:B(oz+1,,B+1)[(b—a)+%(b3 —a’)—(b* —az)}+72B(a,ﬁ+l)(b—a)

=(b—a){B(a+l,ﬂ+l){l+%(a2 +ab+b2)—(b+a)}+y2B(a,,B+l)}

Substituting the values of /; and 7, into (18), proves theorem.
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Simulation Study

A numerical study was performed to investigate the various choices of parameters
where the proposed stochastic randomized response model is more efficient than
the non-stochastic BBB model. The percent relative efficiency of the proposed
stochastic randomized response model estimator 7Zg(gpp With respect to the non-

stochastic BBB model estimator frx( BBB) 18 given by

Vs
RE =V Femn) 1000,
V(”S(BBB))
2
(lzfx){B(a+1,ﬂ+l)(l+;(a2+ab+b2)—(b+a)j-f-}/zB(O{,ﬂ-i-l)}
1+ x
B(a+2,,8)+l(a2+ab+b2)B(a,ﬂ+2)+(b+a)B(a+1,ﬂ+1)
_ 3 — x100%
(1+C)C (p)
1+ — s M2 o
C

Clearly the relative efficiency depends only on the value of P, 8, a, b,C,,
Cy , @ and . Certain parameters were fixed as P=0.7, =15, a=5, and
b=25. Note that here a =5, and b =25 are not the lower limit and upper limit of

the scrambling variable, but these are the limits for the mean values 0" of various
scrambling variables used in a survey. The value of C, was changed from 0.1 to

0.9 with step of 0.2; the value of C, was also changed from 0.1 to 0.9 with a step

of 0.2; the value of ¢ was changed from 0.5 to 3.5 with a step of 1.5; and the
value of f was changed between 0.5 to 5.0 with a step of 1.5. A box plot

showing the magnitude of the RE is for each value of 7 between 0.1 to 0.9 with a
step of 0.2 is given in Figure 2.
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Figure 2. Relative efficiency plot.

For each combination of parameters, the percent relative efficiency of the
proposed estimator was computed. The percent relative efficiency results so
obtained are presented in Table 1.

Table 1. Percent relative efficiency of the proposed stochastic randomized response
model.

Cx C a B RE Cx Cy a B RE Cx Cy a B RE

0.1 01 05 05 164.9 03 0.7 20 35 1499 07 03 20 50 1531
0.1 01 05 2.0 316.6 03 07 20 50 1817 07 05 05 05 1617
0.1 0.1 05 35 4632 03 0.7 35 50 1236 07 05 05 20 2358
0.1 01 05 50 6045 03 09 05 05 190.1 07 05 05 35 2799
01 01 20 35 1255 03 09 05 20 2664 07 05 05 50 3091
01 01 20 50 1644 03 09 05 35 309.2 07 05 20 35 1341
0.1 03 05 05 170.0 03 09 05 50 336.5 07 05 20 50 1613
01 03 05 20 3074 03 09 20 20 1229 07 05 35 50 111.2
0.1 03 05 35 4258 03 09 20 35 1598 07 07 05 05 1710
0.1 03 05 50 5286 03 09 20 50 1895 07 07 05 20 2385
01 03 20 35 1315 03 09 35 35 1105 07 07 05 35 2761
0.1 03 20 50 1695 03 09 35 50 1343 0.7 0.7 05 50 2999
0.1 05 05 05 178.0 03 09 50 50 1053 07 07 20 20 1111
0.1 05 05 2.0 2950 05 01 05 05 1540 07 07 20 35 1441
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Cxk C a B RE Cx Cy a B RE Cx Cy a B RE
0.1 05 05 35 3813 05 01 05 20 256.2 0.7 07 20 50 1706
0.1 05 05 5.0 4475 05 01 05 35 3320 0.7 07 35 50 1213
0.1 05 20 35 1412 0.5 0.1 0.5 5.0 390.3 0.7 09 05 05 179.8
0.1 05 20 50 1774 05 01 20 35 1221 0.7 09 05 2.0 2409
0.1 05 35 50 1131 0.5 0.1 2.0 5.0 153.6 0.7 09 05 35 2729
0.1 0.7 05 0.5 186.3 0.5 0.3 05 05 159.1 0.7 09 05 50 2925
0.1 0.7 05 2.0 284.0 05 03 05 20 2556 0.7 09 20 20 1212
0.1 0.7 05 3.5 346.7 0.5 0.3 05 35 3230 0.7 09 20 35 154.0
0.1 0.7 05 5.0 390.2 05 03 05 50 3727 0.7 09 20 50 1793
0.1 0.7 20 20 1126 05 03 20 35 1276 0.7 09 35 35 109.8
0.1 0.7 20 35 1519 05 03 20 50 158.7 07 09 35 50 1314
0.1 0.7 20 5.0 1858 05 05 05 05 1674 09 01 05 05 1443
0.1 0.7 35 5.0 1243 0.5 05 05 2.0 2548 0.9 0.1 05 20 2146
01 09 05 05 1936 05 05 05 35 310.6 09 01 05 35 2578
0.1 09 05 2.0 2758 05 05 05 50 349.2 09 01 05 50 2869
0.1 09 05 35 3230 05 05 20 35 136.6 09 01 20 35 1189
0.1 09 05 5.0 3536 05 05 20 50 167.0 09 01 20 50 1441
0.1 09 20 20 1235 05 05 35 50 1119 09 03 05 05 149.2
01 09 20 35 1618 05 07 05 05 1765 09 03 05 20 2175
0.1 09 20 50 1931 0.5 0.7 05 2.0 2539 0.9 0.3 05 35 2581
0.1 09 35 35 1108 05 07 05 35 299.1 09 03 05 50 2850
0.1 09 35 50 1352 05 07 05 50 3287 09 03 20 35 1237
0.1 09 50 50 1054 0.5 0.7 2.0 20 1116 0.9 0.3 2.0 5.0 148.9
03 0.1 05 05 160.3 05 07 20 35 1470 09 05 05 05 1573
0.3 0.1 05 2.0 2887 0.5 0.7 20 5.0 176.0 0.9 05 05 20 2220
0.3 0.1 05 3.5 3986 0.5 0.7 35 50 1224 0.9 05 05 35 2586
0.3 0.1 05 5.0 4935 05 09 05 05 184.9 09 05 05 50 2821
0.3 0.1 20 35 1241 0.5 0.9 05 2.0 2532 0.9 05 20 35 1320
03 01 20 5.0 159.8 05 09 05 35 290.1 09 05 20 50 1569
0.3 03 05 05 1654 05 09 05 50 3133 09 05 35 50 1106
0.3 0.3 05 2.0 2840 0.5 09 20 20 1221 0.9 0.7 05 0.5 166.6
0.3 03 05 35 377.0 05 09 20 35 156.9 09 07 05 20 2268
0.3 0.3 05 5.0 4517 0.5 0.9 20 50 1844 0.9 0.7 05 35 2591
0.3 0.3 2.0 35 1299 0.5 0.9 35 35 1102 0.9 0.7 05 5.0 279.2
0.3 03 20 50 164.9 05 09 35 50 1328 09 07 20 2.0 1106
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Cxk C a B RE Cx Cy a B RE Cx Cy a B RE
0.3 05 05 05 1735 05 09 50 50 1051 09 07 20 35 1418
03 05 05 20 2774 0.7 01 05 05 1485 09 07 20 50 166.2
0.3 0.5 05 3.5 3493 0.7 01 05 20 2314 0.9 0.7 3.5 5.0 120.3
0.3 05 05 5.0 402.0 0.7 01 05 35 2864 09 09 05 05 1756
0.3 05 2.0 3.5 1393 0.7 0.1 05 50 3254 0.9 09 05 20 2312
03 05 20 50 1731 0.7 0.1 20 35 1203 0.9 09 05 35 2595
0.3 05 35 50 1126 0.7 01 20 50 1482 09 09 05 50 2767
0.3 0.7 05 05 1823 0.7 0.3 05 0.5 1535 0.9 09 20 20 1204
03 0.7 05 20 2712 0.7 03 05 20 2331 09 09 20 35 1516
0.3 0.7 05 35 326.0 0.7 03 05 35 2837 09 09 20 50 1752
0.3 0.7 05 50 3631 0.7 03 05 50 3187 09 09 35 35 1095
03 0.7 20 20 1122 0.7 03 20 35 1254 09 09 35 50 130.2

Table 2 gives the descriptive statistics for the percent relative efficiency
values for different values of 7.

Table 2. Descriptive statistics of the relative efficiency values.

T Mean StDev Minimum Median Maximum
0.1 244.9 131.9 105.4 185.8 604.5
0.3 228.6 109.5 105.3 181.7 493.5
0.5 210.0 87.5 105.1 176.0 390.3
0.7 198.2 71.0 109.8 170.8 3254
0.9 188.0 61.3 109.5 166.4 286.9

Table 1 shows that overall the minimum RE value is 105.1% and maximum
RE value is 604.5%. The average value the RE is 214.2% with a standard
deviation of 97.06%. The median value of the percent relative efficiency is
175.61%. Thus, in conclusion, it is possible to make a stochastic randomization
device which will remain more efficient than the BBB model and more
cooperation could be expected from the respondents.
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