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Modeling Correlated Time-Varying Covariate Effects
In A Cox-Type Regression Model

Mourad Tighiouart
Department of Mathematics and Statistics
Utah State University

In this paper, | extend the proposed model by McKeague and Tighiouart (2000) to handle time-varying
correlated covariate effects for the analysis of survival data. | use the conditiona predictive ordinates
(CPO's) for model comparison and the methodology is illustrated by an application to nasopharynx cancer
survival data. A reversible jump MCMC sampler to estimate the CPO’ s will be presented.

Key words: Correlated time-varying covariate effects, Right censoring; Reversible Jump MCMC; Pseudo-
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Introduction

The proportiona hazards model of Cox (1972) is
considered to be the most popular approach to the
andlysis of time-to-event data. In the past three
decades, many authors have proposed variants of
this model to relax the somehow restrictive
proportional hazards assumption and to anayze
multivariate survival data, see Andersen et a.
(1992) and Ibrahim, et a. (2001).

In this paper, | use the local characteristics
of Gaussian Markov random fields to describe the
prior information of the conditiona hazard
function for right-censored survival data
McKeague and Tighiouart (2000) modeled the
conditional hazard function (given covariates 2z)
h(t|z) as a product of conditionaly independent
stochastic  processes, corresponding to (1) a
baseline hazard function hy(t), and (2) aregression
function exp(b(t)'z) representing the effects of
covariates:
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State University, 3900 Old Main Hill, Logan UT
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he(t) =& 1 (t, <t£t,.,) h,

i?1

D

h(tl2)=4 1@, <t£t . )hepb 2 (2

i3l

A discretized verson of modd (2) in
which the jump times t ;, t, +, tyare fixed and the
levels hy, hy,, he, form a first order auto-
regressive process has been considered by
Gamerman (1991) and West (1992). Arjas and
Gasbarra (1994) and McKeague and Tighiouart
(2002) extended modd (1) by dlowing the jump
times to be random and M cKeague and Tighiouart
(2000) considered a dynamic version of model (2)
in which the log-levels | =log(h;) and covariate
effects by, i=1,2,... form a Gaussan Markov
random field. A related Markov random field
model for the prior intensity of a non-homogenous
Poisson process was introduced by Arjas and
Heikkinen (1997), but was not studied in the
survival analysis context and adjustment for
covariate effects was not considered.

The class of priors used by McKeague and
Tighiouart (2000) for b(t) implies independence
between the covariate effects, an assumption that
may not be true in practice. For instance, in a case
study of nasopharynx cancer survival data, West
(1992) and McKeague and Tighiouart (2000)
showed a clear correlation between the posterior
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mean effects of the two measures of the extent of
the cancer, which was not accounted for in the
moddl.

In this paper, | extend the model proposed
by McKeague and Tighiouart (2000) by
implementing a correlation structure between
some of the covariate effectsin the prior. | use the
pseudo-Bayes factor for model selection, and
calculation of the conditional predictive ordinates
(CPQO's) are performed using the output from the
Metropolis-Hastings-Green  (MHG)  agorithm
(Metropolis et al., 1953; Hastings, 1970; Green
(1995). The andysis indicates that the null
hypothesis of no correlation between the effects of
the two measures of the extent of the cancer is
rejected and a correlated prior process should be
used to estimate conditional survival probabilities.

Methodology

Let T,,%,T, be nonnegative independent random
variables with associated p-dimensiona covariate
vectors z,j = 1Y, n. Assume that the data may be
subject to right censoring, i.e., we observe (X, di,
71) Ya, (%o, dn, Z,) where X = min(T;, U;), U; being
the censoring time for the j-th individua, and d; =
I{T; £ Uj}. The conditional hazard function is
given by (2), where I{} is the indicator function, O
=1, <t, <tz< ¥ isan increasing sequence of
jump times, the hy's represent the levels of the
baseline hazard function hy(t), and {b;, i 3 1} =
{(bi1Yabip)’, i1} is a p-dimensional process
describing the effect of covariate vector z.

Let t e = max{ X, 1£J£ n}. The Bayesian
approach consists of putting a prior distribution on
the p covariate effects and the unknown basdline
hazard function. The jump timest,, t; ¥4 form a
time-homogeneous Poisson process with rate g
The prior distributions of the remaining parts of
the model are specified conditionaly given the
number mof t;, i 3 1intheinterva [0, tal, @
follows.

Covariate Effects Prior

| specify by, = {by: k=1%2, m, j=1,%, p}
to be a Gaussian Markov random field with a
neighborhood system {f (k, j)} of the following
form: 1 (k, ) ={(k-1j), k+1,}), (. ), I 1()},
where {1 (), ] = 1Y, p} is a given neighborhood
system for the covariate effects. This means that

interactions in time are only permitted between the
same components of the covariate effects. The
model then amounts to:

b, { b, . (1) (k )}
=b,,[{ by, ()T 96,10} - 3

~N(n,.s ;)

In addition, | assume only parwise
interaction between the covariate effects. It

follows that the conditional mean ny; is given by

Ny =+, (B Moy
+r|<j (bk+1,j' "L+1,;)+
é rkl(bkl - ”k)-

IR 1§))
see Cressie (1993, Ch. 6).

The hyperparameters my = E(by), k = 1,%4,
m represent the trend in the levels of the j-th
covariate effect, s, ry are used to smooth the j-th
covariate effect, and ry, IT () measure the
corrdaion between by and by, 1T T (). The
distribution of by, is completely determined by its
local characteristics provided the hyperparameters
satisfy the following conditions: sy, i, I , IRIE0)
are nonnegative with

o .

Sq' +rkj +Aa rki <11 r'kjS i+],j :Sk+1,jSk2j1 1:11]/41
i)

pand r,s? =r,s2 forji (),

see, eg., Besag and Kooperberg (1995).
McKeague and Tighiouart (2000) introduced a
way of controlling the hyperparameters by the
length of adjacent time intervals and | can adapt
their approach to the present setting as follows:

(o= (Dk+Dk+l)Cj - (Dk-1+Dk)Cj
K Dk-l +2D|< + Dk+1 ’ Dk-l + 2Dk + Dk+1 ,
252
Sg=—————,r,=rs?,
Dk-l + 2Dk + Dk+1
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where D, =D, - D, is the gap between the k-th
and k+1)-t jump times, 2 £ k £ m1, and the
parameters g, s;>0,and r 3 O satisfy

¢ +r § si<lj=l¥%.p. (@

T 93)

The parameter g controls the rate of jump
times, ¢; controls the nearest neighbor interaction
between the levels of the j-th covariate effect, s;
represents the precision of the prior information of
the j-th covariate effect, and r controls the
dependency  structure  between  neighboring
covariate effects: higher values of r signify greater
correlation, and r = 0 gives rise to the
conditionally independent time-varying covariate
effects model anayzed by McKeague and
Tighiouart (2000). For smplicity of presentation, |
restrict attention to the case my = m which
indicates constant prior levels in the mean of the j-
th covariate effect.

The digtribution of by, is Gaussian with
mean vector my,, and covariance matrix (| mp-Cl)'l
M1, where my ={my: k=1%, m, j=1%, p}, C; is
anmp~ mp matrix defined as follows. For j=1Y4,
p and i=m(j-1)Y4, My, Cijs1=Tij, Cij1=Sj, Cij+m= i,
for 1 T 9G), Gem= ism; for i T 9(), cu=0
otherwise, M,=diag(s’y, k=1Y4, m j=1,%, p), and
I mp IS the identity matrix.

Baseline Hazard Prior

Let | =log(h;). The prior distribution for
the levels of the log-basdline hazard | 1,%, | , IS
taken to be the same as the prior for the j-th
covariate effect when p=1. Denote by m = E(l \)
the trend in the levels of the baseline hazard
function, s ? the conditional variance of | « given
I, ik, and s, Iy the influences of the left and right
neighbors of |, respectively. The corresponding
nearest neighbor interaction and precision of the
prior information parameters will be denoted by ¢
and s, respectively.

In what follows, | denote by | ., both the
random vector (I 1,%,| ) and the last log-level of
the baseline hazard function. The joint distribution
of | n=(l 1%, ) is Gaussian with mean vector m,,
and covariance matrix (I,-C)* M, where my, =
(mY my), C = (Cj)isijem Cijs1 =i, Cja =S, M =

diag(s 2,...,s 2), and Iy is the identity matrix.
Again, | will assume that m = mindicating a
constant prior leve in the mean of the log-baseline
hazard function.

Data Likelihood and Posterior

Fork =1%, p,and i = 1%, m, let N, be
the number of observed deaths in the interva (t;,
ti+l]1 \Nik:é_ z and W = (Vvllaj/‘h

{iti<X £t od =g Tk
W) With t .1 =t ma. ASsuming that the censoring
mechanism is non-informative, the likelihood is
proportional to the product form

0 - X
Q[(h(xj|2j)]' Q@(p{-Q h(s| Zj)dS]

=ep(d (NI, +b W)
-QTIA10X,* 9Nslz)]es.

Lettn= (Y tm),and | = (1%, 1),
then the posterior density of the parameter (t o, | m,
b.,) is proportiona to the product of the prior and
likelihood

m - 3m ] 1 1 U
g (@) AT L S M) Al - M)

AL &p] - 5 (M) Ay (0, - M)
|
“ exp(& (NI, + B'W)
-Q" I8 10X, * 9(slz)ds,

where A = M™*(1,,-C) and A; = My (1 5,-Cy).

| use areversible jump MCMC agorithm
to extract features from this posterior distribution,
see the appendix.

Model Comparison

In this section, | test the null hypothesis
Ho:r = 0 against the dternative H,: r > 0. Thisis
equivalent to selecting between the conditionally
independent time-varying covariate effects model
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M, analyzed by McKeague and Tighiouart (2000)
and mode M, in which the covariate effects
satisfy (3). Pseudo-Bayes factor is used to select
the best model (Gelfand et d. (1992)), and its
calculation uses the output of the MHG sampler.

Let X = (X1,%, X,) denote the data vector,
and q = (I (1), b(t)) be the modd parameter. The

predictive dengity is f(X) = ¢ (X| g 2 p(q)dq,
where p(q) denotes the prior density of q and the
conditional predictive ordinate (CPO) is given by
f(X)

f(Xg)

= (‘)f (X X(i)!q ,Z)P @ |X(i))dqi

fOX X)) =

where X;; is the data vector X with X; deleted. The
pseudo-Bayes factor is given by

Py
O f(x| | X(i) l Ml)
B= i=1

_é} £(X, | Xop M)

and model selection proceeds by choosing M; (M)
according to B > (<) 1. For a complete discussion
and justification of this technique, see Geisser and
Eddy (1979), Box (1980), Gelfand et al. (1992),
and Gelfand and Mallick (1995).

Exact caculation of B is not possible,
however Monte Carlo estimates of the CPO's can
be obtained using the output of the MHG sampler
01,%4, v and the idea of importance sampling
density, see Gelfand and Dey (1994). The
approximation is given by

-1

ey 1 u
F(X X)) » Ned —————q -
g= (X 19,2

For a censored observation, | compute the
conditional survival function S(Xi|X;, M;), j=1, 2.

Results

West (1992) and McKeague and Tighiouart (2000)
studied data on 181 nasopharynx cancer patients
whose cancer careers, culminating in either death
(127 cases) or censoring (54 cased) are recorded to
the nearest month, ranging from 1 to 177 months.

The analyses were based on five covariates: (1)
Sex of the patient (O for male, 1 for femae); (2)
Age of the patient at time t = 0, the start of
monitoring of the cancer career of that patient
(standardized to have zero mean and unit standard
deviation across dl patients in the study); (3)
Dosd, an average measure of the extent of
radiotherapy treatment to which the patient has
been subjected (aso standardized, as with age); (4)
Tumorl, a measurement of the extent of the cancer
(in terms of an estimate of the number of
cancerous cells), taking value 1, 2, 3 or 4; (5)
Tumor2, ameasure similar to Tumorl, taken from
a different X-ray section, again taking values 1, 2,
3or4

The right hand side of Figure 1 (following
page) shows the posterior mean effects for tumorl
and tumor2 obtained by McKeague and
Tighiouart, and the left hand side the estimates
obtained by West. The smilar pattern of the
posterior mean effects of tumorl and tumor2
suggests that a correlated prior process for the two
effects is more realistic. | therefore fitted model
M, with r = 1/2 and compared it with model M,
fited by McKeague and Tighiouart, which
corresponds to r = 0. The remaining
hyperparameters were the same for both models,
and can be found in McKeague and Tighiouart
(2000). The logarithm of the pseudo-Bayes factor
isfound to be

e u

éo f(X | X(i)! M,) U
Log(B) = Log@'j L:J= 4.56

e u

g2 "X My

and

A (X X, M)
1 =153
O s0x,1 %, M)

suggesting that a time-varying correlated covariate
effect should be used to estimate conditional
survival probabilities.
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Conclusion

| have presented a complete nonparametric
Bayesan approach to inference from right-
censored survival data. The methodology is an
extension of the model proposed by McKeague
and Tighiouart (2000) in the sense that the
Bayesian model accounts for any correlation
structure between some of the time-varying
covariate effects in the prior. Except for the
congtraints (4), direct specification of the
parameter controlling the amount of correlation
between the covariate effects is not possible. A
second stage prior can easily be placed on the
hyperparameter r ; | did not pursue this hierarchy

Tumori Effect
0.0 0.2 0.4 0.8

-0.2

MOURAD TIGHIOUART

here because my god is to smplify the
presentation of this methodology.

The computationa method used to extract
features of the posterior distribution is smilar to
the one used in McKeague and Tighiouart (2000).
The only difference is the extra term involved in
the prior ratio of the correlated covariate effects.
This is very convenient when writing the codes of
this sampler.

The methodology was illustrated by an
analysis of anasopharynx cancer survival data set.
The class of prior processes defining the Bayesian
model was flexible enough to detect a correlation
structure between some of the time-varying
covariate effects; in particular, pseudo-Bayes
factors were calculated to support this evidence.

Figure 1.
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Appendix

To smplify the description of the algorithm, | will
assume that p=2 and will denote by a (t) and b(t) the
two time-varying correlated covariate effects and m,
m, their constant prior means, respectively. The
constant prior mean of the log-baseline hazard
function | (t) will be denoted by m. The procedure
for calculating features of the posterior distribution
of tm I'm am bm) (note that here m is random)
consists of running a reversible Markov chain on the
state space S=(JS, where S =D R¥, and
i1

Di={ (X1, X2,%4, X): 0= X < %< ¥a< X <tmyed, USing
the Metropolis-Hastings-Green algorithm.

A transition from (tn, |m am bm) tO
t,).a,b,) is acomplished by randomly
selecting one of five types of moves (Ho, Ha, Ho, B,
D): a change of height of a randomly selected level
of the baseline hazard rate, change of height of a
randomly selected level of the covariate effect a(t),
change of height of a randomly selected level of the
covariate effect b(t), birth of a new jump time at a
randomly selected location in (0.t nay, and death of a
randomly selected jump time, respectively.

When selecting moves of type Hy, Ha, Hp,
the acceptance probability is the same as in the
classical Metropolis-Hastings a gorithm:

min {1, (likelihood ratio) ~ (prior ratio) ~
(proposal ratio)},
whereas if moves of type B or D are selected, the
current state (tm, Im, @am bm) iS mapped onto
t,. 1. a.,b.) by aoneto-one transformation t.
The acceptance probability then takes the form:
min {1, (likelihood ratio) =~ (prior ratio) ~
(proposal ratio) © J(t)},

where J(t) is the Jacobian of the transformation t.
Except for the expressions of the prior ratios in the
moves of type H,, H,, B, and D, a complete
description of the types of moves, transformation t,
expressions of the likelihood and proposal ratios, and
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the Jacobian can be found in McKeague and
Tighiouart (2000).

Move of type Hq:

An index k is uniformly selected from
{1,2,..., m} and V is generated uniformly in the
interval (-0,,0,), where J, is a sampler parameter.
The proposed new level for the covariate effect oft)
isa¢, = a, +V . The proposed new point is
@, A, B,) with 7, = 7, A= An B,= Pn and
o, = o;fori#k.

The prior ratio is:
exp{-48,(A,,a,.a,.B8,)/2},
where for a 2m x 2m matrix A and m-dimensional
vectors a, &, 3,

Ay(A,a,a,B) = a0 -a)a, +a,-2u,)
+2a; (O — M) (@ - )
20, 40 (O — Hy) (ak -)
+2a; 1 (0 =) (B = ).

A similar expression holds for a move of type Hg.

Move of type B:

A new jump time 7* is drawn uniformly in
the interval (7, Gux). Suppose that 7% € (%.1,%)- This
new jump time induces two new levels for the log-

baseline hazard rate 4, , and 4, , two new levels for
the covariate effect off), @, ,, &, and two new
levels for the covariate effect &7), ,_,, B, using the

transformation 7 described in McKeague and
Tighiouart.
The prior ratio is :

aa )
y(27[)—3/2( 1 j
A4,

exp{%(AB(A,A',ﬂm,/l;n-) +AB(A11’A£1’am’a;rl')

+AB(A22’A;2’ﬂm’ﬂ;n')+ABC(AI’Al.’am’ﬂm’apln"ﬂpln’))} ’

where A 1, Ay, are m x'm matrices such that

A, X
4= x Ay,)
22

and for an m xm matrix A and m-dimensional vector

ﬂm»

Ap (A,A 24, 4,) (A — 1y )* @z -2

= -a;(—Z,k—Z)

(A = 14,) (ay, —ay)
o (Ao =Mz )?
—a;c—l,k—l (A =)
=@y (A — 1 )*

24, - :ul)[a;:—z,k—l

(e = Hz)

= 1 (A = 1)

—2(4, - ﬂl)[a;c,kﬂ (A= 14)
=15 (Ao — 143)]

—za;(—l,k (’21‘:-1 — M)
(ﬂ;( ~ 1)

Also, for a 2m X 2m matrix A;, and m-dimensional
vectors Gy, B,

A (AL AL, 20, = Uy Y By — Hp)

B, ’al‘n" ﬂm) (a;c‘Z,m+k—2 ~ @y mek-2)
=2(0, = 4 ) B, — 1)
(a;c+l,m+k+1 =@ k)
_za;r—l,mﬂr—l
(s = M) By = Hg)
_2a;c,m+k
(@, ~ ) (B, — Hp)
28 ik
(O — M) By — Hp)-

Move of type D:

An index k is uniformly selected from
{2,3,..., m} corresponding to the removal of the
jump time 7. The proposed new point is
(T.r Aopr @, B) , With A =4;, o =04, B =f, fori<
k2, A=A, & =0, B,=B., 7,=7,, forjz

41
k,and 7, =7, fori <k-1.

The likelihood, prior, proposal ratios, and the
Jacobian for this type of move are the inverse ratios
of the ones for the move of type B with the proper
labeling of the jump times and the log-hazard levels.



	Journal of Modern Applied Statistical Methods
	5-1-2003

	Modeling Correlated Time-Varying Covariate Effects In A Cox-Type Regression Model
	Mourad Tighiouart
	Recommended Citation


	jnk.dvi

