Journal of Modern Applied Statistical
Methods

Volume 14 | Issue 1 Article 18

5-1-2018

Maximum Likelihood Estimation of the
Kumaraswamy Exponential Distribution with
Applications

K.A. Adepoju
University of Ibadan, ka.adepoju@ui.edu.ng

O.1. Chukwu
University of ibadan, unnachuks2002@yahoo.co.uk

b Part of the Applied Statistics Commons, Social and Behavioral Sciences Commons, and the
Statistical Theory Commons

Recommended Citation

Adepoju, K. A. and Chukwu, O.1. (2015) "Maximum Likelihood Estimation of the Kumaraswamy Exponential Distribution with
Applications,” Journal of Modern Applied Statistical Methods: Vol. 14 : Iss. 1, Article 18.
DOI: 10.22237/jmasm/ 1430453820


http://digitalcommons.wayne.edu/jmasm?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol14%2Fiss1%2F18&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol14%2Fiss1%2F18&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol14?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol14%2Fiss1%2F18&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol14/iss1?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol14%2Fiss1%2F18&utm_medium=PDF&utm_campaign=PDFCoverPages
http://digitalcommons.wayne.edu/jmasm/vol14/iss1/18?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol14%2Fiss1%2F18&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/209?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol14%2Fiss1%2F18&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/316?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol14%2Fiss1%2F18&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/214?utm_source=digitalcommons.wayne.edu%2Fjmasm%2Fvol14%2Fiss1%2F18&utm_medium=PDF&utm_campaign=PDFCoverPages

Journal of Modern Applied Statistical Methods Copyright © 2015 JMASM, Inc.
May 2015, Vol. 14, No. 1, 208-214. ISSN 1538 — 9472

Maximum Likelihood Estimation of the
Kumaraswamy Exponential Distribution
with Applications
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The Kumaraswamy exponential distribution, a generalization of the exponential, is
developed as a model for problems in environmental studies, survival analysis and
reliability. The estimation of parameters is approached by maximum likelihood and the
observed information matrix is derived. The proposed models are applied to three real
data sets.
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Introduction

A random variable X has the exponential distribution if its cumulative distribution
function for x > 0 is given by

F(x)=1-¢" 1)
where A > 0 is a scale parameter, the probability density function is
f(x)= AL (2)

Using the Kumaraswamy link function by Cordeiro and de Castro (2011) given as

g(x)=abf (x)[F(x)]bfl[l—F(x)bT_l (3)
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By inserting (1) and (2) in (3) we have

a-1

g(x)=abar? (1-r>)" [1—(1— I )b}
a,b,1>0

(4)

Another term of Kumaraswamy distribution can be obtained using the
binomial series expansion. The Kumaraswamy exponential distribution in
equation (4) can be expanded as follows:

—

aem =3y ®

as

Statistical inference

Given a random variable X following equation (4), the likelihood function is
obtained as

n . a-1
L=abam ([ [ (1-c>) [1—(1—5-“ )b}
i=1
Taking log-likelihood of the above

logL=nloga+nlogb+n Iogﬂ,—/lzn:x+(b—l)znllog(l—ﬁ‘“)
i=1 i=1

+(a—1)glog [1—(1—5“)1
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n

alongg Z [ ( Kﬁx):|

=1

olog L n ) n (1-¢%) log(1- ¢
23 :E+;Iog( fl) (a- 12( ) ( )

T 1-(1 N*)

dlogL n & Ny (o n Xf*“(l—w'x)bil
LI TR LTSS

oA A 3 S1-0™ i-1 1—(1—6"“)b

Fisher information

d’logL _~ n
o>  a’
0% log L :_1_(a_l)zn:(l—ﬁ‘“)b[Iog(l—f‘“)T
ob’ b* i1 [1—(1— [ )b T
o’logk — n 3 X
PYE 22 (b l)| (l—f”lx)z
n yx2p A% —ax Pt _ —AX (4 _ p=Ax b-2 “AX (1 _ p-Ax b-1
b(a—l)zw (1 ( b) (b-1)¢ (1 il ) b (1 ( b)
T 1-(1-07) (1= (1-)
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0% log L ax\P i
Tab:—(l—zz ) log(1- )
o*logL & (™
oA _zl—ﬂxi
Ologl _ XL (1- 0 )b_l
sads 4 1- (10 )b
Application

For the sake of numerical illustrations, the two data sets used by Raja and Mir
(2011) are considered. The first data set is on the failure time of the conditioning
system of an airplane and the second is the runs scored by a Cricketer in 27
innings at national level.

Table 1. Descriptive Statistics on Failure Time on Conditional System

Min Q1 Q2 Mean Qs Max Var
1.0 125 22.0 59.6 83.0 261.0 5167.421
Skewness Kurtosis
1.693605 4.966655
Table 2. Descriptive Statistics in runs scored by a Cricketer
Min Q: Q2 Mean Qs Max Var
2.00 8.00 25.00 36.41 50.00 127.00 1149.02
Skewness Kurtosis
1.124548 3.492725
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Table 3. Failure Time on Conditional System

Statistics

. Log-
Model Estimates likelihood AlIC
Weibull &=0.8536, A=0.0183 -151.970 305.94
Lognormal (0 =3.358, A=1.3190 151.621 305.242
E i . - -
V\;figﬂﬁm'ated 4=3.824, 6=0.1732, &=82.235 149567  308.134
gﬁ?ﬁgg”“awd &=1.9881, A=49.0638 1148537  299.074
E tiated . R -
Lognommal G=0.1542, (1=31353, §=0.3648  -148.659  303.318
'éigg‘::nglpe I &=0.3439, } =0.0057 -152.6097  309.2593
Exponential 1=0.0168 -152.6297  307.2593
Kumaraswamy A A
Exponential a=10.142, b =0.9129, A =0.0005 -107/9653  221.9306
Distribution
Table 4. Runs Scored by a Cricketer

Statistics

. Log_
Model Estimates

! likelihood AlC
Gamma a=0.7235, A=0.0127 -125.654 253.308
Weibull a=1.040, A=36.985 -124.021 250.042
Lognormal U =3.0534, A =1.174 -125.059 252.118
Exponentiated . _ )
exponential a=0.8126, A=0.0153 125.945 253.93
E tiat . . -
oo 4=0578, (=3.1836, 607834  -125965  257.93
g’;ﬂf}’gg”“ated &=1.873, A=45.264 124843 251.686
Exponential A=0.0275 -124.0589 250.1177
Kumaraswamy

Exponential @=0.13006, b =0.9557, ¢=0.00014  -108.7224  223.4449
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Conclusion

The probability density function of Kumaraswamy-exponential distribution was
discussed and applied for two data sets. In first data set regarding failure times of
the conditioning system of an aeroplane. Kumaraswamy exponential provided the
best fit followed by exponentiated Gumbel. In second data set regarding runs
scored by a cricketer Kumaraswamy exponential, Weibull and exponential
distributions provided better fit.
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